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PREFACE 


The study of the meehamcal and physical conditions m the deep intenor 
of the stars is undertaken pnraanly in the hope that an understanding 
of the internal mechanism will throw light on tho external phenomena 
accessible to observation More than fifty years have gone by since the 
general mode of attack was first developed , and the scope of the inquiry 
has grown so that it now involves much of the recently won knowledge of 
atoms and radiation, and makes evident the ties which unite pure physics 
with astrophysics Tl would be hard to say whether the star or the electron 
is the hero of our epic 

The reader will judge for himself whether solid progress has been made 
He may, like Shakespeare, take a view less optimistic than my own — 

The heaven’s glonous sun 
That will not lie deep-searched with saucy looks , 

but I hope lie wall not be so unkind ab to continue the quotation — 

Small have continual plodders ever won 
Save base authority from others’ books 

Re-reading this work I find passages w here 1 have been betrayed into too 
confident assertion It is onlv too true that the most patent dues may 
mislead, and observational tests of the rough kind here possible sometimes 
flatter tr^dcceive Rut the subject is a fair held for the struggle to gam 
knowledge by scientific reasoning, and, win or lose, we find the joy of 
contest 

The last two chapters trespass beyond the ground indicated by the 
title of the book This extension can perhaps be justified, but 1 am aware 
that, whatever excuse I might make, the real teason was that 1 could not 
forgo a desire to collect and review some of the remaikable researches of 
those who have investigated the outer layers of a star 

The book was written belw'cen May 1024 and November 102.') Time 
was occupied by a number of minor investigations made to till the gaps 
that disclosed themselves as the matciial was biouglit together Anyone 
writing on a theme which many workers are at tively investigating is liable 
to find his pen unable to overtake the rate of grow tli of the subject During 
the above-mentioned period the theoretical papers on stellar constitution 
in the Monthly Notices alone amounted to more than 400 pages It has 
been still more difficult to cope with modifications and progress m the 
theory of the atom, on which astronomical developments must rest As 
we go to press a “new quantum theory” is arising which may have 
important reactions on the stellar problem when it is more fully developed 
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An effort has been made to include everything judged important up to 
November 1925, but naturally the whole book could not be rewritten in 
the last month and late developments had to be grafted on to an earher 
foundation Further additions have been made in proof up to March 1 926 , 
footnotes in square brackets show information received too late to be used 
in the text 

The question of notation has caused me much perplexity since branches 
of physics ordinarily remote from one another are here brought together 
Apart from the inadequacy ot the alphabet, the abolition of overlapping 
symbols and adoption of a consistent notation throughout the book has 
been deemed impracticable There aTe limits to our toleration of change 
of familiar symbols A rose by any other name would smell as sweet, but 
the equation pen - U 2 — U t would lack the familiar savour of the quantum 
relation The use of in for absolute magnitude and the mass of an electron, 
of It for Boltzmann’s constant and the radius of a star, of a for a radiation 
constant and the semiaxis of an orbit, of e for the charge of an electron 
and the Napierian base, may cause momentary confusion but, it is hoped, 
no serious difficulty Similarly we refer to the astronomical equation of 
ateas in its most recognisable form in sections where h l - pi is not likely 
to be misconstrued as a relation between Planck's constant and molecular 
weight I would suggest to the reader in difficulty that there is a chance 
that the symbol winch puzzles him is included m the list of natural c onstants 
in Appendix I 

I have derived help from many colleagues Mr R H Fowler has 
generally been my referee m difficulties over points ot theoretical physics, 
and 1 have similarly had recourse to Dr (' D Elks for experimental 
questions l thank especially Prof E A Milne who has lead the proof 
sheets and eliminated a number of eirors and obscurities My acknow- 
ledgments are also due to the staff of the Univeisity Press for their care 
and attention in the printing 
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CHAPTER I 


SURVEY OF THE PROBLEM 

1 At first sight it would seem that the deep interior of the sun and 
stars is less accessible to scientific investigation than any other region of 
the universe Our telescopes may probe farther and farther into the 
depths of space, but how can we ever obtain certain knowledge of that 
which is hidden behind substantial barriers ? What appliance can pierce 
through the outer layers of a star and test the conditions within * 

The problem does not appear so hopeless when misleading metaphor 
is discarded It is not our task actively to “probe”, wc learn what we 
do learn by awaiting and interpreting the messages dispatched to us by 
the objects of nature And the interior of a star is not wholly cut off from 
such communication A gravitational field emanates from it, which sub- 
stantial barriers cannot appreciably modify, further, radiant energy from 
the hot interior after many deflections and transformations manages to 
struggle to the surface and begin its journey across space From these 
two clues alone a chain of deduction can start, which is perhaps the more 
trustworthy because it is only possible to employ m it the most universal 
rules of nature — the conservation of energy and momentum, the laws of 
chance anj averages, the second law of thermodynamics, the fundamental 
properties of the atom, and so on There is no more essential uncertainty 
in the knowledge so reached than there is in most scientific inferences 

We should be unwise to trust scientific inference very far when it 
becomes divorced from opportunity for observational test We do not, 
however, study the interior of a star merely out of curiosity .as to the 
extraordinary conditions prevailing there It appears that an understand- 
ing of the mechanism of the interior throws light on the external manifesta- 
tions of the star, and the whole theory is ultimately brought into contact 
with observation At least that is the goal which we keep m view 

2 The gravitational field emanating from the interior and the radiant 
energy streaming out from the interior together control the conditions m 
the shallow layer or atmosphere examined with the telescope and spectro- 
scope We bebeve that they arc by tar the most important controlling 
factors Spectrum analysis detects m the stellar atmospheres chemical 
substances which differ from one star to another, in some helium is 
prominent, in others oxygen, hydrogen, calcium, iron, titanium oxide, 
and so on But it is not to be supposed that this is an indication of the 
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relative abundance of the chemical elements — that a star showing strongly 
the iron spectrum is richer m that element than other stars, it is rather 
an indication of physical conditions of temperature and density favourable 
for exciting the respective spectra Without entirely denying the possibility 
of differences of chemical composition, which may be necessary to account 
for some of the more imusual types of spectrum, we assume that m the 
main the observed differences of surface phenomena are not connected 
with chemical constitution 

We have ill us to consider an atmosphere of material of fixed composi- 
tion, with free upper surface and density increasing downwards Its 
physical state — -distribution of density, temperature and pressure, hence 
also its radiative and optical properties — will t hen depend entirely on the 
extraneous controlling influences to wlneli it is subjected, and these 
extraneous influences are, as already stated, the force of gravity holding 
it down to the star and the stream of radiant heat poured into it from 
below In order to remain m a steady state the atmosphere must adjust 
itself to let the radiant heat pass through Thus the surface conditions 
depend on two parameters, viz the value of g at the surface and the 
1 effective temperature’ T t The effective temperature is a conventional 
measure specifying the rate of outflow' of radiant heat per unit area, it 
is not to be regarded as the temperature at any particularly significant 
level in the star 

By varying the controlling factors g and the state of the stellar 
atmosphere' can be varied in two directions Accordingly we must expect 
that the possible varieties ot stellar spectrum will form a twofold sequence, 
that is to say, will be capable of arrangement in two-dimensional order 
Tins is in fact the case For a long time only a one-dimensional order was 
recognised, viz the well-known Drupe i sequence of types But the 
spectroscopic method of determining absolute magnitudes, due to Adams 
and Kohlseliuttcr in 1014, introduces a classification of spectra transverse 
to the Draper classification Roughlv speaking the Draper criterion follow's 
the parameter I\ and the absolute magnitude criterion the parameter g , 
but the correspondence is probably not so close as was at one time sup- 
posed The observational criteria divide the tw'o-dimcnsional distribution 
of states into one system of meshes, and the parameters T, and g into 
another system There is no reason to anticipate any close coincidence of 
tlie two methods of partition 

The same twofold sequence of possible states appears when we con- 
sider the star as a w'hole Evidently one sequence is obtained by considering 
stars of different mass A transverse sequence is formed by stars of the 
same mass but different radius (or mean density) Thus a third way of 
dividing into meshes the two-dimensional distribution of states is obtained 
by taking the mass and radius of the star, M and R, as parameters 
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3 Consider now the connection between our three pairs of parameters 
— g and T t , Draper Type and Absolute Magnitude criterion , M and R — 
any pair defining a unique state of the star The connection of the spectral 
criteria with g and T e is a problem of great importance in which much 
recent progress has been made, but it is not a problem of the stellar 
intenor and lies outside the main lines of our investigation As regards 
the connection of g and T e with M and R, the connection of g needs no 
comment, the main question is, How is 7', , or equivalently the rate of 
outfloiv of radiation, determined hy the mass and radius of the star? 
That is the eentral problem of this book Various branches of inquiry 
will diverge from it , but it supplies the continuous thread m the dis- 
cussion, so long as we are stud \ mg the stellar interior 

This is essentially a problem of the stellar interior and not of superficial 
conditions The sun does not radiate 6 10 lu ergs per square centimetre per 
second because its photosphere is at 6000° C , its photosphere is main- 
tained at <>000° because 6 10 10 ergs are streaming through it It is under 
the temperature gradient in the interior that the radiant stream gathers 
way, the surface layers cannot dam the flow' since their capacity for 
storing energy is insignificant they can only adjust themselves to let it 
through Qualitatively the radiant stream is greatly transformed in 
passing through the last few thousand kilometres of the star, and the 
actual waves that spread through space are born in the pliotosphenc 
layers, but quantitatively it is one continuous stream pnssmg from the 
interior into outer space 

The intensity of this outward flow of energy through the intenor 
depends on tw r o factors, the one helping and the other hindering Heat 
flow's from a higher to a lower temperature, and the cause oi the flow 
within the star must be a gradually increasing temperature from the surface 
to the centre The hindering factor is the obstruction opposed bv matter 
to the transmission of this stream of heat \Ve shall find that in a star 
the heat is transmitted almost entirely bv radiation, and the obstruction 
to the flow of radiation is the opacity or absorption coefficient of the stellar 
material Our problem is, therefore, firstly to find the distribution of 
temperature inside a star so as to determine the temperature gradient 
urging the flow, secondly, to determine the opacity of matter under the 
physical conditions prevailing m the interior 

4 Here at the outset we must deal with a criticism urged by Nernst, 
Jeans and others It has been argued that this procedure for calculating 
the outward flow of radiation is necessarily doomed to failure, because 
the star’s output of heat energy is determined by entirely different con- 
siderations The supply of heat replenishing that which the star radiates 
into space must come from the conversion of other forms of energy , and 
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since the star remains apparently steady for exceedingly long periods of 
time, the radiation of the star must be just equal to the amount of energy 
converted in the interior It is now believed that this conversion process 
is the hberation of subatomic energy The critic contends that, since the 
outflowing heat represents the energy liberated by subatomic processes, 
the amount can only be calculated if we know the laws of liberation of 
subatomic energy, and any procedure which evades this difficult problem 
begs the question 

Now it is quite true that a theory of the rate of hberation of sub- 
atomic energy is a conceivable approach to the problem of stellar radiation. 
In the present state of our knowledge such theories are little more than 
guess-work and results are rudimentary But it is unsound to argue that 
no other procedure is permissible The amount of water supplied to a 
town is the amount pumped at the waterworks, but it does not follow 
that a calculation based on the head of water and diameter of the mains 
is fallacious because it evades the problems of the pumping station 

It may seem puzzling to understand how two radically different ways 
of calculating the theoretical radiation from a star tan be made to agree 
Appealing again to the analogy, the two modes of calculating the water 
supplied to a town may not agree , but in that case there will be a flood 
at the pumping station Similarly in a star a disagreement would involve 
the blowing up or eollapse of the star Accepting it as a tact that the 
stars generally are in a nearly steady state, we must infer that for actual 
stars (but not necessarily for a model star of arbitranlv assigned constitu- 
tion) the two modes of calculating the radiation would give the sauie result, 
and in Chapter xi we shall try to follow up the question how the adjust- 
ment has occurred by which the supply of subatomic energy just meets 
the demand Meanwhile we note that, flood or no flood, the flow of water 
must conform to the pressure gradient and diameter of the pipe, and so 
also the radiation from a star must in any case conform to the temperature 
gradient and opacity in the interior 

We may thus proceed with our method of determining the expenditure 
ot radiation by the star without reference to the supply of subatomic 
energy How the star manages to accommodate its supply to balance its 
expenditure, and so avoid collapse or expansion, is an independent problem 

Lane’s Theory. 

5 The pioneer investigation of the distribution of temperature within 
a star is contained in a paper published m 1870 by J Homer Lano en- 
titled, “ On the Theoretical Temperature of the Sun, under the Hypothesis 
of a Gaseous Mass maintaining its Volume by its Internal Heat, and 
depending on the Laws of Gases as known to Terrestrial Experiment* ” 

* American Joum of Sci and Arts, Senes 2, 4, p. 57. 
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This was followed and amplified by investigations on similar lines by 
A Ritter*, Lord Kelvin f, and others, culminating in the systematic and 
exhaustive research of R Emden Although we find it necessary to break 
away from these earlier investigations on a fundamental point, viz the 
mode of transfer of heat within the star, they contain much that is 
sufficiently general to be adapted to present theories The calculations and 
tables in Emdcn’s remarkable book Gaskugeln (Teubncr, 1907) have been 
extensively used by the author 

Lane reached the striking result that if a star contracts the internal 
temperature nses so long as the material is sufficiently diffuse to behave 
as a perfect gas Until recently it was believed that the gravitational 
energy converted into heat by contraction was the only important source 
of maintenance of a star’s heat In that case the star through radiating 
heat must contract, and the heat generated bv the falling in of material 
must be sufficient not only to replace the radiation lost but to raise the 
internal temperature to a higher level Lane’s result thus took the para- 
doxical form that a star by losing heat automatically grows hotter 

Lane’s investigation is not, however, bound up with any particular 
views as to the source of a star’s heat It sets forth the change of tempera- 
ture necessary to preserve equilibrium The star lias the option to obey 
Lane’s law or to collapse, it is obvious that actual stars have not chosen 
the latter alternative, but the reason bes outside Lane’s theory Accepting 
the modern belief that the heat is supplied by liberation of subatomic 
energy, we still suppose that stars are formed by gradual condensation of 
primordial* mattei , so that the course of evolution is from low to high 
density and therefore by Lane’s law from low to high temperature At 
least in the earlier stages the internal temperature of a star is gradually 
rising If in the later stages of high density the material no longer behaves 
as a perfect gas the temperature may ultimately fall again 

6 In Lane’s time there was no evidence that any star existed for which 
the theory of a perfect gas would be applicable The mean density of the 
sun is 1 41 gm per cu cm , and long before reaching such a density 
terrestrial gases cease to conform to the perfect gas law There was at 
that time no reason to doubt that the sun’s density was typical of stars 
m general But we now know that there exist stars (“giant stars”) with 
mean densities comparable to that of air or even to the density in an 
ordinary vacuum tube These at least can be treated as composed of 
perfect gas , so that there will be no lack of opportunity for appbcation 
to actual stars of results obtained for perfect gas 

The existence of stars of low density is no w a commonplace of astronomy, 
and it is unnecessary to survey the abundant proofs derived indirectly 
* Wiedemann's Annalen, 1878-1889 
t Phil Mag , Senes 5, 23, p 287 (1887). 
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from studies of absolute magnitude and spectral type and more directly 
from the calculated densities of eclipsing variables The confirmation that 
is most easily grasped is afforded by the recent interferometer measure- 
ments of the angular diameters of stars at Mount Wilson. These show that 
certain stars such as Bctelgeuse, Antares and o Ceti, are of enormous bulk, 
capable of containing the whole orbit of the earth inside them We are 
therefore compelled to extend our ideas of the nature of stars beyond 
anything that would be suspected from knowledge of the sun 

The great bulk of these giant stars is due to low density rather than 
great mass Bctelgeuse for example has a radius of the order 250 million 
km and a volume 50 million times greater than the sun But the mass, or 
amount of matter contained in it, is probably between 10 and 100 times 
greater, so that the density is about a million times less It is rather 
interesting to notice that Einstein’s theory of gravitation has something 
to say on this point According to it a star ot 250 million km radius 
could not possibly have so high a density as the sun Firstly, the force of 
gravitation would be so great that light would he unable to escape from 
it the rays falling back to the star like a stone to the earth Secondly, 
the red-shift of the spectral lines would be so great that the spectrum 
would be shifted out of existence Thirdly, the mass would produce so 
much curvature of the space-time metric that space would close up round 
the star, leaving us outside (i e nowhere) The second point gives a more 
delicate indication and shows that the density is less than 0 00] tor even 
at that density there would be a red-shift of the spectrum too great to be 
com ealed by any probable Doppler effect 

Lest this argument should be regarded by onr more conservative 
readers as ultra-modern, we hasten to add that it is to be found m the 
writings of Laplace — 

A luminous star, of the same density as the earth and whose diameter 
should he two hundied and fifty times larger than that of the sun, would not, 
m consequence of its attraction, allow any of its rays to arrive at us, it is 
therefore possi hie that the largest luminous bodies in the universe may, through 
this cause, Ik* invisible* 

7 For manv years Lane's discoveiy had little effect on the accepted 
theories of stellar evolution Sir Norman Lockyer accepted it and accord- 
ingly classified the stars in an ascending and descending temperature 
sequence , but he was almost alone in bis views Astrophysicists in general 
regarded the hottest stars as the earliest and the coolest stars as the latest 
in order of development! Probably they did not realise that any of the 

* Laplace, Syateme du Monde, Book 5, Cp vi I am indebted to Dr H Jeffreys 
for this reference 

f The expressions “early” and “late" type of spectrum are still eommonly 
emplo\ed for high- ternperat lire typos (B and A) and low-temperature types ( K and 
M) respectively. 
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ordinary typos of spectrum could be produced in bodies diffuse enough 
to behave as a perfect gas, and supposed that Lane’s theory, if it had any 
astronomical significance, must refer to some pre-stellar stage of develop- 
ment 

About 1913 a revolution of ideas occurred and the “Giant and Dwarf 
Theory” of E Hertzsprung and H N Eussell soon gained general 
acceptance Setting aside certain misgivings which have arisen since 1924, 
we shall summarise the main points of the theory In principle it was a 
revival of the ideas of Lane and Lockj er . the novel point was the adapta- 
tion of these ideas to the observational data, so that each stai could bo 
assigned its particular place in the scheme The stars start to be visible 
as cool red stars of type M with low density and enormous bulk They 
contract and in obedience to Lane’s condition rise in temperature*, passing 
up the spectral senes K, G, F to A and if — i e the reverse of the pre- 
viously accepted order At some stage of the contraction the density 
becomes too great for the perfect gas lay s to apply, the rise of temperature 
is checked, and ultimately the star cools down again as a solid or liquid 
would do, m this last stage it returns down the speetidl senes to type M 
and ends in extinction On this theory the stars which had been classed 
together mdiscnminately as type G, for example, must be divided into 
two groups, the one making the ascenf, the other on the descent, the one 
a nearly perfect gas, the other a vers imperfect gas behaving similarly to 
a liquid The surface conditions being similar, as evidenced by the spectral 
type, the outstanding distinction is that the ascending series or giants 
have much greater volume than the descending series or dwarf i The greater 
volume and surface of the giant stars gives them greater luminosity, and 
when the absolute magnitudes are studied the division into two groups is 
easily seen The separation is shown in the types M, A, (l and A 1 , it is 
not to l>e expected in type A, winch niaiks the turning-point for most 
stars Naturally it is most striking in type M, where the stais in the most 
diffuse and most concentrated state are brought into contrast , the one 
group dusters about absolute magnitude f l m 5, the other about J f 0 m 5, 
and there is a clear gap of about 6 m in which no M star has yet been 
detected 

According to the statistics there is little or no change ot absolute 
brightness with type along the giant senes this would be expected since 
the rising temperature and decreasing surface area will keep the total 
light about the same In descending the dwarf senes the decreasing 
temperature and decreasing surface combine to give a rapid falling off of 
brightness 

* The theory appln s to internal temperature, and it was generally taken for 
granted that the observed photospheno tenijjeraturc would keep step, but this is 
by no means inevitable 
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Much additional confirmation is obtained The required bifurcation of 
density has been verified by the researches of Bussell and Shapley on 
eclipsing variable stars The sun and a number of other dwarf stars of 
type Q have densities near that of water, but at least three eclipsing 
variables of tvpe G are found to have densities less than that of air There 
is evidence that this is not due to continuous range of density but is a 
definite bifurcation, intermediate densities belong to the higher types 
F, A, B which aic traversed between the two stages of G As already 
mentioned, the startling bulk ascribed by this theory to the giant stars 
has been verified by interferometer measurements 

The giants and dwarfs can now be distinguished by special differences 
in their spectra of a kind not considered m the Draper classification into 
types This is a particular application of the spectroscopic method of 
determining absolute magnitude 

We shall find later that it is difficult to accept the giant and dwarf 
theory m its entirety The ascending senes presents no difficulty, but the 
descending senes does not seem to be explicable in the manner that Lockyer, 
Russell and Hertzsprung supposed, because we now have evidence that 
the sun and other stars assigned to this branch behave as though con- 
stituted of perfect gas, notwithstanding that their densities are greater 
than water In fact, the conditions m the stellar intenor are sueh that the 
gas laws should continue to hold at much higher densities than under 
terrestrial conditions The theory of stellar evolution is now m a very 

confused state, and the difficulties wull be considered in due course 

*■ 

8 The broad principles used by Lane in calculating the internal dis- 
tribution of temperature have been followed m all later researches We 
consider the case of a star composed oi perfect gas Then anv one of the 
three variables, pressure ( P ), density ( p ), temperature (T), can be calcu- 
lated from the other tw o b\ the law 

P = XpTIn (8 1), 

where 5R is the universal gas constant 8 26 10 7 and y the molecular 
weight m terms of the hydrogen atom Thus effectively there are only two 
independent variables determining the state of the material The differential 
equations satisfied by them are obtained by expressing two conditions 
(1) the mechanical equihbuum of the star, which requires that the pressure 
at any internal point is just sufficient to support the weight of the layers 
above, and (2) the thermal equilibrium of the star, winch requires that the 
temperature distribution is capable of maintaining itself automatically 
notwithstanding the continual transfer of heat from one part of the star 
to another It is necessary to formulate and integrate the two equations 
expressing these conditions, and they suffice to determine the two in- 
dependent vanables specifying the condition of the material at any point. 
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Hence the distribution of pressure, density and temperature is found. 
The general scheme of distribution is (in the first approximation) homo- 
" logous from star to star, that is to say, all gaseous stars copy the same 
model each on its own appropriate scale of mass, length, temperature, etc 
The heavy work of the solution can be done once for all and it is then 
only a question of adapting it to the scale of the particular star considered 
We do not here enter into details , the problem is fully treated m Chapter xv 
In order to obtain definite numerical values of the temperature inside 
a star according to Lane’s theory it was necessary to have the following 
data — - 

M the mass, 

R the radius, 

fi the mean molecular weight of the material, 
y the ratio of specific heats of the material 

The first two define the star under consideration, but we might suppose 
that the values of the last two in any star could only be guessed by con- 
sidering the probable chemical composition of the interior — as to which 
we know practically nothing We shall explain how this difficulty has been 
surmounted 

Actually the value of y gave no senous trouble It cannot exceed 4 , 
the value for a monatomic gas, and it cannot be less than 4 without 
rendering the star unstable — which we know it is not The difference in 
temperature distribution corresponding to the limits r ; and 4 is of some 
account, bpt there is no important change in its general character, and 
either limit gives an approximation good enough for many purposes The 
constant y, however, no longer concerns us We shall abandon that part 
of Lane’s theory responsible f or 1 ts introduction , replacing Lane’s hypothesis 
of convective equilibrium by radiative equilibrium. In all the earlier 
researches xt was supposed that heat was earned from the interior to the 
surface of the star by convection currents, so that the in tenor was kept 
thoroughly stirred and followed the same law of thermal equihbnum as 
the lower part of the earth’s atmosphere But it appears now that the 
heat is transferred by radiation and the temperature distnbution is con- 
trolled by the flow of radiation , convection currents, if they exist, will 
stnve to establish a different distribution, but the temperature continually 
slips back to radiative equihbnum since the transfer by radiation is much 
more rapid Radiative equilibrium was first adopted by R A Sampson* 
in 1894, but it could not be developed fully without the more recent 
progress of thermodynamics K Schwarzschildf brought it into promi- 
nence in a famous paper on the condition of the sun’s atmosphere Our 
task is to apply the same principle to the intenor of the sun and stars 

* Memoirs R A S , 51, p 123 t Gottingen Nachnchten, 1906, p 41. 
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With the substitution of radiative for convective equilibrium the constant 
y disappears , its place is taken by the numerical constant 3 which from 
one point of view can be regarded as the ratio of specific heats of the aether, 
aether having now replaced matter as the agent of transport of heat 

9 It remains to fix the appropriate value of p, and it is necessary to 
do this with fair accuracy because p is raised to a high power in many 
important formulae of the theory Wc may assume that all chemical 
bonds are dissolved at the high temperature in the stellar interior, so that 
the atoms are isolated Our first impulse is to adopt for p the average 
atomic weight of the elements which wc think likely to be most abundant. 
Since iron is often supposed to he the commonest element and is moreover 
an clement of medium weight, a value about 50 is suggested The author’s 
first investigations* were made on this assumption It was, however, 
suggested fo him independently by Newall, Jeans and Lindemann that 
in stellar conditions the atoms themselves would break up to a consider- 
able degree, manv of the satellite electrons being detached 

The atom is often compared to a miniature solar system Nearly all 
the mass is eoncentiatcd in a nucleus carrying positive charge, negative 
electrons of small mass, in number sufficient to balance the positive charge, 
describe 01 bits round the nucleus At high temperatures a process known 
as ionisation occurs by which these satellite electrons are successively set 
free and travel about 111 the nidtenal as independent particles The molecular 
weight /a appearing 111 our formulae (e g 111 (8 1)) is the average mass per 
independent particle AVo use the term v lolecvle to denote tt>° particles 
moving independently of one another whether they arc combinations of 
atoms or poitions of atoms If the ionisation is carried to the extreme 
limit a reinai kable simplification occurs, the molecular weight becomes 
appioumatclq equal to 2 whateiei the chemical composition of the material, 
provided only that there is not an excessive proportion of hydrogen 

The number of satellite elections is equal to the atomic number Z of 
the element, so that if all of them are set free there will he Z + l inde- 
pendent particles or molecules Hence if A is the atomic weight 

P - A/(Z + 1) 

It is a well-known rule that the atomic number is about half the atomic 
weight, so that p is near to 2 Some illustrations are given in Table 1 
Evidently the uncertainty of chemical composition is a much less 
serious matter when we realise that it is column 4 of the table which 
concerns us instead of column 3 

In the actual conditions of a star the ionisation is not quite complete, 
and for the heavier elements some of the satellite electrons remain un- 
detached Tins raises the molecular weight a little It is now possible to 
* Monthly Notices, TJ, p. 16 . 



SURVEY OF THE PROBLEM 


11 


make an approximate calculation of the degree of ionisation of the various 
elements under given conditions of pressure and temperature so that the 
amended molecular weights can be found But the detached electrons 
are so large a proportion of the whole system that the correction is trifling , 
and if we adopt a molecular weight about 2 2 we cannot be far from the 
truth As the ionisation will dimmish with the diminishing temperature 
towards the outside of the star, we may as a refinement adopt a molecular 
weight increasing very slowly from the centre outwards 

Table 1 


Average Moleeulai Weights 


Element 

7 

1 

J/tX t- 1) 

Element J 

X 

1 -* 

AHZ+l) 

Hydrogen 

1 

1 

o ->o 

Iron 1 

2(5 

1 56 

2 07 

Helium 

2 

4 

1 33 

Si l\ er * 

47 

1 108 

2 25 

Lithium 

3 

7 

1 7,3 Bamun 1 

l 78 Cf'ilil 

5b 

| 137 

2 40 

Om £< n 

8 

lit 

70 

! w 

2 46 

(_’«]< lum 

20 

40 

1 01 

I Uitimuiii 

02 

2IH 

_L_ 

2 5b 


10 Having thus resolved the difficulty as to the two constants y and 
p, we can obtain numerical values of the temperature, density and pressure 
in a gaseous star oi known mass and rudius It will help us to rculise the 
conditions that will have to be considered if we now give the results 
obtained for a particular star For this illustration we choose the brighter 
component of Capella Capelin is the only diffuse (giant) star for which 
the required observational data leach a high standaid of accuracy, most 
of the first -class astronomical data refer to dense (dwarf) stars It is also 
an advantage that Capella is a typical diffuse star, standing about mid- 
way in the spectral senes We take tlio opportunity of explaining (for 
those unfamiliar with double-star astronomy) how the data as to ma&R, 
luminosity, etc have been obtained from astronomical observations 

Capella. 

11 Capella was discovered to be a spectroseopie binary in 1809 by 
Campbell and New all independently The two components are not very 
unequal in brilliancy, so that lines due to both can be seen m the spectrum , 
the two sets of lines are observed to shift to and fro across one another 
owing to the changing Doppler effect as the components approach and 
recede m their orbits The period is 104 022 days The full knowledge 
obtained for Capella depends on the fact that it has also been observed 
as a visual double star, and the elements of the visual orbit are believed 
to be well determined The separation of the two components is only about 
0" 05, which is beyond the resolving power of the largest telescopes adapted 
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for this kind of observation, but in 1920 Michelson’s interferometer 
method of observation used in connection with the 100-inch reflector at 
Mount Wilson achieved its first striking success by measurements of the 
separation and position angle of Capclla These observations, begun by 
Anderson and continued by Merrill, have yielded a good visual orbit It 
should be understood that the spectral lines of both components can be 
observed in only a small proportion of the spectroscopic binaries, and it 
is extremely rare for visual and spectroscopic orbits to be determined for 
the same star Thus our knowledge of the system of Capella is unusually 
complete 

The line-of-sjght velocity of the brighter component vanes between 
4 4 and 56 km per sec , a range of 52, the fainter vanes between 4 63 
and — 3 km per sec , a range of 66 Neglecting eccentricity the mean velocity 
4- 30 (necessarily the same for both components) is the motion of recession 
of the centre of mass of the system from the sun The masses must be m 
the inverse ratio of the respective velocity ranges so that the bnghter 
component has 66/52 or 1 26 times the mass of the fainter 

The eccentricity is found to be very small ( 0086), so that we may treat 
the orbits as circular and the orbital speeds as constant If the line of 
sight were in the plane of the orbit the orbital speed would be equal to 
the half-range of velocity, 26 and 33 km per sec respectively, to allow 
for projection these values must be multiplied by cosec i, where i is the 
inclination of the orbit plane to the plane of the sky The circumference 
of the orbit is at once found by multiplying the orbital speed by the period 
In this way we find that if a 1 and a 2 are the radii (or scnuaxesj'of the two 
orbits 

sin i — 36,800,000 km , o 2 sin i = 46,400,000 km 
We now turn to the visual observations These treated m the usual 
way determine the inclination i — 41° 1 Hence 
a x — 56,000,000 km 
n 2 = 70,600,000 km 

f »j = 126,600,000 km — 0 847 astronomical units 
By Kepler’s third law the mass of the system is 
M x + M 2 = (a L + a 2 ) S /P 2 , 

the unit of mass being the sun’s mass, a 2 4- a 2 being in astronomical units 
(i e in terms of the earth’s distance from the sun), and the period P in 
years We thus have 

M x 4 - M t =■ ( 847) s /( 285)* = 7-5, 

and dividing this between the two components in the ratio 1 26 1 already 
found 


M 1 = 4 18, M 2 = 3 32 
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12. In the orbit determined from the visual measures the semiaxis of 
the relative orbit (a, -i- a a ) is found to be 0" 0536 We have seen that in 
linear measure this is equal to 0 847 astronomical units Hence 1 as- 
tronomical unit corresponds to 0"'0632 Accordingly the parallax of 
Capella is 

to = 0" 0632 

A rough parallax had previously been found trigonometrically m close 
agreement with the above value, but the parallax furnished by the orbital 
data is presumably of much superior accuracy 

The observed visual magmtude of Capella is 0 m 21 To reduce to 
absolute magnitude, l e magnitude at the standard distance of 10 parsecs 
or parallax 0" 1 , we must add 

5 login (ra/0"*l), 

which gives 0 21 — 1 00 — — 0 m 79 This represents the sum of the light 
of the two components It is estimated that they differ m visual magnitude 
by 0 m 5 The absolute visual magnitudes are then found to be — 0 m 26 
and + 0 m 24, since these would compound to give — 0 m 79 

The spectral type of the bright component is classed as G 0, the same 
as that of the sun The sun’s effective temperature is 5740°, but it appears 
from theory and observation that the same spectral characteristics will 
appear at lower temperature m a diffuse star like Capella than in the sun 
We shall therefore adopt 6200° for the effective temperature This, of 
course, is only the marginal temperature of the great furnace, and affords 
no idea of Jhe terrific heat within 

it is convenient to introduce the bolormtnc magnitude, which is a 
measure of the heat-intensity of a star m the same way that the visual 
magnitude is a measure of its luminous intensity or the photographic 
magnitude lb a measure of its photographic intensity, the measures in 
each case being on a logarithmic scale Black-body radiation has maximum 
luminous efficiency when it corresponds to a temperature of about 6500°, 
and the zero of the scale of bolometnc magnitude is chosen so as to agree 
with visual magnitude for stars of this effective temperature At any 
other temperature a greater amount of radiant energy is required to 
produce the same intensity of hght, so that the bolometnc magnitude is 
bnghter (numencally smaller) than the visual magmtude At 5200° the 
reduction to bolometnc magmtude is 0 m 10, so that the absolute bolo- 
metnc magnitude of the bright component of Capella is 
- 0 26 - 0 10 = - 0 m 36 

Since the bolometnc magnitude indicates the total radiation emitted 
from the star and the effective temperature indicates the radiation per 
sq cm , we are able to calculate the area of the surface and hence the 
radius of Capella The calculation is most conveniently made by using 
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the sun (absolute bolometnc magnitude +4 9, effective temperature 
5740°, radius 6 95 10 10 em ) as intermediary. The difference of absolute 
magnitude m is converted mto ratio of total radiation L by the formula* 


Also we h.i v e 


m - m 0 = - ; log 10 {L)L Q ) 

L 

L 0 ‘ Ro^Tq*’ 

the rate of radiation being proportional to the fourth power of the effective 
temperature Hence 


m w 0 - 5 log M 0 ) - 1 0 log* (7’,/To) - -(121) 


13 Applying the theory developed m the succeeding chapters to the 
observational data we obtain the following collected rcsultsf 


Capella ( bright component) 

FaraPax — 0" 0632 

Appaient visual magnitude — -\ 0 m 74 

Spectral type — <1 0 

Effective temperature = 5200° 

Mass =- 4 18 \ O - 8 30 10 s3 gni 

Absolute bolometnc magnitude 0™ 3(i = 5 ra 26 brighter than the 

sun 

Total radiation — 127 ' O -•= 4 80 10 3S ergs per see 
Radius - 13 74 ' O - 9 55 10 13 cm 

Mean density - 00227 gin per cu cm , 

At the centre — 

Temperature — 7 20 1 0 8 degrees 
Density 0547 gm per cu em 

Pressure 2 23 10 33 dynes per sq cm = 22 million atmospheres 

Of this pressure the fraction 694 is ordinary gas pressure and 306 is 
radiation pressure 

The mean temperature of the whole mass is 4J million degrees 
A sphere of radius 0 646 of the radius of the star contains 93 4 per cent 
of the mass At the surface of this sphere — 

Temperature = 1 89 1 0 8 degrees 
Density = 00121 gm per cu cm 
Pressure = 1 07 10 u dynes per sq cm 

* Bv definition a change of five magnitudes signifies a hundredfold increase or 
decrease of light, one magnitude corresponds to a light ratio of (160)' or 2 512. 

t These results are calculated for a central molecular woight 2 1, and to allow 
for the ionisation decreasing outwards the molecular weight has been taken to vary 
as T~^ (§ 94) 
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A sphere of radius 0 831 of the radius of the star contains 99 5 per cent, 
of the mass At a point on this sphere — 

Temperature = 0 81 10* degrees 
Density = 000107 gm percu cm 
Pressure = 3 62 1 0 9 dynes per aq em 

All but 1 per cent of the mass is at a temperature above a million 
degrees but the remainder is of very low density and occupies nearly half 
the volume of the star. 

The maximum temperature gradient in the interior is 1° 1 per kilo- 
metre — very much less than the temperature gradient m our own atmo- 
sphere This maximum occurs about £ of the way from the centre to the 
surface , it is a very flat maximum and the gradient throughout the greater 
part of the star is not much below the maximum value 

Gravity at the surface is 1/45 2 times that at the surface of the sun 
or about jj of gravity on the earth The absolute value is 606 em see 2 In 
the interior it rises to a maximum of 4 times this value and then falls to 
zero at the centre 

The average rate of liberation of heat in tlie interior required to supply 
that lost by radiation from the surface is 58 ergs per see per gm By its 
radiation Capella is losing mass at the rate of about 500 million tons per 
second 

Radiation Pressure 

14 It is necessary to take account of a plicnommon ignored ill the 
early investigations, which may have a considerable effect on the equili- 
brium ol a star, viz the pressure of radiation It is well known that eloctr j- 
magnetic waves, including light waves, possess mass and momentum and 
exert a force on anything which obstructs their progress Ordinarily the 
pressure of radiation is extremely minute and can only be demonstrated 
by very delicate terrestrial experiments, but the radiation inside a star 
is so intense that the piessuie is by no means negligible as regards the 
conditions of equilibrium of the material At a point in the interior the 
radiation pressure shares with the gas pressure the task of supporting 
the weight of the superincumbent layers of material The radiation pressure 
is proportional to the fourth power of the temperature it amounts to 
2,550 atmospheres at 1,000.000°, 

25,500,000 atmospheres at 10,000 000°. 

The outward flowing radiation mav thus be compared to a wind 
blowing through the star and helping to distend it agamst gravity The 
formulae to be developed later enable us to calculate what proportion of 
the weight of the material is borne by this wind, the remainder bemg 
supported by the gas pressure To a first approximation the proportion is 
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the same at all parts of the star It does not depend on the density nor 
on the opacity of the star*. It depends only on the masB and molecular 
weight Moreover, the physical constants employed in the calculation' 
have all been measured in the laboratory, and no astronomical data are 
required We can imagine a physicist on a cloud-bound planet who has 
never heard tell of the stars calculating the ratio of radiation pressure to 
gas pressure for a senes of globes of gas of various sizes, starting, say, with 
a globe of mass 10 gm , then 100 gm , 1000 gm , and so on, so that his 
nth globe contains 10 n gm Table 2 shows the more interesting part of his 
results 

Table 2 


No of Globe 

Radiation. Pressure 

Gas Pressure 

30 

00000010 

99999984 

31 

000016 

999984 

32 

0010 

9984 

33 

100 

894 

34 

570 

430 

15 

850 

150 

30 

951 

049 

.17 

984 

010 

38 

9951 

0049 

39 

9984 

0010 

40 

99951 

00049 


The rest of the table would consist mainly ol long strings of !>'s and 0's 
Just for the particular range of mass about the 33rd to 35th globes the 
table becomes interesting, and then lapses back into 9’s and 0's again 
Regarded as a tussle between matter and aether (gas pressure and radia- 
tion pressure) the contest is overwhelmingly one-sided except between 
Nos 33-35, where we may expect something interesting to happen 

What 'happens’" is the stars 

We draw aside the veil of cloud beneath which oui physicist has been 
working and let him look up at the sky There he will find a thousand 
million globes of gas nearly all of mass between his 33rd and 35th globes — 
that is to say, between 2 and 50 times the sun’s mass The lightest known 
star is about 3 10 3s gm and the heaviest about 2 10 35 gm The majority 
are between 10 33 and 10 34 gm where the serious challenge of radiation 
pressure to compete with gas pressure is beginning 

15 It is remarkable that the units into which the matter of the universe 
has aggregated primarily are so nearly alike in mass The stars differ 

* The independence of the opacity soerna paradoxical at first, since for given 
flow of radiation transparent matter offers less obstruction and experiences less 
force than opaque matter But this is compensated because the flow of radiation 
increases with the transparency of the material 
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widely m brightness, density and physical condition, but they mostly 
contain about the same amount of material It is as though nature had 
a standard model before her in forming the stars, and (except for occasional 
lapses of vigilance) would not tolerate much deviation The extreme 
range (about £ to 100 times the sun’s mass) does not give a fair idea 
of the general uniformity of mass, our methods of observation tend to 
select the more exceptional individuals — highly luminous stare which 
are especially massive, and double stars m which the original umt is 
subdivided — from many millions of stars of normal size A mass range 
of 5 1 would, I believe, include more than 90 per cent of the stars 

We can see in a general way the cause of this uniformity, though the 
details of the explanation are not clear Gravitation is the force drawing 
matter together, and as it gathers in more and more material tends to 
build globes of enormous size We must assume that, opposed to this, 
radiation pressure is the main disruptive torce* It is only when the mass 
has reached 10 33 gm that this cheek on the aggregating power of gravita- 
tion emerges from insignificance, but with further increase of masb it 
rapidly rises The increase in the proportion of radiation pressure in 
Table 2 is a measure of the increasing peril to the unity of the star The 
stability of a fluid mass subject to radiation pressure has not been in- 
vestigated , but since a few stars are known in which the radiation pressure 
is found to amount to 80 or 90 per cent of the whole, it is presumed that 
it does not of itself cause instability But it may well render the star more 
liable to be broken up by a small rotation or disturbance of symmetry, 
so that t hn more massive the stai the smaller the chance of survival As 
plausible figures we might suggest that radiation pressure below 15 per 
cent will not have an important effect , and gravitation will build up to 
the corresponding mass without much hindrance, unless +he star divides 
under very rapid rotation according to the well-known theory, but a 
50 per cent radiation pressure would be a serious danger, and the corre- 
sponding mass could only be reached m circumstances of exceptional 
tranquillity 

We have not in our minds any definite idea aR to the stage in the 
formation of the star at which the mass accumulation is limited by action 
or threat from radiation pressure At present we can only point to the 
significant fact that stellar masses congregate |ust at the point where 
radiation pressure is beginning to endanger the safety of the star, and 
larger masses occur in rapidly diminishing numbers as though their con- 

* There is no mathematical proof of this, and the speculation rests on the 
numerical agreement We know that a star without radiation pressure is stable 
(unless the rotation is very rapid), but the stabditv of a star with radiation pressure 
has never been investigated But since we observe that stellar masses cease abruptly 
when radiation pressure becomes important, we venture to forecast the answer. 
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tinuance were only permitted under rare conditions It is this coincidence 
which leads us to think that radiation pressure is the agent which has 
cloven chaos into stars 

It may be remarked that if the molecular weight is decreased the same 
conditions occur at higher mass, so that low molecular weight favours 
greater masses Reference to the last column of Table 1 shows that, 
whereas in general the average molecular weight docs not depend much 
on the chemical constitution, abundance of hydrogen would lower it 
appreciably it is just possible that the occasional stars of exceptionally 
great mass are those formed from material which happened to be rich in 
hydrogen 

It is necessary to add that in Table 2 (taken from a publication by the 
writer m 1923) the adopted molecular weight is 4, whereas the most hkely 
value in normal stars is now considered to be 2-2 To change to weight 
2 2 we must multiply the masses by (4/2 2) 2 = 3 3 This would make the 
numerical coincidence rather loss impressive But every star has passed 
through a cool diffuse (pre-stellar) stage in which the ionisation was less 
and the molecular weight higher, and it would seem proper to make the 
calculation for this stage as the most dangerous period* The value 4 
mav thub be justified There is also another possibility It is now seriously 
debated whether the mass of a star may not diminish considcrab]> during 
its life-time, thereby providing the energy which it radiates If so, the 
present calculation should predict the initial masses, and allowance must 
be made for the wastage m any comparison with actual stars This point 
is considered in § 214 It is there shown that the range of masses of stars 
in the earliest diffuse stage corresponds very closely to the critical range of 
radiation pressure 

16 As the pressure is partly that of aether waves and partly of material 
molecules, so also the store of heat in the star is partly aetherial and 
partly material The ratio of aetherial to material heat is not widely 
different from the ratio of aotlienal to material pressure, in fact, when the 
adiabatic constant of the material is y - ( , the two latios aie the same 
Thus m masses exceeding 10 33 gm we encounter a new condition of things 
transcending anything in our terrestrial experience of hot bodies , instead 
of the heat being almost wholly contained in the motions and internal 
vibrations of molecules a large proportion is in the form of aether waves 
These waves arc hastening in all directions inside the star They are en- 
caged by the material as in a sieve, winch prevents them leaking into outer 
space except at a slow rate An aether wave making for freedom is caught 
and absorbed by an atom, flung out again in a new direction, and passed 

* On the other hand, the disturbing effect of rotation would not become important 
until a later stage 
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from atom to atom, it will thread the maze for hundreds of years until 
by accident it finds itself at the confines of the star, free now to travel 
* through space indefinitely or until it reaches some distant world and per- 
chance entering the eye of an astronomer makes known to him that a stai 
is shining. 

In any hot body the individual elements of heat-energy are continually 
changing from material to aethenal form and vice ver^a In a red-hot 
mass of iron material heat must change to aethenal in older to be radiated 
But in the hot metal the aethenal heat existing at any moment is less 
than a billionth part of the whole, only in the stars does the aethenal 
portion rise to equal importance with the material portion Radiation 
by small masses is a hand-to-mouth procedure, but the star keeps a 
thousand years’ supply always in readiness and emits its radiation by 
leaking aether waves from this store. This will perhaps help us to reahsc 
why it has been necessary to change from Lane’s nnginal theory of con- 
vective equilibnum to the theory of radiative equilibnum The older 
investigators supposed that convection currents must exist to bnng up 
fresh supplies of matenal heat to the surface, there to be turned into 
radiation Now the problem is reversed , we have to explain how the star 
manages to dam back its store oi aethenal heat so that the escape is no 
greater than we observe. 

The Inside of a Star. 

17 The inside of a star is a hurly-burly of atoms, electrons and aether 
waves Wi» have to call to aid die most recent discoveries of atomic 
physics to follow the intricacies of the dance We btarted to explore the 
inside ot a star, we soon find ourselves exploring the inside of an atom 
Try to picture the tumult 1 Dishevelled atoms tear along at 50 miles a 
second with only a few tatters left of their elaborate cloaks of electrons 
torn from them iti the scrimmage The lost elections are speeding a 
hundred times faster to find new resting-places Look out ' there is nearly 
a collision as an electron approaches an atomn nucleus, but putting on 
speed it sweeps round it m a sharp curve A thousand narrow shaves 
happen to the electron in 10" 10 of a second, sometimes there is a side-slip 
at the curve, but the electron still goes on with increased or decreased 
energy Then comes a worse slip than usual , the electron is fairly caught 
and attached to the atom, and its career of freedom is at an end But 
only for an instant Barely has the atom arranged the new scalp on its 
girdle when a quantum of aether waves runs into it With a great explosion 
the electron is off again for further advent urea Elsewhere two of the atoms 
are meeting full tilt and rebounding, with further disaster to their scanty 
remains of vesture 

As wc watch the scene we ask ourselves, Can this be the stately drama 
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of stellar evolution* It is more like the jolly crockery-smashing turn of a 
music-hall The knockabout comedy of atomic physics is not very con- 
siderate towards our aesthetic ideals , but it is all a question of time-scale. ' 
The motions of the electrons are as harmonious as those of the stars but 
in a different scale of space and time, and the music of the spheres ib being 
played on a keyboard 50 octaves higher To recover this elegance we must 
slow down the action, or alternatively accelerate our own wits, ]U6t as 
the slow-motion film resolves the lusty blows of the pnze-fighter into 
movements of extreme grace — and insipidity 

And what is the result of all this bustle* Very little Unless we have 
in mind an extremely long stretch of time the general state of the star 
remains steady Just as many atoms are repaired as are smashed, just 
as many bundles of radiation are sent out as are absorbed, just as many 
electrons are captured as are exploded away The atoms and the electrons 
for all their hurry never get anywhere, they only change places The 
aether waves are the only part of the population which do actually 
accomplish something, although apparently darting about in all directions 
without purpose they do m spite of themselves make a slow general 
progress outwards This flow would if uncompensated lead to a gradual 
change m the whole state of the star, very slow but yet, we bebeve, too 
last to accord with observational evidence It is therefore necessary to 
assume that subatomic energy of some kind is liberated within the star, 
so as to replenish the store of radiant energy This also involves a gradual 
transformation of the material of the star which, however, scarcely con- 
cerns the prebent discussion The point which w'e wish here t*> explain is 
why this clash of atoms, electrons and aether waves is of practical concern 
to the astronomer, seeing that each process seems to be engaged m undoing 
the work of other processes In particular, how does the absorption of 
aether waves produce any result, seeing that for each portion of radiation 
absorbed an equal quantity of radiation is being emitted* 

We may think of the star as two bodies superposed, a material body 
(atoms and electrons) and an aethenal body (radiation) The material 
body is in dynamical eqiuhbnum, but the aethenal body is not , gravitation 
takes care that there is no outward flow of matter, but there is an outward 
flow of radiation If there were no interaction between the two bodies, 
the whole store of radiation would diffuse away m a few minutes, it is 
because it is tied to the matenal body by the processes of absorption and 
emission that it is restrained to a slow rate of diffusion Absorption 
followed by emission, although it leaves the quantity of radiation un- 
altered, has this effect radiation with a shght outward bias is taken from 
the aethenal body, it is quickly restored again with the outward bias 
removed. The quicker the succession of these transformations the more 
stnctly the outward flow is curbed That is m accordance with the con- 
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elusion we had already reached that the factor which resists the outward 
flow of radiation is the absorption coefficient or opacity of the material 
’ of the star 


Opacity of Stellar Material 

18 To determine the opacity — the hindering factor in the outward 
flow of radiation — we have to turn to physical theories of the process of 
absorption The question put to the physicist runs somewhat like this — 
Given a layer of material a centimetre thick and of known density and 
temperature, what proportion of the radiation falling on one side will be 
transmitted* Before answering, the physicist might reasonably ask us, 
What kind of material 7 If he asks this, we are done, because we have 
little, if any, knowledge of the proportionate composition of the material 
m the star. There is no reason to buppose that spectroscopic observation 
of the superficial layers is any guide to the internal composition Fortu- 
nately the physicist does not press this question but substitutes another, 
What kind of radiation* We can answer that Radiation at any point 
in the interior is virtually in an enclosure with walls at constant tempera- 
ture, in fact, the ideal conditions of an enclosure are approached far more 
closely in a star than in any possible terrestrial experiment The constitu- 
tion of radiation in an enclosure — the proportion ot waves of different 
frequencies — depends only on the temperature and is fixed by Planck’s 
Law 

At the temperatures of several million degrees prevailing inside Capella 
and in all typical stars the radiation consists of X rays. A physicist would 
classify them as rather soft X rays, that is to say, of grtater wave-length 
and loss penetrating power than those usually employed in radiography 
For example, at 10,000 000° the radiation is mainly between 3 A and 
9 A wave-length, and it is the absorption coefficient of matter for radiation 
of this kind that we have to study These X rays can be produced in the 
laboratory and their properties studied experimentally It naturally 
suggests itself that we should compare the absorption coefficients of 
ordinary terrestrial substances with those found for stellar material by 
the present method. It will be remembered that our primary aim in this 
research is to find the temperature gradient and opacity in a star so as 
to denve the total outflow of radiation, conversely, if wo know the 
temperature gradient and outflow of radiation, we can find the opacity 
For Capella the temperature distribution has been found by the theory 
already outlined, and the output of radiation has been measured by the 
bolometer or (probably with greater accuracy) inferred from the light- 
power of the star The opacity at an average point m the interior turns 
out to be about 100 cos units To obtain an idea of what this value 
signifies, let us enter Capella and find a region where the density is the 
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same as that of our atmosphere Take a slab of gas there 6 inches thick. 
Of the radiation falling on one side of the slab, § will be absorbed in the 
slab and only J transmitted This seems a very high opacity if we compare ‘ 
it with the transmission of light through gas, but the experimental 
physicist knows well the difficulty of getting the softer kinds of X rays to 
pass through a few centimetres of air 

In Table 3 we give a few examples of laboratory determinations of the 
absorption (oefhcients of X rays to compare with the value 100 found for 
Capella 

Table 3 

Mass Absorption Coefficients for X Rays * 


Wove* length 

\ir 

Al 

Cu 

An 

0 ft 

0 ft 

2 0 

19 

12 

1 0 

3 2 

14 

140 

82 

1 ft 

9 1 

4b 

52 

2(10 

2 0 

19 

110 

120 

580 

.10 

53 

.160 

350 

— 

f>0 

190 

1600 




The stellar value is thus of the same general order of magmtude as the 
laboratory determinations 

19 A closer study of the table show’s that the relation ot stellar 
opacity to terrestrial opacity is not so straightforward as it at first appears 
It will be seen that the terrestrial opacity increases very rapidly with the 
wave-length, subject to certain discontinuities (illustrated m the column 
for Cu) the opacity varies approximated as the cube of the wave-length 
Now the mean wave-length for Capella is considerably higher than any 
of those given in Table 3, and it is dear that if we took the values for, say, 
7 A the absorption coefficients would be higher than 100 

Moreover, the rapid change with wave-length suggests that the opacity 
of a star ought to change very rapidly with its internal temperature, since 
the mean wave-length of the radiation is inversely proportional to the 
temperature This does not agree with astronomical observation, the 
whole senes of giant stars from type M to type A though differing widely 
in internal temperature is found to show a fairly constant opacity 

There is thus some difference between stellar conditions and laboratory 
conditions which affects the absorption of X rays It is not difficult to 
understand what this difference is The primary dissimilarity is the 
exceedingly high temperature of the stellar material, and it is a natural 
(though fallacious) assumption that temperature will not much affect 
a process like absorption, which is performed by the atoms individually 

* From M. Siegbahn, The Spectroscopy of X Rays, Appendix, Table III 
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each contributing its share independently of the presence of the others 
But are we dealing with the same kind of atoms m the two cases? It is 
’ a question of definition of the word atom. The atomic nucleus which we 
regard as characterising the element is unaltered, and for that reason we 
can say that the same elements are present in the stars as on the earth. 
But if the atom is taken to mean the whole system with its satellite 
electrons, then we must say that the atoms in the stars are not the same 
as those on the earth Most of that circulating system is broken away 
The “billiard-ball” atoms, about 10 -s cm in radius, so familiar in our 
picture of terrestrial gases, do not exist m the stars, and in particular 
those properties of terrestrial gases which depend on the considerable size 
of the atoms (limit to compressibility) have no immediate application in 
the stars In considering absorption and opacity the mutilation of the 
electron system of the atom is of vital importance, because it is just this 
system which contains the mechanism of absorption 

In elements of moderate atomic weight the X ray absorption is per- 
formed mainly by the ten innermost electrons which are classed in two 
groups, viz 2 if -electrons and 8 .^-electrons The outer electrons of the 
system are concerned in absorption of greater wave-lengths, including 
visual light , the loss of these will not seriously alter the atom’s power of 
absorbing X rays But the mutilation extends to the inner ten electrons 
which would otherwise have been active in absorbing the X rays m the 
star, and this, of course, reduces the absorbing power as compared with 
terrestrial atoms The absorption is itself the cause of the breaking away 
of electron*, so that if the circumstances are such that any absorbing 
mechanism is callod stiongly into piny that particular mechanism will be 
especially broken down There is in fact a saturation eliect 

We may look at the difference between terrestrial and s+ellar absorption 
from another point ol view' When aether waves tall on an atom they are 
not absorbed continuously The atom lies quiet waiting a favourable 
chance and then suddenly swallows a whole quantum at once The mouthful 
is too big for the atom’s digestion , consequently the atom bursts One of 
the satellite electrons shoots off at great speed carrying away the surplus 
energy which the atom could not assimilate. The atom is now done for 
so far as that particular absorption trap is concerned, and it has to let 
the quanta fly past without interfering Evidently this bursting could 
not go on continually unless there were some counter-process of repair 
The atom must capture one of the free electrons flying by, inducing it to 
stay and heal the breach. The absorption trap is then set again and the 
atom is ready for another quantum The emission of radiation occurs 
during this process of repair, the free electron having surplus energy which 
must be radiated For each burnt there must be a repair, so for each 
absorption there must be an emission 
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In the laboratory we can produce X rays of the quality occurring in the 
stars, but we cannot produce them with the same intensity Thus we can 
only perform the experiment of feeding the atoms with quanta at a very 
slow rate Long before the atom haR the chance of a second mouthful it 
has had time to set its trap in order and is ready again But in the 
stars the X rays fly by so tast that the atoms are gorged and cannot take 
advantage of their abundant chances The moment the trap is ready it is 
sprung again Only a small proportion of the absorption traps ore in 
working order at any one moment and the absorption coefficient is pro- 
portionately reduced This saturation effect is responsible for the stellar 
coefficient falling below the values derived by extrapolation of Table 3 
In the mam, terrestrial experiments are adapted to measure the atom’s 
activity in catching X rays, and astronomical experiments to measure its 
power of recovery afterwards The consumption of food by the hungry 
hunter depends on his skill m catching it, the consumption by the 
prosperous citizen depends on the strength of hiR digestion 

For stellar investigation we therefore find it best to fix attention not 
on the process of disruption but on the process of repair (electron capture) 
In other words, we turn from absorption coefficients to emission coefficients 
In the equilibrium condition of a star absorption and emission must 
balance, so that it is indifferent which of them we study It is only a 
question of following the line of greatest practical simplicity 

Details will be given later of attempts to calculate the emission or 
absorption at given temperature and density from a purely physical theory 
of the process of electron capture As happened for molecular ^weight, the 
chemical composition of the material appears not to have a large influence 
on the result If we could solve this problem fully we could extend the 
problem set to the cloud-bound physicist in § 14 and ask hnn to predict 
the heat and light emitted by Ins globes of given mass and density with 
no assistance from astronomical observation The theory which seems most 
in keeping with our general physical knowledge leads to predictions pretty 
near the truth but, I think, not so near as they ought to be This part of 
our aim ir still in the interesting state when we cannot help feeling that 
we are not far off the right track and the true solution is waiting just 
round the corner 

20 J umpmg as well as w e can the difficulties raised by the discordance 
above alluded to, we combine our helping and hindering factors and 
determine the theoretical rate of outflow' of radiation from a star The 
result is the mass-luminosity relation explained and compared with 
observation in Chapter vii We shall not here anticipate the results which 
follow when at length the theory reaches direct contact with observation. 
The purpose of this preliminary survey is that in entering on the mathe- 



SURVEY OF THE PROBLEM 


25 


matic&l investigations we may be equipped with a general knowledge 
of the conditions to be studied and of the interplay of the various 
* factors. 

Other problems will arise m the course of our work The Cephcid 
variables, considered to be pulsating stars, give opportunities for develop- 
ment and test of the theory Of special interest is the theory of the 
White Dwarfs — incredible but apparently true The problem of the source 
of a star’s energy will be considered, by a process of exhaustion we are 
dnven to conclude that the only possible source of a star’s energy is 
subatomic, yet it must be confessed that the hypothesis shows little 
disposition to accommodate itself to the detailed requirements of 
observation, and a critic might count up a large number of “fatal” 
objections 

Those portions of thermodynamics and the quantum theory which are 
essential for our astronomical investigations are developed ab initio in 
Chapters 11 and hi It is not expected that these Chapters can take the 
place of a regular treatise; nor has it been our aim to give a particularly 
elementary exposition suitable for a first approach to the subject It can 
probably be assumed that everyone interested in astrophysical problems 
has picked up sporadically the leading ideas of atomic structure and 
quanta, and is familiar with some of the numerous experimental applica- 
tions. The systematic outline here offered may help him to arrange these 
ideas and fill up the gaps in their sequence Although the discussion is 
given in the form of mathematical deduction, it must be understood that 
when, as in these two Chapters, the results at every stage are subject to 
close test by experiment, the purpose of the argument is to exhibit the 
inner connection of the various phenomena and not to persuade the sceptic 
that the phenomena must occur Consequently, although a reasonable 
degree of ngour is required, the laborious exploration and closing of every 
possible loophole is of secondary importance and would be out of place 
in a brief survey 

Chapters iv-xi contain the mam theme of investigation — the study of 
the internal condition of a star The culminating point is Chapter vii, 
where the comparison with observation is made Roughly speaking, the 
mechanics of the problem is placed before this, and the physics is placed 
afterwards That is because the study of absorption, ionisation, electrical 
energy, etc , in the light of atomic physics would if undirected lead us 
far away from astronomical problems , and it is necessary first to ascertain 
what are the points of special astronomical importance, the doubts to be 
settled, and the difficulties to be discussed We need to have a clear idea 
of how our results will react on observable properties of the stars. I do 
not think that any order of development would have avoided the numerous 
cross-references forward as well as backward 
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In the last two Chapters we permit ourselves an excursion into outer 
space and observe how the complexity of the problem grows when the 
conditions ot thermodynamical equilibrium m an enclosure are gradually 
relaxed The “outside of a star” is a problem expanding indefinitely into 
the whole subject of stellar spectroscopy and stellar observation generally. 
For the most part we pursue only those branches of the subject which 
illustrate and amplify the methods and theones used for the stellar 
interior. 
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THERMODYNAMICS OF RADIATION 
Radiation Pressure. 

21 Radiant energy or radiation consists of electromagnetic waves in 
the aether Maxwell’s electromagnetic theory Rhowed that these waves 
possess momentum If E is the energy of the waves, c the velocity of light, 
the momentum is Ejc in the direction in which the waves are travelling 

According to the modern view energy and mass are inseparable, 
c 2 ergs corresponding to I gm This leads immediately to the same result 
For the energy E ergs indicates a mass E/c 4 gm , and since the velocity 
is c the momentum is (E'/c 4 ) \ c — Ejc 

A material screen which absorbs the waves absorbs also their momen- 
tum Thus the momentum of the screen changes, which is another way of 
saying that it is acted on by a force Suppose that waves containing 
E ergs per eu cm impinge normally on a perfectly absorbing surface 
A column of radiation of height c passes mlo and is absorbed by each 
sq cm of the surface per sec , this column contains Ec ergs and the 
momentum is thus Ec/ c or E units The force on the screen is thus E dynes 
per sq cm 

For imperfect absorbers we must deduct the proportion of the momentum 
which is mJt passed on to the material screen, viz that of the transmitted, 
scattered or reflected waves For example, a perfect reflector would 
experience a pressure 2 E, half of this is due to its stoppage of the incident 
waves and half is the recoil due to the projection of the tram of reflected 
waves Again, if the screen is semi-transparent and transmits waves of 
reduced energy-density E' the force per sq cm is E — E' This may be 
analysed into a pressure E of the incident waves and a recoil pressure — E' 
of the transmitted waves, as though the screen had wholly absorbed the 
incident beam and had itself originated the transmitted beam on the other 
sule 

If we regard the incident, icflected, scattered, transmitted or emitted 
beams as each exerting its own pressure on the side of the screen at which 
it arrives or originates we need not trouble to discriminate the different 
cases of absorption, reflection, etc The pressure on either side of the 
screen is equal to the energy -density of the radiation on that side, and the 
force on the screen corresponds to the difference of the pressures on its 
two sides For example, m the case of the perfect reflector the pressure 
is equal to the total energy-density 2 E on one side of the screen, viz the 
energy-density E of the incident waves + the energy-density E of the 



28 


THERMODYNAMICS OF RADIATION 


reflected waves It makes no difference whether the waves are travelling 
towards or away from the screen, because on reversing the direction of 
conveyance of momentum we also reverse the sign of the momentum that 
is being conveyed, so that a wave-tram conveying positive momentum 
away from the screen gives the same pressure as a wave-tram conveying 
negative momentum into the screen A pressure system cannot be repre- 
sented by a vector, it may be associated with an axis but not with a 
direction 

The rule that 

pressure — energy -density 

applies only to radiation travelling normal to the surface , oblique incidence 
must be consideied separately 

22 Consider as in the last section a column of radiation travelling in 
a fixed direction, and place in its track a screen of area 8 inclined so that 
the angle of incidence is 6 The cross-section of the column obstructed by 
the screen is 8 cos 6, and accordingly the force, which would be E8 for 
normal incidence, is E8 cos 6 for oblique incidence This force is m the 
direction of the momentum of the beam, resolving it into components 
normal and tangential to the screen the force is 

ES cos 2 6 normal, ES cos 0 sin 0 tangential 

An important case is when the radiation is isotropic, i c consists of 
waves of equal intensity in all directions Since the average value of cos* 0 
over a sphere is J and of cos 6 sm 0 is zero the force becomes in this case 
\E8 normal to the surface Thus we have the important law — 

The pressure of isotropic radiation is \ of its energy-density 

This pressure is exerted normally oil any surface exposed to the radia 
tion and is entirely analogous to the hydrostatic pressure of a fluid In 
a gas the momentum is conveyed by the molecules , and a gas at rest, in 
which the velocities of the molecules are symmetrical as regards direction 
so that the momentum is being conveyed at the same rate in all directions, 
is analogous to isotropic radiation In non-isotropic radiation or in a 
disturbed gas with unsyinmetncal distribution of molecular velocities 
there is no longer a simple hydrostatic pressure , a stress-system with six 
different components is involved 

When the radiation is not isotropic the normal pressure on a surface 
is given by using the weighted mean ot cos 2 6 instead of the factor J 
It is to be noted that an increase of flow' m a particular direction 9 at the 
expense of flow m the opposite direction does not alter the pressure In 
the interior of a star we have often to consider radiation which is nearly 
isotropic but with a slight preponderant outward flow, this kind of 
asymmetry does not in itself affect the pressure, though it is likely to 
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involve consequentially smaller asymmetrical effects which modify the 
pressure by second order terms 

The internal pressure, whether of radiation or of a fluid, may be defined 
without reference to the insertion of any extraneous material such as a 
screen The isotropic pressure \E signifies that across any unit surface, Bay, 
m the plane yz, momentum is being transferred so that the region on the 
positive side of the surface is gaming \E units of positive ar-momentum 
from the negative side , equivalently the negative side is gaimng \E units 
of negative ^-momentum from the positive side The internal pressure thus 
defines the boundary flow of momentum which it is necessary to take into 
account m applying the condition of conservation of momentum to any 
region 

23. The relations between the energy, momentum and pressure of 
aether waves can be brought into line with those of matter if we regard 
their energy as half kinetic and half potential The mass F/c®, velocity c, 
momentum Ejc, and kmetic energy \E are then related m the same way 
as the corresponding quantities 

m, V, mV, JmF* 

for matter Also for isotropic radiation the internal pressure is § of the 
kinetic energy-density \E. agreeing with the well-known result that the 
pressure of a gas is f of the density of kinetic (translatory) energy 
of its molecules 

Accordingly the analogy between radiation and a gas will be 
rendered closer if we choose a gas m w'hich the kinetic energy of the 
molecules is half their whole energy Such a gas must (according to the 
elementary theory) have three internal or rotational degrees of freedom 
sharing equally in the equipartition of energy with the three external 
degrees of freedom for each molecule The ratio of specific heats for such 
a gas is y -- and it is often convenient to regard radiation as a gas with 
ratio of specific heats ^ 

By this analogy we may anticipate some results proved more rigorously 
later For y = \ the pressure vanes as T* in adiabatic expansion or com- 
pression, this law is also true for radiation (Stefan’s Law) Again, in 
calculating the distnbution of density and temperature inside a star we 
pass from the theory of convective cquihbnum to radiative equihbnum 
by substituting the constant ( instead of the ratio of specific heats of the 
material Since radiative equihbnum postulates that the heat is conveyed 
through the star by aether waves instead of by matenal transport it is 
appropnate that the ratio of specific heats for aether waves should appear 
instead of the ratio for the matenal. 
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Entropy. 

24 Quantitatively energy is conserved, qualitatively there is a con-, 
tinuous unidirectional change in the character of the energy of the 
universe 

In the ultimate analysis this change appears to be in all cases a change 
from a more organised to a more chaotic condition For example, a train 
of plane waves may by irregular reflection or scattering be converted into 
radiation moving in all directions at random We cannot invert this 
process or discover an apphance which will automatically convert dis- 
organised radiation into plane waves Spherical waves can be convcrtod 
into plane waves by a parabolic mirror and back again to spherical waves 
by another mirror But spherical waves are in their way as highly or- 
gams< d as plane waves , no chance disturbances of regularity have befallen 
them. VV'hcn once the random element has been introduced it cannot be 
eliminated by any natural process If we construct a machine which 
receives chaotic radiation and sends it out again as trains of plane waves 
we must infer that the organisation has boon given to the waves at the 
expense of other energy put through the machine, and this energy is 
drained ot organisation and ejected from the machine in a more chaotic 
state than it was originally Such a machine continually requires fresh 
supplies of energy not because it uses up energy but because it uses up 
organisation of energy 

Thus in the vicissitudes of things energy is liable to take a step down 
in rank which it cannot recover b> any natural process The potentiality 
inherent m organisation — which is ot immense importance for the practical 
utilisation ot energy — is lost to the universe, irrecoverably so far as we 
can see 

25 We introduce a numerical measure of the disorganisation caused 
by these irreversible steps Such a measure should evidently be propor- 
tional to the quantity of energy disoigamsed, the other factor measuring 
the degree of disorganisation will consist of the difference of two terms 
dependent respectively on the initial and final states of the energy and 
therefore functions of the physical variables used to specify those states 
The measure of disorganisation is thus expressed by a quantity S such 
that 

dS = dQ(B t -6 1 ) (25 1 ), 

where dQ is the quantity of energy passing from state 1 to state 2 and 6 
is a function of the physical variables describing the states 

When several such transfers are contemplated it is convenient to express 
the result in terms of the additions to the energy m the respective states. 
Thus, in the above example, energy in state 1 receives an addition 
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dQi = — dQ, and energy in state 2 receives an addition dQ 2 dQ 
Accordingly (25 I) may be written 

dS - 8 1 dQ 1 + 8 1 dQ i 

Combining any number of transfers by summation or integration the 
total change of 8 will be 

BS-jddQ .. ....(25 2), 

where dQ is the infinitesimal addition to energy in the state for which the 
corresponding coefficient is 6 

In considering a system compost'd of several bodies A £, C, we 
apportion 8 among the different bodies so that 
8 - 8 a + S b + S c + 

If the transfer above considered is from state I in body A to state 2 in 
body B we should write 

dS a -= Mft. d8„ = 6 t dQ t 

It follows that (25 2) applies to each body of the system separately, BS 
referring to that body only and dQ on the right being limited to energy 
transferred to or from or within that body 

In order that 8 may fulfil the purpose for which it was introduced, 
viz to measure the progressive degradation of the energy of the uuiverse, 
it must in an) natural process satisfy the condition 

ZBS > 0 (25 3), 

the summation being taken over all bodies concerned m the process under 
consideration The coefficients 0 must be determined by applying this 
condition 

The quantity 8 is called entropy It is unique among fundamental 
physical quantities m having a one-sided conservation, that is to say, it 
is indestructible but not unereatable Since only the change of S has 
been defined the entropy of each body involves an arbitrary additive 
constant 

Mechanical work is taken as the standard from which increasing 
disorganisation of energy is measured, so that the coefficient 6 is zero for 
energy dQ added to or taken from mechanical work We need not exclude 
the possibility of forms of energy with negative entropy referred to this 
standard, although no such form has been recognised Subatomic energy 
has been converted into heat but the converse process is unknown, it is 
conceivable (but unlikely) that the conversion of licat into subatomic 
energy involves a greater dram of organisation than its conversion into 
work 

26 A process involving creation of entropy cannot be reversed, since 
the reversal would involve destruction of entropy, which is impossible 
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Thus if a process can be shown to be reversible we can be sure that the 
entropy is unaltered by it Reversible processes are necessarily somewhat 
idealised because it is scarcely possible in practice entirely to safeguard* 
the energy from disorganisation. But in thermodynamical arguments the 
practicability of the processes considered is not usually relevant If we 
have a process which under certain practical conditions works irreversibly 
in one direction, and under very shghtly altered conditions works irre- 
versibly m the opposite direction, we may infer that there is a hunting 
intermediate condition for which the process in either direction involves 
no alteration of entropy 

An irreversible process of great importance is the spontaneous flow of 
heat (by conduction or by radiation) from a hot body to a cold body in 
proximity tending to equalise their temperatures Since the transfer is 
spontaneous, 1 c its occurrence is not dependent on the provision of other 
sources of energy which might be drained of organisation it may be 
treated as isolated Consider two bodies A,, A 2 at temperatures T 1 , T t 
It fT a is shghtly less than T 1 a small quantity ot heat will flow' from T 1 to 
T 2 , a slight alteration of the condition so that T t is a little greater than 
T t causes the process to occur m the reverse direction Thus T i -- 7\ is 
the limiting condition tor which a transfer of a small quantity of heat 
from Aj to A l or A 2 to A x involves no alteration of entropy Hence setting 
dS — 0 m (25 1) wc have 

0 2 — 0, whenever 7^ - T x (26 I) 

Accordingly when dQ represents heat-energy the coefficient 0 js a function 
of the temperature only 

Again, let the temperatures be unequal and T x > T 2 A quantity of 
heat dQ will then flow spontaneously from the temperature 7\ to the 
temperature T 2 , and by (26 1) 

dS = dQ (6 (T 2 ) - e (TJ) 

Since dS cannot be negative, we have 

9 (Tj) > 9 (Tj) whenever T x > (26 2) 

Hence 9 decreases as the temperature increases 

It must be understood that the coefficient 9 (T) refers only to the 
transfer of an infinitesimal quantity of heat. When a finite quantity of 
heat is transferred from one limited reservoir to another the temperatures 
will alter during the progress of the flow and the consequent changes of 
9 must be taken into account 

The temperature referred to m this argument is thermometric * The 

* No reference is made in this book to the so-called thermodynamic temperature 
introduced in some text-books 
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principle of thermometry is that a test-body A t brought near enough to 
a body A x rises or falls to the temperature of A x , it therefore requires that 
•the spontaneous flow of heat shall be from A l to A t or the opposite ac- 
cording as T 1 >T 2 or the opposite — as assumed in our argument The heat 
referred to (whether molecular motion or radiant energy) is ‘ ordinary ’ 
heat-energy, that is to say the energy m the states 1 and 2 is assumed to 
have no special organisation beyond that defined by a single physical 
variable, viz the temperature It is possible tor energy to possess organi- 
sation of a more speeiahsed kind, in which case the coefficient 9 will 
not be a function of the thermometnc temperature only, for example, 
monochromatic radiation must be considered more highly organised than 
blaek-body radiation But when such heat is allowed to flow into a test- 
body as in ordinary thermometry without spe< lalisod conditions, the 
excess organisation is inevitably wasted and there is no limiting condition 
of reversible flow with dS — 0 A transfer for which dS — 0 can only 
be arranged with special appliances (e g colour-filters) and the coefficient 
9 for such a state of organisation must be found from the behaviour with 
respect to these appliances and not with respect to ordinary thermometry 

27 Consider now a gram-molecule of perfect monatomic gas which 
obeys the law 

pv=3iT ... (27 1), 

where 91 is the universal gas constant 

In an ideal monatomic gas the only heat -energy is kinetic energy of 
molecular utotion Smce the pressure is § of the kinetic energy per unit 
volume (§ 23) the heat -energy m the volume v is 

Q = \p v -- J WT (27 2) 

Now let the gas change from a volume and temperature fi,, 1\ to 
u a , 7\j In general it will be necessary to supply or withdraw heat and 
mechanical work will be done by or against the pressure 111 a change 
dv, dT the heat supplied must be 

dQ = ','JldT + pdv . (27 3), 

the first term raising the temperature in accordance with (27 2) and the 
second replacing the energy expended by the pressure m doing mechamcal 
work. 

The gas is supposed to have uniform temperature at each stage, and 
the heat dQ is to be added directly at each part of the gas — not poured 
in at one corner and allowed to flow to its destination With this condition 
there is no limitation on the signs of dT, dv, dQ m (27 3) and the changes 
are therefore reversible (If the above < onditions were not postulated 
irreversible processes would evidently occur ) 
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By (25 2) the change of entropy of the gas is 

S t — S 1 = SS = ) 0 (T) (IQ .'.(27-4) . 

= J SR je (T) dT + jo (T) pdv 

f T% fVj fJv 

= ;SR 0 (T) dT + SR TO (T)- ..(27-5). 

Jr, Je, « 

Now iS 2 - S l can depend only on the initial and final temperatures and 
volumes of the gas This follows from the theory of gases according to 
which two specimens of the same gas at the same temperature and density 
are alike in all their properties Or it can be deduced more generally from 
the reversibility For if S 2 — S 1 were different according to the intermediate 
values of r and T, we could by taking the gas out by one route and back 
by another increase its entropy Owing to the reversibility no entropy 
is created, hence the increase of entropy requires a decrease of entropy 
of our reservoirs of heat The cycle could be repeated any number of times 
so that a small mass of gas w ould be able to furnish an infinite decrease 
of 8 (l e increase of organisation) to the rest of the universe 

The expression on the right ot (27 5) must therefore depend only on 
the initial and final stages The first term evidently satisfies this, and 
therefore the second integral must in spite ol appearances be independent 
of the intermediate stages This requires that TO ( T ) shall bo a constant 
To prove this, the second integral can be written 

f l«ff r, 

TO (T) d (log v) ' 

i'« 

Consider any elementary stop d (log v) During this change ot volume the 
gas can have any temperature we please, so that if it is possible to vary 
TO ( T ) by varying T, we can vary the contribution made to the integral 
bv this step Thus the integral cannot be independent of the intermediate 
conditions of the gas unless 

TO (T) — const 

Bv suitably connecting the units of entropy and temperature the 
constant may be set equal to unity so that 

0 (T) - 1/7’ .... (27 0) 

Here T is identified with the temperature on the scale of a perfect-gas 
thermometer, but, of course, the value of 0 (T) here found is applicable 
to “ordinary” heat transferred from or to any kind of material in ac- 
cordance with (26 ]) 

Equation (27 4) can now be written 

S t -S 1 =j dQ/T ... 


(27-7) 
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28 . Reverting to the monatomic gas, we obtain from (27 5) and (27 6) 
- Si = log (TJTj) + SR log (vjvj 
= 9? (log {v t Tj) - log (v^)}, 
so that the entropy of a gram-molecule of the gas is 

8 - SR log (vT*) + 0, 

where C is a constant which may depend on the nature but not on the 
state of the gas If the gas expands or contracts adiabatically, i e without 
transference of heat from or to the surroundings, the entropy remains 
constant since energy received or given up as mechanical work has zero 
entropy Accordingly for adiabatic changes 

vT const (28 1), 

an equation which can also be obtained directly by setting dQ = 0 in (27 3) 
More generally for a gas in which the whole heat energy is e times the 
translatory energy of the molecules, the pressure is 2/3e times the energy- 
density, and the adiabatic law is 

vT- f = const (28 2), 

which gives 

pvT's, pocT l + - f , poc P 1 + 2/3f (283) 

The last equation is usually written p x pi, so that the adiabatic constant 
y is given by 

y -- 1 f 2/3e .. (28 4) 

R can easily be shown that y is equal to the ratio ot the soecihc heat at 
constant pressure to the specific heat at constant volume 

Equilibrium oj Radiation 

29 The spontaneous flow of heat Horn a hot body to a cooler body 
is a net transfer Actually heat is flowing m both directions so that each 
receives heat from the other, but the hot body loses more than it gains 
and the cool body gains more than it loses The inequality tends to right 
itself because a body as it loses heat will tall in temperature and the rate 
at which it sends out heat to the surroundings will decline, eventually it 
will reach a condition in which the loss of heat is just equal to the gain 
This “theory of exchanges ’ applies to flow of heat both by conduction 
and by radiation, but we are most concerned with radiation 

Consider an enclosure surrounded by walls maintained at a constant 
temperature Radiation will be emitted from the walls into the enclosure, 
and radiation in the enclosure which falls oil the walls will be wholly or 
partially absorbed by them The greater the quantity of radiation inside 
the enclosure the greater will be the amount falling on the walls and the 
greater the amount absorbed The quantity in the enclosure will thus 
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decrease or increase until the loss by absorption just balances the steady 
emission from the walls In practice the time required to reach this equi- 
librium condition is extremely short*. 

The equilibrium distribution of radiation, both as regards density and 
quality (wave-length), is fixed entirely by the temperature T of the walls 

For suppose ihat by constructing the walls of different materials we 
could have two enclosures A and B with walls at the same temperature 
T but with the equilibrium density of radiation within a certain range of 
wave-length SA greater m A than in B liet us open momentarily a passage 
between A and B crossed by a screen transparent only to radiation m the 
range <5A More radiation of this quality will fall on the A side of the screen 
than on the B side and more will pass through from A to B than from 
B to A Close the channel after a small but finite transfer has occurred 
The enclosure B now contains more radiation than initially and therefore 
more than can be in equilibrium with its walls at temperature T , the 
surplus will pass into the walls which must according!} nse in temperature 
Similarly the walls of A will fall in temperature We next bring the walls 
of B and A to the same temperature by allowing the necessary quantity 
of heat to flow from B to A This flow of heat from a higher temperature 
T x to a lower temperature T 2 is irreversible and creates a quantity of 

entropy dQ(^, — j But the whole system has returned exactly to 

its original condition so that it is impossible that entropy should have 
been created 

The contradiction can perhaps be realised more vividly if, wc suppose 
the passage to be opened and closed periodically Then the temperature 
difference between A and B is continually renewed, and we can use B as 
the source and A as the sink of a heat-engme which develops mechanical 
work This continuous conversion of heat originally at a uniform tempera- 
ture T into mechamcal work is obviously contrary to the principles of 
thermodynamics 

Since the energy-density of radiation in the enclosure depends only 
on the temperature it follows that the pressure of the radiation depends 
only on the temperature 

A word of explanation may be desirable as to the employment in 
thermodynamical arguments of ideal contrivances such as the screen 
transparent to an arbitrary range of wave-length It is not at all essential 
to the argument that the processes referred to should be practicable , but 
it is essential that the ideal processes should not destroy entropy, if as 
usual the argument assumes that entropy is indestructible The ideal 

* In theoretical arguments we sometimes introduce walls which are perfect 
reflectors (for some or all frequencies) The approach to equilibrium then becomes 
infinitely slow. 
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process must not eliminate the random element m the state of the energy. 
If practicable processes are employed, we are on safe ground, with ideal 
* processes we have to be on our guard against inadvertently introducing 
a “sorting demon ’’ At first sight a screen transparent to one particular 
range of wave-length seems to be dangerously like a sorting demon , but 
since highly selective screens exist naturally, it is clear that such selection 
does not imply destruction of entropy , and although we may not be able 
to find a natural screen suitable for the particular range of wave-length 
SA, the lack is due to irrelevant limitations of nature and not to any 
contravention of the laws of thermodynamics 

Radiation of the density and quality which would be in equilibrium 
with matter at temporal ure T is said to have the temperature T. A mixture 
of radiation of various wave-lengths in arbitrary proportions is not m 
general in equilibrium, with matter at any temperature and has no unique 
temperature , but if it has the same total density as radiation at temperature 
T, T is called its “effective temperature ” If such radiation is placed in 
an enclosure with walls at temperature T it is rapidly transformed into 
radiation with a true temperature T, that is to say, the enclosure becomes 
tilled with an equal amount of energy with a true temperature and the 
wiills neither gam nor lose heat on balance Since this comersion is 
irreversible, entropy is increased by the conversion The excess organisa- 
tion of the ladiation with no true temperature could m fact be utilised 
by means of selectively transparent screens to raise mat ter above its own 
effective temperature T A notable illustration of this is afforded by the 
radiation traversing space due to the stars, its effective temperature is 
about 3° absolute, but it is capable of spoilt anoouslj raising selectively 
absorbent matter to far higher temperatures Radiation at a true tempera- 
ture of 3° could not transfer heat spontaneously to matter above 3° 

The coefficient 6 for radiation having a true temperature T is the same 
as for molecular heat, viz 1 jT This follows because energy will pass from 
the radiation in an enclosure into the w alls or vice versa according as its 
temperature is higher or lower than that of the w r alls; hence the limiting 
condition of transfer without change of entropy is when the temperatures 
are equal, and the equality of the coefficients 6 follows from (25 1 ) 

Having proved that radiation at temperature T has a definite density 
and composition, we have to discover the formulae for the density and 
composition This investigation is made in several stages First Stefan’s 
law (30 3) is found determining the total density, next Wien’s displace- 
ment law (32 1) which reduces the problem of determining the composition 
at all temperatures to the determination of the composition at any one 
temperature; then Planck’s law (37 9) giving the form of the function left 
undetermined in Wien’s law, and finally m (40 7) the identification of the 
physical constant contained in Planck’s law. 



atl thermodynamics of radiation 

Stefan’s Law 

30 Consider radiation in an enclosure of adjustable volume, and- 
change the volume from w, to r s and the temperature of the walls (and 
therefore of the enclosed radiation) from T, to T t , the temperature at 
intermediate volumes is arbitrary If E is the energy-density of the 
radiation, the heat added in a change dv, dT is 

dQ -- d (Ev) 4 pdv . . (30 1), 

or since E — 3p 

dQ = 4 pdv + 3 udp 

- 4p*d (logp^u) . (30 2) 

Hence by (27 7) the change of entropy of the radiation is 

S 2 -S t = 4 Jjfd(logpU) 

By the same discussion as in § 27 it follows that the integral on the 
right must be independent of the intermediate stages and hence that p'jT 
cannot be altered by varying T But by § 29 p is a function ot T only 
Hence p*/T is a constant Thus we can wnte 

p = \aT\ E =- aT* (30 3), 

where a is a universal constant The experimental value of a is 7 64 I0~ 15 
for cos. units and degrees Centigrade 

The result p ac T* is also obtained if we set e - 2 (the appropriate 
value for radiation) m (28 3) But it has a more general penning for 
radiation than for a gas since it is not now confined to adiabatic changes 
(The above argument if apphed to a gas would break down at the state- 
ment “p is a function of T only ”) 

The result that the energy-density of radiation is proportional to the 
fourth power of the absolute temperature is known as Stefan’s Law. 

31 Subject to certain reservations the equilibrium distribution of 
radiation m an enclosure will not be upset by admitting molecules into 
the enclosure Tho waves permeate freely the spaces between the molecules 
and in the interior of the molecules, and the reduction of the volume 
occupied by radiation is insignificant The matter m the enclosure must 
take up the same temperature as the walls and the radiation Thus radia- 
tion of density aT* will fill any region occupied by matter maintained at 
temperature T — except near the edges where the radiation is not properly 
“enclosed ” 

The reservation is necessary when the matter in the enclosure has an 
appreciable refractive index for radiation of the wave-lengths concerned 
In this case the internal energy of the molecules and the energy of aether 
waves is so linked that the present argument is scarcely adequate There 
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does not appear to be any actual failure of Stefan’s Law (or Planck’s Law) 
in this case , but careful definition is required since the energy of material 
'polarisation is in some applications appropriately grouped with the radiant 
energy whereas in other applications it is kept separate Further reference 
to this point so far as it concerns stellar conditions is made m § 164 

The quantity of isotropic radiation passing in both dim tions through 
a plane area S is \EcS per second (The factor \ arises through taking the 
average of cos 6 over each hemisphere, the cross-section of an oblique 
beam through S being »S' cos 0 ) The amount passing in one direction is 
{EcS Hence if in a body at temperature T a cross-section is cut and 
suddenly exposed, radiation of amount {Ec per sq cm per sec will leave 
the body through this section This is evidently the maximum intensity 
of radiation obtainable from a bodv maintained at a general temperature 
T In practice it will be impossible to avoid a slight drop of temperature 
at the surface This may be minimised by taking a good conductor of heat 
and coating it with a highly absorbent substance, the conductor is re- 
quired to maintain the full temperature near the surface, and the absorber 
to secure that the radiation is “enclosed ’ Equilibrium radiation is often 
called black-body radiation in reference to this mode of experimenting on 
it Another method of obtaining nearly the full black-body radiation is to 
make a small opening in a large enclosure maintained at the requisite 
temperature 

The full radiation of matter at temperature T is act ordmgly 

\Ec = | acT* per sq cm per sec (31 1) 

The constant a — }ac is called Stefan’s constant, but we shall generally 
prefer to use the constant a 


Wien’s Lew 

32 We next deduce from thermodynamical considerations that the 
constitution of equilibrium radiation at temperature T satisfies Wien’s 
displacement law 

I( v ,T)^v°f( v /T) . (32 1), 

where l(v,T)dv is the energy -density of the radiation of frequency 
between v and v 1 dv and /is some definite function of v/T Since the form 
of / is not indicated by this investigation Wien’s law does not determine 
the constitution , but if the constitution is known for any one temperature, 
it enables us to calculate the constitution for other temperatures 

Lemma A chamber with perfectly reflecting walls initially contains 
equilibrium radiation If the chamber expands or contracts , the radiation 
will be automatically conceited into equilibrium radiation for the temperature 
corresponding to Us new density 

The perfect reflection has two consequences (1) it ensures that no 
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heat escapes from or is admitted to the chamber, so that the change is 
adiabatic (dQ 0) , (2) it eliminates the ordinary processes (absorption 
and emission) by which radiation in an enclosure attains equilibrium 
constitution, so that we have not the usual guarantee that after the 
alteration of volume there will be equilibrium radiation in the chamber 

Let us for the moment accept the first consequence, but evade the 
second by inserting in the chamber a speck of absorbing matter of 
negligible heat capacity, this re-introduces absorption and emission and 
the radiation will be brought into equilibrium with the matter just as 
though it formod the walls* 

Now let the chamber undergo any number of expansions and contrac- 
tions and return to its original volume As it is subject to the adiabatic 
condition the pressure is a function of the volume only, in fact, setting 
dQ — 0 m (30 2) we have phi = constant. Hence the radiation has re- 
turned to its original pressure and therefore to its original energy-density, 
and as it is still equilibrium radiation it is exactly in its original state 

Thus the eutropv of 1 he radiation is unaltered Since dQ = 0 no entropy 
has been removed from it to its surroundings Therefore no entropy has 
been created in it 

The function of the speck of matter was to convert the radiation to 
equilibrium constitution as fast as any divergence was produced But 
we have seen that this process is irreversible and that non -equilibrium 
radiation has less entropy than equilibrium radiation (§ 29), so that the 
conversion involves creation of entropy Since no entropy has been created 
it follows th.it the speck of matter has not functioned at all- d J, has never 
in the whole process found any non-equilibrium radiation to convert 
This shows that the adjustment is made automatically and reversibly by 
the reflecting walls without the help of any absorbing matter 


33 In those conditions the only cause of a change of constitution is 
the Doppler effect at the moving mirrors enclosing the radiation — moving 
when the chamber alters in size When the walls recede the wave is re- 
flected with lower frequency than the incidont wave, so that there is a 
general conversion to lower frequencies accompanying the lowering of 
energy-density and temperature 

Let waves of energy-density E and frequency v fall normally on a 
reflector receding with velocity V Let E', v be the energy-density and 
frequency of the reflected waves The well-known formula for the Doppler 
effect is 


v’ c — V 
v c + V 


(33-1) 


* The argument is equally valid if the continual conversion of non-equilibrium 
into equilibrium radiation is accomplished by the fiat of the mathematician 
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The pressure on the walls is E + E' (§ 21) The work done on the walls 
per sq. cm per sec is therefore (E 4- E’) V. This must be equal to the 
‘difference of energy of the mcident and reflected waves, viz. Ec — E'c per 
sq cm per sec Hence 

(E -E')c = (E + E') V ...(33-2). 


By (33-1) and (33 2) 


r' E’ __ c - V 
V ~ E c 4 V 


(33 3). 


If the incidence is oblique the same result is obtained except that 
V must now be the velocity of the reflector resolved in the oblique direction 
We express the quantity Ejv m units called quanta* By (33 3) 
E/v - E'jv, that is to say, the, number of quanta is unaltered by reflection at 
moving walls 

Consider a small change of volume of the chamber causing a change of 
temperature of the radiation from T to T + dT During this change let 
a quantum of frequency v change to frequency v' by one or more reflections 
at the moving walls and write 


v = v (1 4- s) . (33 4). 


Then by (33 3) s depends on the circumstances of the reflections, but not 
on v Hence if we denote by g (?) ds the proportion oi the reflected quanta 
for which this coefficient lies between « and s -t ds, g ( s ) will be the same 
function whatever frequency me are considering, since there is no correla- 
tion between v and s 
By definition 



ds = I 


) 

I 


(33-5) 


Let 


sej («) ds - Spj 


Then s 0 is independent of v 

Let J (v, T) dv be the number of quanta of frequency v to v + dv in 
the chamber when the temperature is T, then 


J (i/, T + dT) dv' -- I g (s) ds J (v, T) dv. 


where the integral on the right is taken over all values of s, and (for each 
value of s) v and dv are related to the fixed values v , dv by (33-4) Hence 
substituting for v and dv 

J (v', T + dT) = J g (s)ds(l +s)./(v'(l +s), T) 


* We use the modem nomenclature, but do not here introduce any of the 
pnnciplos of the quantum theory The “number of quanta" is not assumed to be 
an integral number 
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Expanding by Taylor’s theorem, and neglecting squares of the infinite- 
simals s and dT 

J (v\ T) + dT jJ, J (*', T) - J (v\ T) f g (*) ds 

+ | J (v', T) + v' J (v' , T)j [ sg («) ds 


Omitting the accents as no longer necessary, this reduces by (33 5) to 


or 


dT dT ~ 8 °{ J+v d v )’ 
d (vJ) _ vs 0 5 ( vj ) 
dT ~ dT dv 


(33 6) 


Now sJdT is independent of v but we have no reason to suppose it 
independent ot T and we must therefore take it to be an unknown function 
of T Then (33 6) can be written 

d (vJ) vd ( vJ ) d ( vJ ) 

d (log / (T)) dv ~~ d (log v) 

The solution of this partial differential equation is 

v J= F (vlf (T)) (33 71), 

where F is another unknown function 

The energy is obtained by multiplying the number ot quanta by v 
(according to our definition above) Hence 

vJ (v, T) = vl (v, T) . . (33 72), 

where r is the volume of the enclosure and / (v, T) dv the energy-density 
of radiation between v and v + dv Integrating for all values of v and 
setting E for the whole energy-density 

Ev ^ vJ dv - [ F ( v/f (T)) dv 

- Cf ( T ) (33 73), 

where C = | F (x) dx 

o 

Since the change is adiabatic, we have by setting dQ — 0 m (30-2) 

p* v = const . 

or since E = 3 p E*v = const . . .. (33-74) 

Hence by (33-73) and (33 74) E ^ is proportional to / (T) But by Stefan’s 
Law E* is proportional to T Hence / (T) is a constant multiple of T, 
and without loss of generality we can set in (33-71) 

/ (T) = T 
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Hence by (33 71) and (33 72) 

vl (v,T) = F (v/T) 

By (33 74) v « T~ 3 , so that absorbing the constant of proportion in F 

I (v, T) -- T 3 F (vfT) 

Finally, if /i (x) = F (x)/x a 

I (v, T) = v% (v/T) 
which proves the required theorem 

To review this rather lengthy investigation we note four steps ( 1 ) Proof 
that the change of constitution of equilibrium radiation with temperature 
is brought about by reflection at moving walls independently of absorption 
and emission processes , (2) Proof that the number of quanta is unchanged , 
(3) Formulation and integration of the partial differential equation ex- 
pressing the fact that there is no correlation between s and v, (4) Determina* 
turn of one of the two functions introduced, by the condition that the 
total density of the radiation must agree with Stefan’s law 



CHAPTER III 


QUANTUM THEORY 

Intel action of Radiation and Matter. 

34 The theory of the equilibrium of matter and radiation at constant 
temperature depends on a principle which is a generalisation of the theory 
of exchanges (§ 29) After equilibrium is reached no visible change occurs , 
the density and constitution of the radiation, the proportion of atoms in 
various states of combination and ionisation, the number of tree electrons, 
the proportion of molecular velocities between given limits, all remain 
steady, but beneath this statistical changelessness there is continual 
change happening to the individual atoms, electrons, and elements of 
radiation 

Consider the atoms of a particular element which are uneombined and 
in their normal neutral state The numbet « of these atoms in the system 
will remain constant (apart from chance fluctuations) when equilibrium 
is reached But the individuals composing this number continually change 
New atoms appear m this state owing to the dissolution of chemical 
molecules containing them, neutralisation of ionised atoms by the capture 
of free electrons, relapse of excited atoms to the normal state Atoms in 
the given state disappcai owing to the converse processes — combination 
to form chemical molecules, ionisation by the expulsion of an electron, 
excitation by absorption of radiation or collision with electrons or atoms 
The steadiness of n is due to an average balancing of gams and losses 

But the principle above mentioned is not content with formulating this 
general balance of gam and loss — a more translation of the word “equi- 
librium ’ It asserts that the gam by any process balances the loss by the 
converse process The gams due to capture of a free electron balance the 
losses due to expulsion of an electron, independently of the other sources 
of gam and loss This principle of separate balancing extends to the smallest 
details Gams due to capture of an electron to fill a vacancy at a particular 
level in an atom balance losses due to expulsion of an electron from that 
level, gams due to capture of an electron of particular speed balance losses 
duo to expulsion of an election vnth that speed 

We may put it m this way — Any statistical enumeration, however 
detailed, of the processes of change occurring in a system in eqmhbnum 
at constant temperature would remain true if the direction of time were 
reversed* For our applications we state it m the form — 

* The ultimate laws of nature (so far as known) leave the direction of tune 
indeterminate and provide no test to distinguish the past from the future The 
direction in which time is progressing can only be found by statistical tests depending 
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, Law I. (Generalised Principle of Exchanges ) Every process of trans- 
formation occurring m a system in thermodynamical equilibrium is capable 
•of direct reversal , and transformations m the two directions occur with 
equal frequency*. 

No formal proof can be offered, but a little consideration will show how 
difficult it is to evade the law — to have the general balance occurring 
without the particular balance The kind of phenomenon that would 
upset the balance is a cyclic senes of processes For example, an atom 
might become excited, then become ionised by expelling an electron in 
the excited state, and finally capture an electron at the normal level (1 c 
without returning via the excited state) This will keep the number n 
constant although the individual processes are unbalanced But that is 
not the whole effect The exciting of the atom involves absorption of a 
quantum of radiation of particular frequency , its ionisation mvolves 
absorption of another quantum , and the recapture of the electron (taken 
tor simplicity to have the same velocity as the expelled electron so as not 
to upset the distribution of electronic velocities) involves emission of a 
quantum of yet another frequency Thus the effect ot the cycle is to alter 
the c onstitution of the radiat ion of the field To preserve the equilibrium of 
the radiation we must link with it another cycle occurring to the radiation 
and undoing the change The trouble is — if we provide a separate mechan- 
ism for changing back 1 he radiation, how arc we to prevent it from u orking 
in the absence ot the particular atoms we have considered ? The mechanism 
wall have the same distribution of radiation to operate on whether these 
particular efcoms are present or not, because we liavi proved (§ 29) that 
the equilibrium distribution of radiation is independent ot the chemical 
nature of the material present Apparently the only way of securing that 
the mechanism w ill act when it is required and not when it is not required 
is to make the special atoms play an essential part in it, this they must 
do by absorbing the radiation previously emitted and liberating the 
radiation previously absorbed, with corresponding changes of their own 
energy Except in very special cases this means that the linked cycle is 
the exact reverse of the first, so that each of the three processes of the 
cycle is now separately balanced by its opposite 

Looking at the question more generally w>e note that three types of 
energy come under consideration — 

(1) Radiant energy 

(2) Kinetic (translatory) energy of electrons and molecules. 

(3) Internal energy of molecules and atomR 

on enumerations of largo assemblies Entropy is the most convenient statistic, and 
the rule is that i must be measured so that dS/dl is positive Our law asserts that 
when this test fails ( dS/dJ -0) all other statistical tests fail to determine a direction 
of time 

* This is often referred to as the “principle of detailed balancing," 
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The first is distributed in a way which depends only on the temperature. 
The second is partitioned m a way depending only on the temperature, 
though the amount depends on the matter present. The third is distributed 
in a way peculiar to the chemical elements present The uniform laws of 
distribution of the first two kinds and the arbitrary variability of the 
third makes it almost impossible to devise complex cycles for maintaining 
a balance* The simple means of balancing proposed in Law I has at least 
great plausibility 

Many familiar experiments are performed in conditions far removed 
from thermodynamical equilibrium — in particular experiments on X rays 
and cathode rays Unbalanced cycles are then prominent 

35 A second general principle is given by the quantum theory— 

Law 11 (Quantum Law ) Whenever radiant energy is transformed mto 

other forms of energy or vice versa the transformation occurs in finite 
amounts called quanta, the amount of energy constituting a quantum is 
hv, where v is the frequency of the radiation and h is a universal 
constant 

It is not necessary to regard the emission of a quantum as instantaneous 
or unanalysable The essential point of Law II is that the absorption or 
emission of a quantum marks one “process of transformation” in the 
sense ot Law 1 If two quanta are emitted at the same time this is merely 
a chance coincidence, whereas the emission of the second half of a quantum 
is the inevitable sequel to the emission of the first half 

Einstein's Equation 

36 Consider two states of an atom with internal energy %i> Xi re- 
spectively (y 2 > Xi) Ihe atom can pass from state 2 to state 1 by emitting 
radiation of energy x 2 - Xi > and the reverse process is a passage from stale 1 
to state 2 with absorption of a like amount of radiation By Law II the 
frequency v 12 of the radiation emitted or absorbed is given by 

Xs - Xi =■ Hu (3b 1), 

and by Law 1 the number of passages in the two directions in matter m 
thermodynamical equilibrium will balance independently of any other 
processes of transition involving the two states. 

According to Bohr’s theory of the atom, the possible values of %i and 
X z form a discontinuous senes , but we make no use of this in our argument 
except to afford a verbal simplification, viz that we may speak of the 

* The argument apparently does not exclude a cycle involving only (1) ami (2), 
but we believe wo have sufficient knowledge of the law governing transformation 
of radiant mto kinetic energy and vice versa (Compton Effect, § 52) to show that no 
such cycle occurs 
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number of atoms with energy % instead of the number in a range x to 
d X 

Let be the number of atoms in states 1 and 2 and let / (v 12 ) be 

the energy-density of radiation of frequency v 12 At present we do not 
assume equilibrium 

Passage from state 1 to 2 with absorption of radiation wiJ' be impossible 
unless radiation of the required frequency is present Tne number of 
transitions will vanish if I (v 12 ) vanishes and presumably will increase 
proportionately to 1 (v 12 ) , it will also be pioporlional to the number of 
atoms capable of this transition We therefore set the number of transi- 
tions in time dt equal to 

(^ 2 ) dt (36 21), 

where o 12 is an atomic constant 

Passage from state 2 to state 1 with emission of radiation can occur 
spontaneously without the present e ot extraneous radiation The pro- 
portion of atoms spontaneously making this jump per unit time must be 
an atomic constant We therefore set the number equal to 

b n v 2 dt . (36 22) 

It is conceivable that these passages mav be hindered or stimulated by 
the presence ot radiation of frequency v n If so, the diminution or addition 
will presumably be proportional to the intensity of the radiation We 
therefore set the number of additional passages equal to 

u 2 i?i 2 / (vj 2 ) dt (36 23), 


where a 21 may be positive or negative 

The constants a 12 , a 2J , b a relate to processes in which the atoms act 
individually and do not depend on any statistical properties of the as- 
semblage In particular, they do not depend on the temperature — m fact 
as yet the assemblage is not supposed to have a temperature 

Apply these results to an assemblage m thermodynamical equilibrium 
at temperature T, the transitions (36 22) and (36 23) must balance (36 21) 
by Law I. The result is Einstein’s equation 


a 12 n 2 I ( v i 2 i T) — b^rif + a^n^I [y 12 , T) . . (36 3), 


where I is no longer arbitrary but represent)- the distribution law of 
radiation in equilibrium at temperature T 
This gives 


% _ ®21 ! 
Wj fll2 ' 


1 l- 


a 12 1 a 2 J(v a ,T)) 


(36 4), 


a formula giving the relative proportions of atoms 111 the two states in 
material at temperature T. 
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37 We now introduce a third state with energy * 3 (xa > Xa > Xi)- 
Then since 

7&1 tta 72-j i 

77g 77 3 Tig 

<hl ( , , \<W, *32 ^ = “31 -U 6 » 

a 12 V a 2 il (vu, T)J a^K a^I (v a , T)j a 18 \ agj/ (y 13 , T)J 

(37-1), 

and by (36 1) ^la = •'la + v ti ■ ••• • ..(87*2) 

This holds for all temperatures T , and T only occurs in (37 1) in the 
way explicitly indicated by the notation We may perhaps fairly assume 
that, lor a fixed value of v, I (v, T) increases without limit as T increases 
to infinity*, so that by taking a sufficiently high temperature the second 
term in each bracket is made as small as we please Hence taking T 
infinite 


°21 **12 _ ra 31 

a \l a 23 a u 

Substituting this in (37 1) wo have 

( 1 + b » ) 1 1 + 632 ) -= ( ] 1)31 

V a. a I (v 12 , T)J \ a^I{v a ,T)l V a 31 l(v n ,T) 

Introducing Wien’s Law (32 1) this become 

111 C X2 S | / 1 , C 21 ^ { 1 1 <13 1 

v { f{v n /T))V f (v a jT) 1 l 1 VtflJ 
where c 12 — f^i/^ai^ia* •• 

and c 12 is independent of T. • 

This may be wntten 


(37 3). 


(37-4), 
(37 5), 


1 1 1 1 f c„ 1 

f (^12/7 ) (~2j f ( v ml'T) c 12 / (<’12/7' + v&IT) r 22 / ( v ulT),f ( v isl'J 1 ) 

(37 6) 


Write this equation three tunes over, taking T equal to threo temperatures 
T„ T % , T y successively Ehminate l/c 12 and Cu/c^r^ between the threo 
equations We then obtain c a expressed as a function of six arguments 
v 12 /7 1 1 , v t JT 2 , v n /T 3 , vJT , , v a IT t , vjjg/T’a These reduce to four independent 
arguments 

•W^l, V u /T 3 , v lil v 2B 

Obviously Cj, cannot depend on the first three of these, not can it depend 
on the fourth smcc v 12 can be taken arbitrarily without affecting c a 
Since C& does not depend on any of its arguments it must be a definite 


* I ( v , T) cannot decrease with T, for if it did, heat could be transferred from 

the cooler to the hotter of two enclosures bv opemng a window transparent only to v 
But it does not seem possible to show bv thermodynamics alono that it increases 
without limit (see § 40) 
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natural constant, involved in the unknown function / (vjT) We have 
accordingly 

• c i2 " ^23 — c ia — f' 1 ■ ...('17 7) 

Hence (37 4) becomes 




(37 8), 


where a - v n /7\ ft — v. a jT 

It is well known that the only solution of this equation is the ex- 
ponential function 



where k is a constant Hence 


/(«) — C'/(e*‘ — 1) 


Wien’s Law thus reduces fo 


I ( v > T) = i 


(.17 9) 


The radiation law is thus fully determined except toi the two constants 
C and l which must later be identified The form (37 9) is Planck s Law 


38 We can now find the relative proportions of atoms in states 1 and 2 
at temperature T By (3G 4) 

"- 1 - “* l ( 1 -> . . C .„,) ° a e* " a e'o »•>/'> >\ 

n i a i2 ] a n a vi 

where R = h/l . . (38 I) 

And general^ 

Ut - a ' r e i\'-xr mu (38 2) 

II, «r> 

Let q x , q t , q r be the proportions ot atoms in states 1, 2 r at 
infinite temperature ’Then by (38 2) 

a,r/«n - f/r/2' (38 25), 


so that, reverting to finite temperature, 

n l r>i n T - q x e~ q 2 e l ,/T q, e X’U 11 ' (38 3) 

The factors q 1 ,q 2 , are called the weights of the respective states The 
theory of these weighting factors will be considered later They are deter- 
mined when the constitution at any given temperature is known, and 
(38 3) then shows how the constitution changes with temperature The 
result (38'3) is called Boltzmann’s formula 

In Einstein’s original paper* Boltzmann’s formula (38 3) waR quoted 
as a result established in statistical mechanics and the derivation of 


* Phya Zeits 18, p 122 (1917) Einstein \> as following the converse procedure 
so as to deduce the quantum lav (36 1) from his equation 
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Planck’s Law correspondingly shortened We have here preferred to 
avoid this excursion into an extraneous subject, and in the present 
derivation Boltzmann s formula is obtained from pure quantum theory ■ 


By (37-5) 


fya — l>n 1 

a a V 12 1 a u9i V 12 3 


so tlmf 


b *' = C qi v 12 3 .. . (38 4), 

On <h 


giving t he relation betw een t he coefficients of absorption and of spontaneous 
emission 

A1-.0, considering the atoms in state 2, the emission per atom at 
temperature T is to the emission per atom at temperature zero m the 

l.ltlO 

I'n v fl'ii / (v u , T) 

by (3t> 3) This is equal to 

i j cv- (i 1 ( :i8 r >) 


The ratio is greater than umtv, so that emission is stimulated by the 
presence of radiation in the held This stimulated emission is called by 
Einstein negative abnmptum 

As an example of this formula consider a radio-active pi ex ess consisting 
of a simple readjustment ot the nucleus of an atom with emission of a 
y ray ot frequency The effect of raising the tempeialure is to lnciense 
the radio-activity m the ratio given bv (38 5) The frcquciiei rt y iu\ s is so 
high that even a temperature of 10 7 degrees (in the interior of a star) makes 
no appreciable difference to the radio-activity 

When the atoms are, crowded together in dense material, the absorbing 
and emitting power of the individual atom mac be to some extent modified 
bv the proximity of its neighbours, so that a u , a a and b a are then not 
purely atomic constants The extent of the interference wilt depend on 
p and T, and there is a breakdown of the foregoing argument which as- 
sumes that a 12 , etc arc independent of T Tins does not in any way affect 
the proof of Planck’s Law , because we have prov ed that the distribution 
law is the same for diffuse and dense matter wc determine once for all 
the form of the universal function / by considering a diffuse distribution 
which lends itself to simple treatment But Boltzmann’s formula is 
deduced only for diffuse matter in which the atoms are so far apart as to 
act independently, it becomes inaccurate in dense matter 


39 The present investigation is not confined to transitions in which 
the atom remains intact It applies also to transitions in which an electron 
is expelled from or captured by an atom with absorption or emission of 
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radiation. If, as usual, we measure the energy of the system from a zero 
level with the electron just free ol the atom and without kinetic energy, 
will denote the energy of the electron in its orbit within the atom m 
the first state (a negative quantity) and will denote the positive kinetic 
energy of the free electron If the free electron is in a region ot zero 
potential and has velocity (v, v, w) 

Xi = l w (■“* r ~ d "’ 2 ) (39 1) 


By Law I wc may partn ulansc the desen pi ion o f the states .is minutely 
as we please Wc shall take a system m state 2 to consist of an atom which 
has lost an electron, together with a tree electron with velocity in the 
range n, v, w to v f du, v I dp, w thr in ail element of volume tlxdydz 
at zero potential located in a specified manner with respect to the atom 
Then the energy of a system in state 2 ib given In (39 1) 

By (38 3) ^- <hP /A/ 

J v 71 1 q x e u/ A/ 

If n' is the number of lomsed atoms in the s\ Htem, and tlK is the average 

number* of free electrons in a range <h dtjdzdudrdtr 


n 2 — n'tlN, 

e \xim 

so that (IN- ( J 1 q t e »<("- 1 « i-« )prr , (30 2) 

\7i <y j 

The factor m the bracket iemams constant for different values of 
it, v, ip, so that we obtain Maxwell s law of velocities 

r/N cc c ’“ iui i ' - L " >I-Ki duduhcih di/dz (30 3), 

except that we have not v( shown that the weight factor q, fc i the range 
of btatos considered is projioitional to dti drdwdi dydz It lii.ght well have 
been a function ol u p, ic 

Meanwhile the comparison of (39 2j with (39 .i) show's that the con- 
stant If hitherto unidentified is the same constant (Boltzmann s c mist ant) 
which oecuis m the theory of gases Assiiiiiing (30 3) the average value 
of is 

I CC OD 

u 2 e - m " I - 111 du — I c I 1111 du 

- os - oc 

= RT/m 

Hence the average kinetic energy \m (u‘ I t 2 +- it") is equal 1o 

)RT (30 4 ) 

Thus R is identified as j of the average kinetic eneigy of a molecule at 1° 
absolute 


* The number dN is ail infinitesimal fraction \\ lien an infinitesimal range of a 
continuous dist ribution of states is considered, so that there is no longer a large 
number of systems in state 2, it becomes nettssarv to eonsidor tune averages (or 
alternatively, probabilities) in order to smooth out the occidental fluctuations 


4-2 
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The same law can be deduced for the distribution of velocities of atoms 
and molecules The argument is the same if there is any process of dis- 
sociation and combination of atoms analogous to the ionisation and capture 
of electrons, provided that radiation is involved It is not necessary that 
this process should play an important part in distributing velocities, the 
argument from Law I is that the distribution of velocities however con- 
trolled must be such that this process will not under any circumstances 
disturb it Alternatively we can proceed as follows In any assemblage 
there will be some free electrons Let n T , n„ be the numbers of electrons 
with kinetic energies Xr< X*< an( ^ «/, »,' be the numbers of atoms with 
these kinetic energies Let a„ be the probability that 1 marked atom in 
a eu cm with energy Xr meets 1 marked electron in a cu cm with energy 
X, and that the two energies are lnferehanged Then balancing direct and 
reverse pi oc esses in equilibrium 

a„Hr'»s =- 

so that as far as the factor involving temperature is concerned 

"»'/«/ ^ «r /«, 

Again nothing is discovered as to the weight factor 

The deduction of Maxwell's Law from Einstein’s equation indicates 
that radiative processes alone would drive an assemblage to take up the 
Maxwellian distribution of velocities apart from the collisions investigated 
in the usual proofs It should be stated, however, that the great length 
and difficulty (and perhaps imperfect rigoui) of the usual, proofs arises 
in connection with the weight factor dudvdw, which is not considered here 

40 If wc prefer not to make the assumption leading to (37 3) the 
factor 

°3l °I2 °23 

“’123 

a ll a ll ®J2 

must be inserted on the right of (37 4) The proof that c 2J is a definite 
natural constant C proceeds as before except that four equations corre- 
sponding to four different temperatures must be used to eliminate the 
other unknowns 

It then follows by taking T infinite that 

®123 — 1 + C/f (0), 

so that instead of (37 8) we have 

{1 + Gif (a)} {1 + Of m = {1 + C/f (0)} {1 -4 C/f (a + jS)} 

And the solution is 


(1 + C/f (a)} = ae*». 
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w here a and k arc constants Wien’s Law then gives 

• I (v T) = CV> 

' * ' ae lvir - 1 


(40 1) 


but Boltzmann's Law (38 3) is unchanged 

It is curiously difficult to justify the choice of 1 tor the 'distant a so 
as to obtain l’lanck’s Law, thereby making I (i/, ao ) infiniie instead of 
having a finite limit In § 37 we begged the question by assuming as 
obvious that I (v, oc) — ao The proof cannot be completed without intro- 
ducing some additional assumption as to the laws of interaction between 
matter (or electric charges) and radiation 

For this assumption we may take the Correspondence Principle, which 
asserts that the classical lavs of dynamics and electrodynamics represent 
the hunt towards which the quantum laws (the actual laws) tend asympto- 
tically when the number of quanta involved is very great — that, in tact, 
t lie older theories are statistically true provided there is sufficient material 
for statistic al treatment to be appropriate Now according to the classical 
law of equiparfitiou of energy’ / (v, T) should be proportional to 7', just as 
the average energy of a molecule is proportional to T At sufficiently high 
temperature this classical energy will represent a veiy large number of 
quanta hv, and therefore by the correspondence principle it should agree 
with the true law (40 l) There is no such agreement if a + I , but if a — 1 
we have as T - - * 

I (v, T) - a * v * T . (40 2) 

so that it is proportional to T as m the classical theory 

Altcrnat i vel v w r e may obtain I ‘lanck's Law by considering the mechanism 
of a particului process of transfer, e g the scattering of radiation by’ free 
electrons, since it I (e, T) is determined from any one process all other 
pi oc esses must give the same result But all recognised quantum theories 
ol particului processes have been developed in accordance with the 
Correspondence Pnneiplc, and it is this feature of the processes which 
settles the value o l 

The constant V in Plane ks Law can be determined by the Corre- 
spondence Principle Consider the radiation in a cubical cuclosuie ol side 
l At a given initial instant the electro magnetic vectoi throughout the 
enclosure can be expressed by a triple Fourier senes of which the typical 
term is 


where n 1 , /t 2 
form 


4 

** rtt . n£ • wj 

» . take all 


sin 2 7T> h x/l sm 

cos cos 

integral values 


vn. i>j! 1 fcos 2ji?j,z// (40-3), 

This gives rise to waves of the 


sm 2n 


(±n j ? it- «■ 


y 

'u 


Wn I + vtj , 
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where ‘.into c is the velocity of propagation, 

v 2 c 2 («j 2 , n 2 2 1 w 3 2 )/Z 2 (40 4). . 

Since the w aves contain two independent, components polarised in per- 
pendicular planes, wo have (allowing for the double signs) 16 independent 
waves loi each set ot positive integral values of Wj, ti 2 , 

The number of combinations of integers satisfying 

V 1 «J 2 » 3 2 - /I 2 

approximates when v is large to the volume ot an octant of a sphere of 
radius n, viz 

Inn 3 

Heme by (40 4) the number of independent waves of frequency less than 
v bee nines 

10 In ( vl/r )\ 

and the number between frequencies v and v <- dv is thus 

tori' ,, 

, v-av 
< 3 

According to the classic al law of oquipartition of energy each of these 
independent vibrations of the aether will receive on the average the energy 
RT* Henc e t he energy in the enclosure of frequence v to v dv is 

XnliTl'v-dvjc 3 

By the Correspondence Principle tins must agree with the limit ot Planck's 
formula which by (40 2) gives 

PCRTv'dvjh * 


Hence C = Snhjc'' (40 r>) 

Having evaluated C we can now give more explicitly the relation 
between the coefficients of absorption and emission result mg from Einstein’s 
equation By (38 4) 

b ” -a q 'v >2 3 ft H ” hv / .(40 61) 

<*12 <h <h c 3 

By (36 21) (v 12 ) is the number of quanta absorbed per unit time, and 

therefore UjjWjf (v 12 ) liv l2 is the energy absorbed per unit time — a time 
during which a quantity of monochromatic radiant energy cl (v l2 )dv has 
passed through a square centimetre Hence if the Wj atoms (in state 1) 
form an absorbing screen of area 1 sq cm the fraction absorbed is 

G 1 j 2 Tlj // i ^ l edv 


The atomic absorption coefficient, or absorption coefficient per atom per 
sq cm for the monochromatic radiation, is thus 


a = a l2 hv n jcdv 


(40 62) 


* I o \RT kinetic — ) RT potential A free particle receives \RT kinetic for 
each of its three degrees of freedom (39 4). 



Hence by (40 61) 
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. <h & bn 


(40 63), 


g 1 &7TV i2 * Sv 

where 1/6 21 is interpreted aimply as the average duration of si ale 2 before 
a spontaneous relapse occurs, and 8v is the width of the spectral line 
emitted by such relapses*. 

Tho number of atoms in a gram is 1 1 An where A is the atomic weight 
and ti the mass of a hydrogen atom Hence t lie mass absorption coefficient 
k, or absorption coefficient per gni per sq , m is 

k - (40 64) 

An An8v ' ' 

The loethcients m (40 63) and (40 64) refer to the absorption of mono- 
chromatic radiation of frequency v }i by material composed wholly of 
atoms in state 1 Also it the atom has more tb mi one electron which by 
excitation can absorb frequency v u , the coefficients become multiplied by 
the corresponding factoi 

Planck's Law (37 «») can now be given fully as 

n-,T).™? c . , 40 „ 

Hy Stefan's Law 

rVr 
'n 


aT* - rHy,T)dv 
in 


8tt/i /ft'/V I » T’dr 
c 3 [ /( / % I 


(i h v ;BT) 


The integral is equal to so that 


a — 


Sir’ 5 i? 1 
16 cVi ' 


(40 8) 


[•* iVi- 

" Jo c T - 


Some of the chief properties of Planck’s Law may be stated here for 
reference The mean frequency of the radiation is given by 
iWr 

I 

24 (1 a 2 
- 3 8322, 
so that hi i = 3 SHUT 

The numbei of quanta per cubic centimetre i 

ItT 1 i °° x*dx 


I * JL 3 (/t 

o e' ~ 1 
r ' i 3- r * t 


) - 6 (f - 4 + 2~ 4 |- 3 4 I- ) 


(*0 91) 


8ir 


(KT J , « 
\/ic 1 Ip 


t r - 1 


* More precisely a is the average absorption coefficient over any width Sc 
sufficient to cover tho absorption line, so that a8r gives the whole absorption of the 
hue If we were to take Sr to cover only part of the absorption line the coefficient 
6,i would refer to a frai tion onlv of the emissions and w ould not then l>e equal to 
the reciprocal of the duration of the oxciled state 
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The integral is equal to 2 40411 Hence we find* 

number of quanta per cu cm — 20 627” (40 92). , 

Average energy of a quantum is 

aT* - 20 62?” - 2 70 RT . (40 93) 

The maximum value of I (v, T) is at a frequency given by 

hv - 2 82157' . ... (40 94) 

On the other hand, if Planck’s Law is expressed in terms of A instead of 
v, so that /' (A, T) dX is the energy-density between A and A 4 dX, the 
maximum value of /' (A, T) is at a frequency given by 

hv - 4 96557 1 . (40 95) 

For comparison it maj be added that yellow light is just perceptible 
when 500 quanta per second enter the eye 

41 The argument by which we reached Einstein’s equation is plausible; 
but it is not contended that the truth of the equation can be demonstrated 
by a priori reasoning The particular assumption winch might be challenged 
is that 1 (r 12 ) is involved linearly in (36 21) and (36 23) , it is conceivable that 
the number of transitions might not be simply proportional to the intensity 
of the radiation But evidently if squared or higher powers of I (r 12 ) had 
appeared in the equation we should not have reached Planck’s Law which 
is experimentally confirmed It appears therefore that the assumptions 
are true in nature, and the whole discussion gives an illuminating idea of 
how a diversity of processes leads quite simply 1o a uniform law' of dis- 
tribution of radiation 

It is remarkable that Einstein’s equation is in a certain sense a violation 
of Law 1 Consider the transitions represented by a a n 2 J (v 12 ), the number 
being jointly proportional to the number of suitable atoms and to the 
amount of radiation of relevant frequency The natural interpretation is 
that when d quantum of radiation meets an excited atom, there is a certain 
dclimte probability that a transition wall occur leaving us with a normal 
(or a less excited) atom and two quanta of radiation receding from it, viz 
the original quantum and an emitted quantum Cleai ly the reverse process 
consists in tw'o quanta approaching the normal atom simultaneously, the 
final state being an excited atom with one quantum of radiation leaving 
it The probability of two quanta colliding with the atom simultaneously 
should be proportional to {/ (><i 2 )} 2 if the quanta represent independent 
elements of radiation But in Einstein’s equation we do not balance the 
transitions a n v 2 I (v, 2 ) against a term in {I (r 12 )} 2 , we balance them against 
a portion of the term arising from impacts ot single quanta Formally at 
least we are balancing a cycle of processes instead of a direct and reverse 
process 

* Numerical values of all the physical constants arc given in Appendix I 
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By way of contrast, consider what happens when an atom emits an 
electron instead of a quantum of radiation It an electron encounters a 
normal atom there is a certain probability that the atom will be ionised 
so that two electrons (the original electron and an additional one) leave 
the atom The converse process occurs when two electrons meet an ionised 
atom simultaneously and one of them (which would have escaped if it 
had been alone) is captured through the confusion caused by the entrance 
ot the other In that ease we apply Law I, and deduce that the ionisations 
by electronic impact must he balanced bv the captures d u<* to the combined 
encounter of two electrons simultaneously 

This striking difference ot treatment of electrons and radiation is 
justified experimentally It strongly suggests that free radiation has no 
atomicity ot constitution If it consisted of independent atoms it would 
scarcely be possible to avoid effects due to simultaneous action of two 
atoms of radiation the frequency of such effects being proportional to 
the square of the intensity It is not sufficient to suppose that these 
combined effects aio too small to be observed, in Einstein's equation the 
place which should have been theirs is definitely assigned by default to 
other agencies 

The modern quantum theory appears to incline to this view that free 
radiation is continuous and that the quantum is only called into being 
m the process of interaction of radiation and matter 

As the general eoneeption of the quantum theory has undergone some 
modification in recenf years, it will be wed) to indicate how it is now re- 
garded Wc'start with an elec trciinagnetie field lo which Maxwell’s equa- 
tions rigorously apply This is the tensor of the rcativny theory or 
[X, Y, Z,a, ft. y) ot the classical theory, and Maxwell’s equations assert 
(1 ) that it is the curl ot an electromagnetic potential, (2) that its divergence 
is the eleetne charge and current vector By Maxwell s theory disturbances 
ot this vector are electromagnetic waves propagated with the fundamental 
velocity c, and showing the phenomena ot interference, difLai lion, etc 
in accordance with the undulatoiy theory There is no discontinuity 7 or 
quantum structure involved in this field We have next to consider how 
the field and its waves become amenable to experimental detection — 
nothing having been yet said on this point The detection is consequent 
on energy-changes provoked in material systems The electric and magnetic 
forces are not in themselves observable, the observable effects arise from 
the mechanical or ponderomotive force ot the field which is represented 
by another vector (F„ r F™ m the relativity theory) The simplest state- 
ment on the classical theory of the observable effects arising from the 
electromagnetic field is that it involves a flux of energy measured by 7 the 
Poynting vector, or vector-product of the electric and magnetic forces, 
together with a flux of momentum represented by the well-known Max- 
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wellian stresses, thus the energy and momentum led into any material 
system is computed and the observable response of the system is indicated 
Here the quantum theory makes a change According to it the Poynting 
vector does not measure the flux of energy but the probability of a flux 
Considering a surface where the energy is passing into or out of a material 
system the flux can only occur in complete quanta, and where the classical 
theory gives a flux of a fraction p of a quantum, the quantum theory gives 
a probability p of the flux ot a whole quantum 

The reasons for this view are very stiong Firstly, it leaves the wave 
theory of propagation ot light in vacuum entirely undisturbed , interference 
bauds will appear where the undulatory theory predict s At the same time 
tfie energy units are preserved from weakening by spreading, because it 
is not the energy which is spread by the waves but a state of the aether 
which measures the probabdity of a jump ol energy Secondly, it. modifies 
the classical theory at a point where the classical theory was already 
obscure One of the still outstanding problems of the relativity theory is 
whv a partieulm tensor formed from i\, should represent energy, 
momentum and stress , because (so to speak) the tensor does not look like 
energy momentum and stress and no investigation has been able to make 
the connection appear uuartificial According to the quantum view the 
tensor measures a probability and is not tlie actual encrgv-teiisor of the 
field Tlurdlv, it accounts for the absence ot quantisation of fuse radiation 
implied in the postulates of Einstein’s equation, and it agrees with the 
Correspondence Principle that the classical formulae represent the hunt 
when large numbers of quanta are involved smee for large numbers the 
probabilities become equivalent to averages 

None the less, the progress thus made is quite rudimentary, and if this 
key opens one door it is only to reveal other firmly locked doors ahead 

Quantisation of the Hydtoyen Atom 

4 2 Consider a nucleus of charge Ze attended by a single electron of 
mass m and charge - e which describes a Keplenan ellipse around it The 
mass of the nucleus is regarded as infinitely great compared with m 

The accelciation of the electron is Ze 2 jmr‘ i so that the motion is under 
a central ac < eleration pjr- where 

p = Ze 2 lm (42 1) 

The position of the electron may be described by the canonical variables 
of Delaunay’s planetary theory, viz 

<li \ 0 — id, ~ m D, y 3 = £2 

p 1 = m(pa)' i , p t = m (pa)^ (1 — e 2 )®, p 3 = m (pa)^ (1 — t 8 )* cos 1 

(42 2 ), 
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where 1 0 is the mean longitude of the electron regarded as a planet, € the 
eccentricity, a the semi axis major, w the longitude ot penhehon, i the 
inclination, £1 the longitude of the node These variables are so chosen 
that p x , Pz, Pi are the momenta associated with the coordinates q x c/ 2 q 3 
by the Hamiltonian equations 


dq T 3 H dp r _ dll 

ds ?[t r ’ di ?q, 


(42 31, 


the Hamiltonian function 11 being express d a^ a function of these six 
variables and the time n 

The principle of quantisation is that for variables satisfying (42 3) 


! I'rdi/r U,ll 


(42 4), 


where n T is an integer (or zero), h LTanek s constant, and the integral is 
taken over a complete period o) the coordinate q, 

With the variables (42 2) /q, p„ . p, are constants and r/, , q, q t arc 
angular variables which act ordinglv have pc nod 2w Hence the ecmditions 
(42 4) become 

2v m (pa)* ■=• rth 'j 

2 -nm (pa)''- (I - c 2 ) 5 - rt’h • ( 4 ~ r> )> 

2 irm (pa)~ (1 - e 2 )-' cos c n"h 

whore v, n’, n" are integers In order that e and i mav be real no must 
have 

?! :• a' > n" 


We shall call v the principal quantum number of the orbit, and v" 
subsidiary quantum numhei s* 

The negative energv ot the system is (as m ail astronomical orbit) 


Or bj (42 1) and (42 5) 


rnp 
* in 


(42 61) 


- x Kin-, K 2-nbuZ-r , jh- . ... (42 62) 

Accordingly the energy is determined bv the pnncipal quantum number 
and is independent of n’, n" 

The possible eccentricities and inclinations of the quantised orbits are 
given by 

n 't ri" 

] - £ * = n oosj- ", .. (427) 

v 2 n 


* ))' is also called the azimuthal quantum number, n - u' the radial quantum 
number and n the total quantum number From the magnetic properties of the 
hydrogen atom it is known that a fourth quantum number must be involved which 
has no representation in the usual atomic model 
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Since n" can take any value from 0 to n' and n' can take any value from 
1 to n there should be £ n (w 1 3) different orbits of principal quantum 
number n We have in (his book taken the number to be n (n + 1) following 
the chief authorities (But bee footnote, p 70) 

43 In the undisturbed system here considered the coordinates q 2 and 
I/, never describe their periods Does the corresponding quantisation 
nevertheless occur? 

The question as it stands is meaningless, since no observable effects 
would proceed from the quantisation it it did oc( ur The Bohr model is 
not so literal a picture of the atom as to possess an intrinsic truth inde- 
pendent of the observable effects it embodies The importance of the 
quantisation is that it determines the change ot energy, and therefore the 
frequency of the emitted radiation, when passage from one Htate to another 
occurs, but in the present simple system the energy does not depend on 
either n' or n", so that it is indifferent whether these quantisations occur 
or not 

It wc consider the slightly disturbed Kcplenan motion which results 
from taking account ot change of mass with velocity ( ‘relativity correc- 
tion’ ) or from the presence of other electrons in the system the apse- 
line revolves, q t now describes its period 2v and the second quantisation 
should be effective At the same time the calculated enctgy of the system 
receives a eoriection involving n' and the quantisation ean thus betray 
itself to observation by a discrete series of values of the energy corre- 
sponding to the integers h' Again an extraneous electric t»r magnetic 
field causes the node to revolve , q , now describes its period and introduces 
the third quantisation At the same time the external field provides a 
plane ot reference (previously lacking) tor i , and there is a small correction 
to the energy involving cos i and therefore n" The discrete values of the 
energy corresponding to the integers n" betray the quantisation The 
existence of quantisation is only doubtful when it could give no observable 
effects 

In a slightly modified form the question becomes significant In actual 
atoms the quantisation is not perfectly sharp that is to say, the energy 
may have values extending over a small range about the mean value, and 
the spectral lines emitted in transitions to other states have a small but 
finite width There is no doubt that the sharpness of the quantisation is 
connected with the number of periods described by the corresponding 
coordinate, accordingly as q % and q 3 move slower and slower the sub- 
sidiary quantisations w r dl fade into indefiniteness In this sense we ean 
say definitely that when q 2 and q 3 are stationary only the principal 
quantisation remains We can picture the quantisation as a kind of reson- 
ance effect which operates the more strongly the greater the number of 
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cycles described without interruption , or the revolutions of the coordinate 
correspond to the lines of a grating (in time dimension) which has higher 
■ resolving power m proportion to the number of waves that it superposes 

Orbits of Large Quantum Number 

44 Material at high temperature contains in addition to the electrons 
bound to the atoms a number of free electron., broken loose from the atoms 
and moving as independent molecules Statistics of the bound electrons 
are naturally given in the form — number with orbits of such and such 
quantum specification Statistics of free electrons are given in the form 
— number within given limits of position and velocity Now there is an 
important continuity between the statistics of bound and iiee electrons 
which is hidden when they are classified on different principles Our 
purpose in this section is to transform the statistics of the most loosely 
hound electrons so as to make them comparable with those of the free 
electrons 

We have seen that the numbers of systems m two slates with 
energies , x-i are m the ratio 

, h e~^ q 2 e , 

when- the weights q 1 . q t depend on the states but not on the temperature 
Hence in any assemblage wo ma\ set flic number ot s\ stems m a state 
with energy x„ equal to 

Bq„e .. (44 1), 

where Ji is .^constant depending on the extent oi the assemblage 

We shall assume that the weight of eierg quantised orb t is 1'ie same The 
general coherence of this assumption with the ideas of statistical mechanics 
will appear later The weight of each quantised orbit is taken to be urntv, 
thus fixing the unit ot q which was previously left undefined 

Consider as m t he last section the system consisting of a nucleus 
attended by a single electron There are n (n ( 1) different orbits with 
principal quantum number n, heme the number of systems with energy 
X» will be 

Bn (n - 1) e w '" . (44 2), 

where by (42 G2) — X n — Kjn 1 , K - 2n i me*X*/h a (44 3) 

Electrons with very small negative energy' c orreapond to large values 
of n We shall consider n so large that the aenc= ot values of the energy 
fades into a practically continuous range Then by (44 3) 

a ' 1K a 

d Xn - ~ 3 

so that the number of integral values of n in a range dx „ approaches 

nH x J2K ... (44 4). 



62 QUANTUM THEORY 

Let c*-=l — e-, 

so that by (42 7) € ' = n'/n (44 5) 

For every integral value of »' there are n' + 1 orbits (corresponding to 
the values of n" tiom 0 to n'), or with suflicient accuracy n' orbits Thus 
for each integral value ot n tlieie are n'dn' orbits in the range (In' But by 
(44 5) 

n'dn' — n*e'd*' . . ... . (44 6) 

Bv (44 4) tl iid (44 <>) the number oi orbits in a lange dyde' is 

, , , , , 

2A ,/ X'« if-ede, 

and the number oi systems having elections describing orbits in this range 
is bv (44 1) 

B e e’/U'dxn . (44 7) 


45 By the tlieoi \ of elhptie motion the constant of areas is 

}/u/(i -(/Mt*' 1 ) 1 . 

so that d in is the transveise velocity 

, ( dt)\ z iwe.' 1 

= v dt) " 7*' 

Let V be the total velocity and u the radial component (drjdl) Then 

r 2 — w i — 

so that at a fixed distant e / from the nucleus and foi fixed energy 

a dll t'de' (451) 

Note that F is independent ot e' since the energy docs not involve n' 
Now the time spent at eat li jiassage m a spheiieal shell rtor-j dr is 
dt — dr'n, and by Keplers Law the time ot a ha If -revolution is va ■/*» 
Hence each electron spends in the shell a ti action of its tune 

fx-driTra u 


Multiplying the number of electrons (44 7) by the fraction of their 
time spent in the shell we obtain the average number in the shell at any 
moment Using (45 l), this number is 


i* S f W lir dx ^ 


We notice first that the number in a range du is proportional to du. 
Tin * shows that the distribution of velocities at r has spherical symmetry. 
The total velocity V is the same for all electrons of energy x n We may 



QUANTUM THEORY 


63 


assume that there is circular symmetry about the radius* Then for 
complete spherical symmetry the number of velocities in anv zone ol 
•directions 6 to 6 4 dd (measured Irom the radial direction) is projioi tional 
to the area of tho zone 277 sm Odd, i c to d (cos 0) and therefore to du, 
since u - V cos 0 

Now integrate with respect to ii As n' goes from 0 to t , «' goes lrom 

0 to t , w goes from 0 as far as it can, viz to V — the premature stoppage 

being due to the fact that orbits of too low eccentricity lie wholly outside 

r Thus u goes from V to 0, and allowing foi the double sign the integral 

of du is 2F Hence the integrated result is 

Via 5 , 2 1 r-dr ,, 

e 'IXn - 1 4 TTpr-dr (45 3 ), 

TT^-a - 

where p is the density -| ot the electrons at r with energy m a range 
By (42 01) and (42 02) 

vfija (2 Kjmp.)-, 

and using the values of p. and K (42 1) and (42 62) the result (45 3) reduces 
to 

p =R e x.im Vd x „ 

ll i/i (r) is the potential energy ot an electron at r due to the field of 
the nucleus 

X„ - “'/'O') ' I'", 

so that <lxn — m 1 d T' 

* »ni 

Hence p U ^ a t 477 V l dV . (45 4) 

Since the distribution of velocities has been shown to have spherical 
swmnelry we can divide the shell 477 ( -d r ’ of ‘ velocity-space” uniformly 
into its rectangular elements du dr die pist .as a spherical shell 477 r‘ l dr is 
split into its elements dxdydz, so that the density ot electrons with 
veloi it lcs between u r, v aiicl « \- du i c/c, if , dw is 

li nl e w/K' dudrdw, 

/r 

and the number in a range of space and velocitv dxdydzdudrdw is 

B e v"/'' 7 dx dydzdudi du (45 5) 

* Tills could be proved b\ considering (he distribution of ids ,, but it appears 
to be sufhuentlv obvious 

t The use of tilt term density is convenient, but it must be understood that the 
shell r to r + dr is for each electron referre d to a different nucleus These shells are 
here thought of as superposed Or, if prefen ed, instead of considering a largo 
number of different atoms we can deul with the tnne-avei age for one atom 
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By comparison with (44*1) it follows that the weight to be attributed 
to this range is 

^ dxdydzdudvdw (45-6) 

We have thus connected the weight ot states specified by a space and 
velocity distribution of electrons with the weight of states specified bj 
quantum orbits 

Writing in (45 5) — — i/j -I- (w 2 + v 1 + w z ), wc see that these 

elect roils with small negative energy obey Maxwell's Law just as free 
electrons wuth positive energy do 

Iomsation 

46 Suppose that in the foregoing assemblage there are free electrons 
which in regions of zero potential are distributed with density cr 0 By 
Maxwell s Law the number in a range dxdydzdudvdw is* 

I 

(2 \ li t) a ° e < h “ , ^ ,f/ dxdydzdudvdw, 
and generally at places where the potential is not zeio the number is 

rw \ 

ttRt) a ° e X/l ' 1 (46 1 ), 

where x 1S the kinetic and potential c nergv 

We have now two iorniulac (45-5) and (40 1) tor calculating the dis- 
tribution of electrons of zero (nergt/, according as zero energt is considered 
to be the limit of small negative or small positive eneigv It is reasonable 
to assume that the two formulae must agree Hence we have a means of 
determining the constant B m terms of a B When the constants in the 
two formulae agree, we have complete continuity at zero energy The 
classical formula (40 1) docs not at first fail w T hen applied to bound 
electrons subjected to quantum restrictions, only when n becomes small 
is the deviation manifested This is an example of the Correspondent e 
Principle which asserts that as v increases the quantum laws approach 
the classical laws as a limit 

In formulating this continuity wo have to proceed carefully because 
our discussion of bound electrons has been confined to the case in which 
there is only one electron attached to the nucleus We have therefore to 
consider the continuity between the number of systems consisting of a 
nucleus and a single bound electron in a given volume-element and the 
number of systems consisting of an ionised nucleus and a free electron m 
a corresponding volume-element Let N be the number of nuclei with 
not more than 1 bound electron and Nx the number (out of these) with 

* The constant (wi/SSttRT)! is found b> equating the integral for all values of 
u, v, w to a^dxdydz 
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no bound electron Then the number with no bound electron but with a 
free electron in the range dxdydzdudvdw is by (46 1) 


Nx 



o Q e.-xl nr dx dy dz dudvdw, 


and this must be continuous with the number given by (4" 5) as having 
only a single bound electron in this range Accordingly 

< Mw'- < 462 > 

The number of systems with just one bound electron X (1 — x) is 
obtained by summing (44 2) for all possible orbits of that electron Thus 

N ( 1 - x) - B {2e -"'I 11 ' 1 ' + fae-x-/^ + . r r (r ^ l)e *•/'"' | } 

(4b 3) 

From (46 2) and (46 3) 

(1 - x)jx <r„ (jtJ'nK'f ) ( 2e x ‘ ,lir *" ,ip Xll “ V I" ) ( 4(> 4 )> 

which determines the ionisation x when the temperature T and free 
electron densit y u 0 are given. 


47 Although we have considered only one peculiarly simple system 
the formula (4b 2) derived from it is valid always There may be no such 
system in the assemblage considered— no atom ionised down to the last 
electron or none sufficiently free from disturbance by tree electrons or 
neighbounng.atoms Hut there is always a chance of such a system, and 
the chance however infinitesimal is sufficient to just' y the formula. 
There can be only one equation determining B in terms of a 0 however 
many different kinds of systems may be involved, so tli it all systems must 
give the same result as the simple system which we have been able to work 
out fully This requires in particular that m anv kind ot atom the weight 
of a space-velocity range for bound electrons approaches the limit (45 6) 
when the negativi energy approaches zero 

To make the argument specific, define a system ol class A to be one 
in which there is a nucleus and a bound electron with coordinates x, y, z 
to x -i dx , y + dy, z J dz relative to the nucleus and velocity in a lange 
dudvdw corresponding to small negative energy provided that there is 
no other nucleus or electron within a distance 6 ot the nucleus Let a 
system of class B be one m which there is a nucleus and a free electron 
with coordinates similarly specified and with velocity m an equal range 
but corresponding to small positive energv, provided that there is no other 
nucleus or electron within a distance 8 The postulate is that the numbers 
of systems of classes A and B must be continuous The factor representing 
the proportion of systems spoiled by the intrusion of other matter within 
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the distance 8 will be the same for both classes Since 8 may be taken as 
large as we please the calculation for undisturbed systems is valid. 

For more complex sybteins (46 3) is modified, and we must write (46-4) 
m the more general form 

(1 - x)/x - <r 0 (A 2 / 2 foe-' 1 ""’ + q^‘ ,ltr + . .} .(47 1) 

Here x refers to the removal of a particular electron, the energy of its 
removal fiom the normal and successive excited orbits being — Xi> — Xa> 
etc Strictly speaking </,, are all unity since m the complex system 
no two orbits will have precisely the same energy , but in practice we often 
group together the orbits with the same principal quantum number, 
ignoring the slight differences of x Also we ought strictly to treat separately 
the systems m whi< h electrons other than the one whose removal is being 
considered are excited, because their excitation will make some difference 
to the energies xn Xs > but in practice this is scarcely worth considering. 
The t xcitation of the other electrons occurs whether the particular electron 
is present or not, that is to say, both A T ( 1 - x) and Nx include excited 
systems, the approximation does not omit the excited systems, though 
it treats them not quite ngorously by amalgamating their energy-changes 
with those of the normal systems 

When a number r of electrons in symmetrical orbits require tie same 
energy - x for their removal it would be inconvenient to treat the removal 
as r distinct ionisations For example, Jet N be the number of atoms 
stripped of their M and higher electrons Dividing these into A (1 — x) 
atoms Tctaining a marked L electron and Nx ionised as to. this electron, 
x is given by (47 1), but wc are more concerned to divide them mto 
N (1 y) retaining all the L electrons and Ny ionised as to an unmarked 
L electron 

Considering the N (l - y) un-iomscd atoms the proportion of theso 
with a highly excited L electron in given space-velocity range becomes 
multiplied by r, since any one of the r electrons of the group which 
happens to be in this range will count To secure the former continuity 
with the systems consisting of ionised atoms and free electrons, we must 
also have r tunes as many of these systems Evidently it we write a 0 /r 
instead of <r 0 in the former equations the balance will be secured (Virtually 
we assign to each of the L electrons a partial pressure of the free electrons 
equal to 1 /t of the whole electron pressure, so that its highly excited 
states grade continuously mto its share of the free electron distribution ) 
Accordingly making this substitution in (47 1) 

l ~ V -- ^(h^ZnmST^ (&«-*■/*«'+ ) . . ..(47 2) 

In the complex systems the calculation of xi» Xt > ?i> ?i • • 18 no 
longer straightforward, and theoretical estimates of these quantities are 
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partly guess-work But a certain amount of experimental knowledge is 
available for most elements In particular the values of x for the principal 
‘energy-levels in the complete atom are known from measurements of the 
frequency of the radiation emitted during transitions in accordance with 
(36 1) The extent to which these are modified in the incomplete ions must 
be estimated by us as best we can 

An appaient difficulty arises because the scries on the right of (46 4) 
is divergent, the exponentials tending to unity for large values of n so 
that the senes behaves like Xm (n + 1) But the later terms of the senes 
are fictitious The scmiaxis of the orbit increases proportionately to n 2 
so that m any practn al problem the orbit tor large values of n will extend 
into regions no longer under the predominant attraction of the nucleus 
The series in (47 1 ) is thcieforo not ically infinite but stops at an outermost 
orbit beyond which the electron would be regarded as belonging to another 
atom The arbitrary convention employed in fixing this limit applies also 
to the left side of the equation, smeo we cannot say whether an atom is 
ionised or not unless we have a definite* rule for assigning each distant 
electron of negative energy to its proper atom The simple calculation 
breaks down in three ways (1) the field of the nucleus is shielded by 
the electrons (Irec or bound) surrounding it, (2) the periodicity becomes 
imperfect so that the quantisation fades away. (3) it reckons any region 
of space many times over as part of the held of every nucleus m the 
assemblage* 

Examples of the use of (47 1) for calculating the degree of ionisation 
at given tcmperatuio and density are given m Chapter x 

Theory of WeiqltU of Staten 

48 Let ft, c/j , p 3 ,p t be Hamiltonian coordinates specifying the 
state of a system at time s and satisfying (42 3) For convenience we con- 
sider six variables as in § 42 but the investigation is the same for any 
number of degrees of freedom 

Consider the states comprised in a range q , to r/j 1 Sq lt , p 0 to 
p 3 I- Sp 3 Such a range will be called a cell and the volume of the cell is 
defined to be 

V - Sq 1 Sq 3 Sq 3 Sp 1 Sp 3 Sp 3 , 
or more generally for a cell of any shape 

V -= fjj ljjdq 1 (Iq 3 f{q l (fp l < lj) i dp 3 (48 1) 

* It will be understood that the failure of (4b 4) docs not stand in contradiction 
to what we have already said as to the universal validity of (46 2) Equation (47 1) 
is universally valid provided that the ionisation energies Xi'X* cn l cu ^ a ted 

with reference to the actual circumstances of the atoms, they may be differonfc from 
the values for isolated atoms 


5-2 
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When there is perfect quantisation we can divide the whole domain of the 
coordinates into unit cells such that each unit cell contains just one 
quantum orbit This may be done by taking to correspond to a complete 
cycle of < 7 i and S p 1 to correspond to an increase of 1 m the associated 
quantum number (preferably chosen so that the integral number corre- 
sponds to the middle of the cell) Thus 

1 1 dPi<l<h - [ (Pi + Spj) dq x - [p^lqr 

-= (*, + i) * — («! - l) h, by (42 4) 

= h 

Hence for a unit cell V = (48 2) 

We have already made the hypothesis that each quantum orbit has 
the same (unit) weight We shall now regard this as a particular case of 
the more general hypothesis that each cell of volume h 3 has equal (unit) 
weight, so that for large cells 

q ~ V/h 8 . . ... (48 3) 

When there is no quantisation (as in non-penodic motion) the states and 
the weight are spread through the cell When there is imperfect periodicity 
the weight concentrates towards the quantum orbits in it For perfect 
periodicity it is wholly con< on Ira ted in the quantum orbits 

For an electron moving in an electric field the rectangular coordinates 
x, y, z and the associated momenta mu , niv, mw satisfy Hamilton’s 
equations and may be taken as the variables q x p 3 Thus b> (48 1) 

V — m 3 Jf ijjf dxdydzdudrdw, ' 

and hence q - [[[j ^\di dydzdudvdiv (48 4) 

This is the same as (45 6) but it is not restricted to the particular type of 
system there considered In consequence of our more general assumption 
(48 4) applies geneially both to bound and to free electrons, except that 
where there is periodicity the cell must be large enough to average out the 
ndguiess in the distribution of weight induced by the quantisation 

49 It is necessary to show that the volume of a cell is invariant, that 
is to say, that it does not depend on the particular choice of coordinates 
q x p 3 , provided that thev satisfy Hamilton’s equations If it were not 
invariant the weights based on it would be ambiguous, and so also would 
be the quantisation For readers familiar with the tensor calculus the 
following proof is probably the simplest 

We write q it q 5 , q t for p x , p 2 p 3 so that Hamilton’s equations (42 3) 
become 

dq, dH dq t d H 
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or m tensor notation 

dH _ dq, 

’ dq„ a ds 1 

where a M „ = J (^ — p) if this is ± 1 

= 0 otherwise j 


(49 1), 
.(49 2) 


Consider a general transformation of coordinates (not confined to Hamilton- 
ian coordinates) and let be a covanant tensor with the valueB (49 2) 
in our original system Since H and s are invariants, dHjdq^ and dqjds 
are covanant and contravanant vectors respectively Thus (49 1) is a 
tensor equation and holds m all coordinate systems Of these the possible 
Hamiltonian systems are given by the condition that a M „ has transformed 
to its original values If |a M ,| denotes the determinant formed with the 
elements a,,,, we have* 


fvKAdV 


is invanant for all coordinate systems 


And since |a M „| has the same value tor all Hamiltonian systems 
\dV is mvanant for all Hamiltonian coordinates, 


which proves the theorem 

It may be noted that in mechanics Hamiltonian coordinates are dis- 
tinguished from general coordinates m much the same way as m geometry 
Galilean coordinates (unacceleratcd rectangular coordinates and time) are 
distinguished from general coordinates, viz that a fundamental tensor 
characterising the continuum takes certain simple numerical values 


The K and L levels 

50 When the nucleus is attended by more than one electron mutual 
perturbations occur according to laws which have not yet been formulated 
The atomic model cannot be worked out m detail, but a certain amount of 
knowledge of the arrangement of the electrons has been ascer 4 ained with 
the aid of experimental data 

Considering normal atoms unexcited by high temperature, the first two 
electrons go into 1-quantum orbits and the next eight into 2-quantum 
orbits These are called K and L electrons respectively This structure is 
completed in Neon ( Z -- 10) and remains an undisturbed foundation in all 
higher elements The M electrons m 3-quant um orbits start with Sodium 
(11) and reach a complement of 8 in Argon (18), after which 4-quantum 
orbits begin But unlike the K, L structure the M structure is modified 
later and extended to 18 electrons in Copper (29) and all higher elements 
Similarly the N electrons m 4-quantum orbits stop temporarily at 8, 
afterwards extended to 1 8, and then to 32 

* Eddington, Mathematical Theory oj Relativity, §§ 48, 49 
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In a star the ionisation is so intense that few nuclei are able to retain 
more than 10 electrons Our interest is therefore confined to the K and 
L structure With regard to the L electrons it must be recalled that there 
are two kinds of 2-quantum orbits according as the subsidiary number v ' 
ih 2 or 1 We accordingly distinguish the 2 2 or circular orbits and the 
2, or elliptic orbits The full complement consists of 2 electrons m 
elliptic and 0 in circular orbits* The K orbits are necessarily circular 
(lj orbits) 

To remove, say, a K electron from an atom a certain amount of work 
W K is needed, and W' A - can bo deduced from experiment For if radiation 
of frequency v is passing through the material the quantum hv will have 
sufficient energy to remove the electron provided that hv > If the 

removal is effected the quantum of radiation is absorbed, any surplus 
enorg\ being communicated to the freed electron as kinetic energy But 
if hv -- Wjc the remov al cannot be effected and the radiation passes through 
unabsorbed — so tar as this absorption-mechanism is concerned The 
critical frequency v K (C A -//c is marked m the spectrum by a sharp 
absorption edge , so that by spectral measurement v K and 11 A can be found 
Except for the lightest elements v K and v L are m the X raj' region The 
vac anc\ left at the K level hv such an ionisation may be filled bv capture 
of a free electron with a corresponding emission of radiation But in 
laboratory conditions free electrons are sc arce. and usually before there is 
time for such a capture an electron falls m from an upper level and fills 
the vacancy This will usually be succeeded bv further falls from higher 
levels until the vacancy is at the uppermost level where it femams until 
filled by a capture If the first tall is from the L le\'el the difference of 
energy of the atom before and after the fall is II K If;, and this must 
be radiated as a quantum of frequency ( W K - II ,)’h The lines ooirc- 
spondmg to the various possible falls constitute flic (emission) X rav 
spectrum ot the element Measurements ot these line's constitute additional 
material for determining tile energy-constants W h lf A , etc 

The apparent chssy'mnietrv between absorption and emission of X rays 
is a consequence of the artificial production of X rays at low temperature 
in terrestrial experiments Inside the stars there is tliermoch nanucal 
equilibrium ionisations and captures, falls and ascents, occur y\ith equal 
frequency There is line absorption as well as line emission, and continuous 

* [The rule given by Pauli is that every- possible orbit must have h different 
quantum specification In addition to thi quantum numbers n, n' there are two 
others (miperfeeth- represented in the Bohr model) of winch one has only two 
possible values (usually < ailed t and - J ) and the other takes integral or zero values 
from -(n'-l) to +(n'-l) This gives in' -2 combinations Accordingly the 
number of different (n, n') orbits is now believed to be 4»' - 2 instead of the number 
n’ +1 given by the Bohr model Evidently the change should be earned through into 
the formulae for ionisation, but it has come too late to adopt m this book ] 
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emission with emission edges as well as continuous absorption with 
absorption edges 

* The energy required to remove an L electron from an atom is slightly 
different according as it is taken from a circular or elliptic orbit Con- 
sequently there will bo two L levels Observation show's that there are 
actually three L levels which are denoted bv L x , L t , L r -L 3 being the 
lowest, 1 e nearest to K There has for some time been considerable doubt 
as to the proper classification ol the L levels but at the time of writing 
the difficulty seems to have been cleared up It appears that L 3 corre- 
sponds to the elliptic mbits and Z,, , L t both belong to the circular 2 2 
orbits, being discriminated from one another bv a third quantum number 
Formerly the classification was L l circular and elliptic, whilst L, was 
a redundant elliptic mbit of obscure significance 

A detail which may be of linpoitaneo in astronomical applications 
should be noted Electrons falling to the K level from the L t and L 2 
levels produce a pair of emission lines, the line due to L, being the more 
intense If we adhere to the old c lassiheation this means that an electron 
in a circular orbit is quicker to seize an opport unit \ of falling than an 
electron in an elliptic orbit With the new elassifieatu n we reach the same 
conclusion for a different reason There is no emission line corns ponding 
to L x , and falls from the elliptic orbit seldom it i ver occur This is in accord- 
ance with the ‘ selection principle” which governs optical spectra ({(51) 
and molecular spectra (5(244) viz that in all transitions the second 
quantum numbei must change by I so that a fall ficim 2j to 1, orbits 
is excluded »I T se is made of this result in 5; 106 

The following example will give an idea of the ainoui ‘ oi perturbation 
exercised by the elections in an atom on one anothei I'cmsider an iron 
nucleus attended bv one K electron, the other elections being absent. 
The ionisation energv i- obtained bv setting n - 1, Z 26 in (42 02) 
The corresponding wave-length is found to he* 1 35 A But the K absorp- 
tion-hnid for iron is 1 74 A The difference is clue to our doc lmg m the 
first case with the iron nucleus alone and m the second ease with the 
complete mm atom Now for copper (Z - 2')) the observed limit is 1 38 A, 
l e practically the same as the theontic.il limit for the non nucleus, hence 
we can regard the satellite electrons in copper as shielding the positive 
charge of the nucleus to the extent ot approxim >tcl\ 3 umtB so far as the 
motion oi a K electron is c onoerned Again, consider u platinum nucleus 
(Z 78) with two K electrons and one L electron The K electrons being 
comparatively close to the nucleus may be treated as effectively reducing 
its charge by 2 units and the ionisation energv of the L electron is then 
found approximated by setting n = 2, Z 76 in (42 62) The corre- 
sponding wave-length is 0 63 A, the observed value for the complete 
platinum atom is 1 07 A, so that the shielding is considerable 
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In one sense the ionisation energy W is not particularly associated 
with the electron which is being removed , it is the difference of energy 
of the whole atom before and after the removal We might suppose that' 
a considerable part of this difference would be due to the other electrons 
requantismg their orbits in the modified field of force There is, however, 
an important principle in the quantum theory — the adiabatic principle — 
which shows that this requantisation ib brought about automatically 
during the removal of the electron and is not an after- adjustment If, 
for example, a field of uniform magnetic force is established slowly, the 
classical electromagnetic forces acting during its establishment will trans- 
form the orbits of the electrons into the new orbits required by the rules 
of quantisation for the new condition, the action of the magnetic field 
is not divided into two effects, a classical perturbation + a requantisation 
Similarly the effect of removal of an electron is not to be divided into a 
progressive disturbance + a final adjustment 

Finally, it must be remembered that the Bohr atom is only a model 
and is not a literal description of the atom, although we accept it as such 
for most purposes No one has insisted on this limitation more strongly 
than Prof Bohr himself Some progress has been made in the attempt to 
free the theory from its geometrical bondage but as vet we cannot afford 
to dispense with the model 


Optical Spectra. 

51 The inert gases helium, neon, argon, etc mark tht completion 
(temporary or permanent) of the K, L, M, groups of electrons. The 
elements immediately succeeding the inert gases have one rather loose 
electron starting the new group, this is called a valency electron and is 
responsible for their chemical behaviour as monovalent elements They 
are succeeded by divalent elements with two loose electrons, and 
so on. 

Usually the lines constituting the optical spectrum of an element are 
absorbed and emitted by transitions of a valency electron from one 
quantised orbit to another The complexity of the spectrum increases with 
the number of valency electrons, and the account here given refers especially 
to elements or ions with one or two valency electrons 

As in § 42 we describe the orbit of an electron by two quantum numbers 
» and n' with n' < n The third number n" is neglected for the present 
The orbit m the normal atom is assigned the numbers n, n' — (1, 1), (2, 1), 
(3, 1) according as the valency electron is starting the K, L, M, . group 
The possible orbits fall into a number of senes Taking, for example, 
Sodium in which the normal orbit of the valency electron is a (3, 1) orbit, 
the series with their conventional nomenclature are — 
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S senes (3, 1), (4, 1), (5, 1), (6, 1), (7, 1) . . 

P senes (3,2), (4,2), (5,2), (6,2), (7,2). 

I> senes (3,3), (4,3), (5,3), (6,3), (7,3). 

P senes (4,4), (5,4), (6,4), (7,4). 

— (5,5), (6,5), (7,5) 

The possible transitions between these orbits are governed by the 
selection principle, to which reicrencc has already been made, viz that 
n' must change by + 1 or — 1 It follows th.it there can be no transitions 
between orbits in the same senes, the electron must pass to an orbit in 
the line next above or below 

In practical investigations wo study pnmnnly emission spectra When 
through electncal bombardment the electron finds itself in one of the 
excited orbits enumerated above, it will usually prefer to fall to the lowest 
possible energy level consistent wnth the selection principle Evidently 
(3, 1) is the lowest level reachable from the P senes, (3, 2) is reachable 
from the S and 1) senes, and (3, 3) from the F series Although other 
lines ( combination lines) due to a fall to an energ}’ level which is not the 
lowest permissible ma\ occur, the strongest lines have as their terminal 
orbits (3, 1), (3, 2), (3, 3) etc 

Atoms in their normal unexcited state can absorb only the P senes 
(principal senes) since the only permissible transition from (3, 1) ib into 
an orbit in the hue below 

The frequency of the radiation absorbed or emitted on account of a 
transition ls^given by the fundamental quantum relation (36 1) But 
except for a nucleus attended by only one electron (H and Ho T ) f he energies 
of the orbits cannot yet be calculated theoretically The manner in which 
the classical pertmbations of the electrons on one another are modified 
by quantisation has not yet been made out We must still resort to the 
clumsy expedient of observing the spectra 

When the quantum number is verv large the excited electron is 
throughout most of its orbit remote from the rest of the atom, which then 
behaves approximately as a point charge of strength 4 e for a neutral 
atom, 4- 2 c for a singly ionised atom, + 3c for a doublv ionised atom, etc. 
The energy then converges towards the values given by (42 62) with 
% ■= 1, 2, 3, , or to X n , **«, &Xn, , where is the energy of the nth 

orbit m the hydrogen atom When a few lines of a series have been 
observed it is generally easy to see whether the difference of frequency of 
successive lines is converging towaids once, 4 times, or 9 tunes the corre- 
sponding frequency difference in the hydrogen senes, and the senes can 
be assigned to the appropriate ion 

The common nomenclature* of the lines of the spectrum is based on 

* I follow the nomenclature m A Fowler’s Report on Series w Line Spectra, p 87. 
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the empirical senes relations, and is not directly connected with the 
quantum interpretation m terms of n and n' The letters S, P, D, F are 
used for »' — 1, 2, 3, 4, and the orbits are thus denoted by mS, mP , mD, 
mF, where m is an integer The lowest orbitR are denoted by 1<S, 1 P, 2 D 
respectively, so that the four chief senes are — 

Sharp Senes . . mS -* IP 

Principal Senes . .. mP -* IS. 

Diffuse Series ... ... .. ml)-* IP 

Fund.iment.il (or Bergmann) Series mF -*■ 21) 

An exception however arises m the following way Consider, for example, 
ionised calcium On , , the normal orbit IS has the quantum specification 
(4, I) and as usual the (4, 2) orbit is denoted by IP, and the (4, 3) orbit 
by 2/) It must be understood that in these complex systems the principal 
quantum number is oulv a vague indicator of the energy of the system, 
and there is no close correspondence of the energies in (4, 3) and (4, 1) 
orbits hi the elements immediately following calcium an extension of 
the A1 group of elections (3-quantum mbits) begins and the coming event 
casts a shadow before in so much that a (3, 3) orbit although still of energy 
greater than a (4, 1) orbit has less energy than a (4 3) orbit* Hence the 
orbit ot lowest energy in the 1) series is a (3, 3) orbit denoted by U), the 
fundamental senes is accordingly mF — 1/) 

Jn the above case the 1 1) orbit is mein stable that is to say, the electron 
cannot (ordinarily) get out of it without lirst absorbing a quantum By the 
selection principle it can only go from 1 1) to an orbit in the P or F senes, 
and the lowest orbits in these senes, (4, 2) and (4 4), have greater eiiergv 
A third quantum number n" (known as the inner quantum number) 
also plays an mipoitant pari m optical spectra The energy depends on it 
to only a slight extent, so that two orbits differing only m n" give a pair 
of lines c lose together - a doublet The quantum theory of doublets is we 
believe, undergoing a fundamental revision at the time of writing and we 
shall not hero pursue the subject ot doublet and multiplct structure 

Scattering of X Ray? by Electrons 

52 It is not possible for a solitary electron to absorb a quantum of 
radiation and add the energy to its own kinetic energy This is made clear 
by the theory ot relativity We cannot say whether the kinetic energy of a 
particle has increased or decreased until we have decided on our axes of 
reference , but we can say whether a quantum of radiation has disappeared 
independently of frames of reference Hence there can be no association 

* An element often builds a new group of electrons not because there is “no room ” 
m the lower group but because by so doing it obtains a configuration of less energy 
Thus normal calcium contains (4, 1) orbits although there are still ten 3-quantum 
orbits available , the valency electrons can pass into these by excitation 
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between the disappearance of a quantum of radiation and a change of 
energy of an electron arbitrarily called an increase or decrease according 
to the standpoint of the observer The absorption of a quantum of radiation 
signifies that the waves of some frequency v have less energy by the amount 
hv than they had previously If we change to axes moving with a different 
velocity the frequency will change in accordance with Doppler’s principle 
and the measurement of the radiant energy will be affected by the ( h.mge 
of time reckoning and space reckoning we shall now report that the waves 
of frequency v' have less energy by an amount hv' But it is still a dis- 
appearance of radiant energy and there is no question ot turning absorp- 
tion into emission by a change of axes On the other hand the question 
whether the speed of the electron has increased or diminished depends 
entirely on the motion ol the frame ot leference adopted 

An electron can only be concerned m absorption or emission when it is 
in the field of a nucleus or another electron — unless indeed it is capable of 
altering its internal energy Mutual energy or internal energy can be 
increased by absorption of a quantum, and we ean say definitely that the 
change is an increase, not a decrease, independently of frames of reference. 
Or, to put the argument m another form the field of the nucleus provides 
the fiame of reference with respeet to which the kinetic energy’ of flic 
electron may be reckoned unambiguously 

Interaction between solitary electrons and radi it ion occurs by a slightly 
more complex process called scattering A quantum of radiation of fre- 
quency v x is replaced bv a quantum ot Irequcncy v i , and the difference 
h (r, i< 2 ) is Added to the kinetic energy of the electron so that the law 

of i onservatiou of energy is satisfied Since' v t and v 2 ai - altered bv the 
Doppler effect, we c an have v x > v t in some frames ot icferciire and e, < in 
in others thus the increase of kinetic energy in some frame" of reference' 
and the decrease in others arc' provided lor In older to secure this con- 
sistency it, is necessary that the second quantum should be travelling m 
a direction different from the first, otherwise the Doppler effect would 
always alter v y and u 2 m the same ratio This change of direction ol the 
radiation is more conspicuous than the minute changes of energy and 
frequency and hence the process is called ‘ scattering ’’ 

Consider an electron initially at rest in the frame of reference con- 
sidered Let a quantum of energy E x travelling m the direction of the 
cr-axis be incident, on the electron and let the scattcied quantum of energy 
travel in a direction inclined at an angle 8 to the a - -axis Let w, »' be 
component velocities of the electron after scattering, along and perpen- 
dicular to the ai-axis Let 

P =- (1 - (« s + (52 1) 

The mass of the electron changes with the change of velocity from m 
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to l 8m, and its whole energy accordingly changes from me® to /3 me® Equat- 
ing this to the change of energy of the radiation 

E 1 -E a = (P- 1) wic 2 

Conservation of momentum gives 

E y . _ 

- — cos 9 = pm u, 
c c 

E 

— * sin 9 = /8m v 

Hence 

(i?! — 4 me 2 ) 2 — ( E 1 — cos 6) 2 — E a * «m® 9 — (phne)* (c® — m 2 — 1 > 2 ) = w 2 c 4 

which reduces to 

- 2 E t E t (1 - cos 6) 4- 2rwe 2 (E y - E t ) = 0 (52 2) 

Now E/c = hv/c ■- hjX, 

so that, if Aj , A 2 are the wave-lengths of the incident and scattered quanta, 
(52 2) gives 

A, - A, - (1 - 003 6) (52 31) ’ 

or inserting numerical values 

Aj — A a = 0 0242 A x (1 - cos 9) (52 32) 

The constant can be interpreted as the wave-length of a quantum contain- 
ing as much energy as goes to constitute an electron . 

Radiation scattered by electrons at rest is thus ot longer wave-length 
by an amount dependent on the angle of scattering but not on the incident 
wave-length This reddening is known as the Compton EfTei t It is not 
possible to obtain any considerable quantity of free electrons to experi- 
ment on in the laboratory , but it appears that when X rays of high fre- 
quency are used the more weakly bound electrons ot ordinary matter can 
be regarded us sufficiently free to scatter according to this formula It 
has thus been possible to prove it experimentally 

The corresponding formula for scattering by a moving electron can 
be obtained by applying the Lorentz transformation The wave-length is 
not always increased If the electrons are moving with speeds such as to 
be in thermodynamical equilibrium with the radiation there must be just 
as much shortening of wave-lengths as lengthening A proof of Planck’s 
Law can be obtained by following up this condition in detail* 

53 To find the amount of scattering by free electrons, we consider 
first the classical formulae 


* Pauli, Ztita fur Phymlr, 18, p 272 
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Denote the electric force m the electromagnetic oscillations -which 
constitute the radiation by X Acting on an electron of charge — e and 
’mass m, it will produce an acceleration 

r = — eXjm 

Now according to classical electromagnetic theory an accelerated electron 
should radiate energy at the rate 

§e a r \e x X 3 jm l c 3 . (53-1 ) 

This radiation is not in the direction of the incident beam and is scattered 
radiation By the conservation of energy it must be supplied at the expense 
of the incident beam 

If wo have a screen containing N electrons per sq cm the radiation 
scattered per second will be 


2 IS/t* 

3 m 2 c 3 


(53-2), 


where the mean value of X 1 is to be taken This assumes that the conditions 
are such that the electrons scatter independently, and that there is no 
systematic phase relation of the wavelets from the separate electrons The 
energy of the incident radiation is jL~ a /4-n- per cu cm (half electric and half 
magnetic) , hence the amount incident on the N electrons in 1 second is 

cJC*/4ir (53 3). 

Dividing (53 2) by (63 3), the fraction of the incident radiation scattered 
by the screen is 


8v Xe* Hit ... 

3 mW 3 


(53 4), 


where b - e 2 //nc 2 = 2 81 10~ 13 cm * 

The usual definition of a scattering coefficient is the proportion scattered 
by a screen containing 1 gin per sq t n; , but smee we are not likely to 
meet with a screen composed wholly of free electrons we prefer to modify 
the definition in this case Instead of a gram of electrons we take the 
electrons contained in 1 gm of matter, assuming (as is roughly true for 
all elements except hydrogen) that there is one electron for every two units 
of atomic weight, and therefore 3 01 10 33 electrons per gin The scattering 
coefficient is then by (53 4) 

s - 3 01 10 2 ’ a 6 2 - 0 200 . . (53 5) 

O 

Ah with the Compton effect this scattering coefficient has been verified 
experimentally by using hard X rays which act on the bound electrons 
of the lighter elements practically as if they were free When the wave- 
length is comparable with the diameter ot the atom the scattering is much 


* The radius of mi electron is supposed to be jjb so that (53 4) signifies that each 
electron forms an obstruction equivalent to b times its own cross section 
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increased , because then the Z electrons of the atom give rise to scattered 
waves more or less m the same phase, thus the amphtude of the resultant 
is proportional to Z and the intensity is proportional to Z*. 

We do not suppose that free electrons scatter continuously m the 
manner here investigated Actually some electrons scatter whole quanta 
and others are idle But. by the correspondence principle (53 1) is the 
limit to which the true formulae must tend when each electron is scattering 
many quanta , and it is customary to entertain the optimistic view that 
such formulae will apply without grave inaccuracy a long way short of 
the limit 

For very short wave-lengths (eg y rays) the scattering coefficient is 
less than 0 2 This is associated with the fact, that the electron acquires 
a velocity comparable with the velocity of light when it scatters a quantum 
of such radiation, its inertia increases, and other complications of the 
problem ensue 
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POLYTROPIC GAS SPHERES 

54 We shall consider the equilibrium of an isolated muss of gas held 
together by its own gravitational attraction In the absence of rotation 
or other disturbing causes the mass will settle down into a distribution 
with spherical symmetry In view ol the intended application of the 
results, such a gas sphere will be referred to as a “star ” 

At any point m a fluid m equilibrium there is a hydrostatic pressure P, 
the same in all directions If anv closed surface is drawn in the fluid the 
reaction of the fluid outside the surface on the fluid within consists of a 
force P per unit area along the inward normal, and for equilibrium these 
surface forces must balance the body forces such as gravitation acting on 
the interior 

Let p be the density at any poult and g the acceleration of gravity 
Since there is spherical symmetry P, p and g will depend only on the 
distance r from the centre 

The gravitational force at r is due entirely to the mass M r interior to 
r, since the symmetrical shell outside r exerts no resultant attraction in its 
interior Hence 

g — (JM T /r 2 .. (54 1), 

where O is tire constant of gravitation 6 6b 10— K menu units Also if 
<j> is the gravitational potential, we have by definition 

g = — iltfi/dr (54 2) 

The first condition to be satisfied is the well-known hydrostatic 
equation 

dP - — gpdi ... (54 3), 

expressing the increase of pressure as we descend in a column of fluid 

From (54 2) and (54 3) 

dP - pd<j> .. .. (54 4). 

A second condition is given by Poisson's equation in the theory of 
attractions 

V‘‘<f, =■ - InUp (54 5), 

which for spherical symmetry takes the form 

$ + < M6 > 

55 We have now two relations (54 4) and (54 6) between the three 
unknown functions of r, namely, P, p, <j> For further progress a third 
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relation is necessary The search for this will lead us far into the study oi 
the thermodynamics of the star In this Chapter we content ourBelves 
with laying down an arbitrary connection between P and p and tracing 
the consequences In general, whether the gas is porfect or imperfect, 
any value of the pressure can be made to correspond to given density 
by assigning an appropriate temperature, our procedure thus amounts 
to imposing a particular temperature distribution on the star This will 
only correspond to possible actual conditions if the temperature distribu- 
tion is such that it can maintain itself automatically 
The third relation is taken to be of the form 


P — Kpf .. .. 


(55 1), 


where k and y are disposable constants By taking different values of y 
a variety of temperature distributions are brought under survey, and 
among these the actual distribution or one closely approximating to it 
will be included 

When the equation (55 1) is obeyed the distribution is called polytropic 
By differentiation, we have 

(IP — y«p y 1 dp 

Hence by (54 4) 

yKp y 2 dp = d<f>, 

and on integration 


_y 

y- 


i Kpy 




const 


(55 2) 


The zero from w hich the gravitation potential <j> is measured . is arbitrary. 
The usual convention is to make <j> vanish at an infinite distance from all 
matter But in this subject it is more conveiuent to take the zero of <j> at 
the boundary of the star, the additive constant in (55 2) is then zero 
Write 


y = 1 1-1 \n 


Then by (55 2) 

n = j- * 

p \{n f 1) #c I 

and 

P= * . 


71+1 

Equation (54 6) accordingly becomes 


d 2 d> 2 d<b 

j-f + 7 + aW> n = 0 

dr 2 r dr r 


(55 3) 

(05 41), 
(55 42). 


(55 5), 


where 


4t tG 

{(71 +1M" 


(55 6) 


The procedure will consist m solving this differential equation so as to 
determine <f> as a function of r Then p and P are found by (56 41) and 
(65 42) In order to standardise the solution we introduce two new variables 
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« and z proportional respectively to <j> and r Let <f>,, be the value of <f) at 
the centre, and let 


<j> = <f> 0 u, r = z/cul>o^ n 1J 
On substituting m (55 5) we obtain 

(Pi i 2 du 
« Iz 2 ' zdz 


(66 7) 


(55 8), 


with the central conditions 


u - J, duklz = 0, when z — 0. 

The change of variables from <f>, i to u, z is merely a change of units 
introduced in order to brmg the differential equation and its limiting con- 
ditions to a standard form The condition dyjdz - 0 at the centre follows 
from the vanishing tlioie of g — d<f>jdr 


56 The equation (55 8) can be solved Wjthout quadratures when 
n — 0. 1 or 5 (§ til) For othei values of n wc obtain a start by assuming 
that lor small values of 2 , n can be expanded 111 an infinite senes which 
will run 

u = 1 - J 2 2 + n s 2 3 ! a t z* + . 

determining the coefficients so as to satisfy (55 8) This mil not tarry the 
solution very far, since it will presently diverge But beginning with the 
values of 11 and dmdz at a point conveniently readied by the series we can 
now carry the solution step by step outwards through the star by quad- 
ratures When u becomes zero the density vanishes so that the boundary 
of the star is indicated 

Extensive tables ot the solution for a number of valm s of n have been 
calculated bv B Emden* We select hcie three of the tables which will 
ultimately concern us most The values oi 2 , u, du'dz >»ie tin direct lcsult 
of quadratures, the remaining columns are calculated from these and are 
required for various applications 

The successive columns give the following physical quantities, ex- 
pressed in each ease in terms of a unit winch wall depend on the star 
considered — 

1 Distance from centre 

2 Gravitation potential Temperature (for a perfect gas of constant 
molecular weight) 

3 Density 

4 Pressure 

5 Acceleration of gravity 

6 Reciprocal of mean density interior to the point considered. 

7 Mass interior to the point considered 


* Gaskuqeln (Teubner, 1907), Chapter v 


6 
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Equations (55 41) and (55 42) show that tor different points m the same 
star p oc <j> n and P oc p<j> oc <j> n+1 Hence 

p/Po ~ P/P 0 = v n+1 (56-1) 

Thus columns 2, 3, 4 of the tables give the potential, density and pressure 
in terms ot the central potential, density and pressure* 

Polytropic Solutions 
Table 4 


(» - 2, y — l'S ) 



V 

i/« 

If "* 1 

-du/dz 

- zdzf3dv 

- z 2 dvjdz 

0 00 

1 00000 

1 00000 

1 00000 

00000 

1 0000 

0000 

o 25 

98969 

97950 

96940 

08247 

1 0105 

0052 

0 50 

95937 

92040 

88302 

15865 

1 0750 

0388 

0 75 

91128 

83042 

75073 

22386 

1 1168 

1259 

1 00 

84864 

72018 

61117 

27453 

1 2142 

2746 

1 25 

77633 

60114 

46609 

30937 

1 3468 

4834 

1 50 

69531 

48346 

33615 

32825 

1 5232 

7386 

1 75 

61238 

37501 

22965 

33307 

1 7514 

1 0200 

2 00 

52974 

28062 

14866 

32640 

2 0425 

1 3056 

2 50 

37463 

14035 

05258 

29023 

2 8713 

1 8140 

3 00 

24166 

05840 

01411 

24067 

4 1550 

2 1660 

3 50 

13379 

01790 

002395 

19169 

6 0863 

2 3482 

4 00 

04866 

002368 

000115 

1 5040 

8 8653 

2 4064 

4 25 

01326 

000176 

000002 

13346 

10 615 

2 4106 

4 3518 

00000 

000000 

000000 

12729 

11 396 

2 4107 


Table 5 




(« 

= 2 5, y 

14) 



* 

« 

M" 

U n \ 1 

-tlu/ilz 

-ztb/Mu 

- z l dufdz 

0 00 

1 00000 

1 00000 

1 00000 

00000 

l 0000 

0000 

0 25 

98971 

97450 

96447 

08226 

1 0130 

0051 

0 50 

95961 

90202 

86560 

15676 

1 0632 

0392 

0 75 

91242 

79520 

72555 

21798 

1 1469 

1226 

1 00 

85196 

66997 

57079 

26282 

I 2683 

2628 

1 25 

78246 

54156 

42375 

29036 

1 4350 

4537 

1 50 

70809 

42192 

29876 

30213 

1 6549 

6798 

1 75 

63246 

31811 

20119 

29532 

1 9753 

9044 

2 00 

55961 

23428 

13111 

28614 

2 3298 

1 1446 

2 50 

42473 

11756 

04993 

25080 

3 3227 

1 5675 

3 00 

31000 

05351 

01659 

20793 

4 8093 

1 8714 

3 50 

21752 

02207 

004800 

16783 

6 9517 

2 0560 

4 00 

14300 

007733 

001106 

13445 

9 9170 

2 1512 

4 50 

08263 

001963 

000162 

10813 

10 539 

2 1890 

5 00 

03384 

000211 

000007 

08796 

18 948 

2 1990 

5 4172 

00000 

000000 

000000 

07600 

24 076 

2 2010 


* In tlus C Imp ter we denote central values by the suffix 0, elsewhere in the book 
the suffix c is generally used 
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Table 6 


(n-3, y=l 3333 ) 


: 

u 

It" 


— dujdz 


- Z-dl(jd~ 

0 00 

1 00000 

1 00000 

1 00000 

00000 

1 0-100 

0000 

0 25 

98975 

96960 

95966 

08204 

1 0158 

0051 

0 50 

95987 

88436 

84886 

15495 

1 0756 

0387 

0 76 

91355 

76242 

69650 

21270 

1 1754 

1196 

1 00 

85505 

62513 

53451 

25219 

1 3218 

2522 

1 25 

78897 

49111 

38747 

27370 

1 5224 

4276 

1 50 

71948 

37244 

26797 

27993 

1 7862 

6298 

1 75 

64996 

27458 

17847 

27460 

2 1243 

8410 

2 00 

58282 

19796 

11538 

26149 

2 5495 

1 0450 

2 50 

46109 

09803 

04520 

22396 

3 7210 

1 3994 

3 00 

35921 

04635 

01665 

18393 

5 4370 

1 6553 

3 50 

27629 

02109 

005828 

14859 

7 8697 

1 8203 

4 00 

20942 

009185 

001923 

1 1998 

11 113 

1 9197 

4 50 

15529 

003746 

000582 

09748 

15 387 

1 9740 

5 00 

11110 

001371 

000152 

08003 

20 826 

2 0007 

6 00 

04411 

000086 

000004 

05599 

35 720 

2 0156 

6 80 

00471 

000001 

000000 

04360 

51 987 

2 0161 

6 9011 

00000 

000000 

000000 

04231 

54 360 

2 0160 


57 Usually our problem will take the form of finding the internal 
distribution of density and pressure in a star of assigned mass and radius 
(or mean density) Thus the known data will be the mass M and radius 
if (or mean density p, u ) together with the parameter n (or y) defining the 
assumed law of dependence of pressure on densitj We have therefore 
to find expressions in terms of M and R 

Since the boundary of the star is indicated b\ u <>, we have 

if (/•)„,*, «Af - (- (57 11) 

Let B' - M' ( - z*dn/dz) u , „ (57 12) 


The values of B' and M' will be found in the last line of each tiibie 
Then by (55 7) 

B 1 CM 1 

iv ^ iy nr at.*'-" ' ' ’’ 


whence 


GM R ’ . 

M' B 'V* 


/ GM \ " 1 ,R'y- 3 _ l _ {(« ; J)K-]"j 
U/V \BJ 4 t tG I 


Thus <j> o and k can be found from the given data, and the values of p a and 
P 0 are obtained from (55 41) and (55 42) 


6-2 
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A more convenient way of obtaining p 0 is to express it in terms of the 


mean density p m 

We have 



M _!/_ _J_ r 2 d< t>\ 



Pm \ttR 3 iirr 1 dr) u _o‘ 


But by (55-7) 

1 drj> ldu 

r dr r z dz 


Hence 

3a a <£ 0 " ( 1 du\ 

Pm ~ 4 nG V zdz • ■ 

(57 4) 

But by (55 41) and (55 6) a 2 <f > 0 n = 4n Gp 0 

(57 6), 

a relation which is 

also evident by comparing (64 6) and (55 5) 

Hence 


Pm ^ d VL\ 

p 0 \ z dz ) 

(57-6) 


The ratio p 0 jp, H will be found at the foot of the sixth column m the tables 
Other entries in the same column give the ratio of the central density to 
the mean density interior to the point considered 

The last column of the tables gives numbers proportional to the mass 
M r within a sphere of radius r The unit is found at once since the con- 
cludnig entry (M') corresponds to the whole mass ol the stai Similarly 
the first column gives the distance from the centie in terms of a unit 
which is ascertained from the condition that the concluding entry R' 
corresponds to the radius of the star 


58 We shall have to consider particularly stars composed of perfect 
gas The temperature is then determined from P and p by the gas equation 


91 

P = P T 
P 


(58 1), 


where 91 is the universal gas constant 8 26 JO 7 , and p is the molecular 
weight in terms of the hydrogen atom* 

But bclore using this equation we must notice that, in it P represents 
the gas pressure only, whereas in our analysis P has been used to denote 
the whole pressure ol every description acting across a surface drawn in 
the star (cl § 64, where P is first introduced) The pressure of radiation 
is therefore to be included in P If /3 is the ratio of the gas pressure p a to 
the whole pressure P the corrected equation runs 

p a = ftP = VlpT/p (68 2) 

p<f> = 

n + 1 /Jp 

Hence <» ft) R * ' * * < 58 3 > 


Then by (55 42) 


* Unless otherwise stated the molecular weight will be measured in terms of 
the hydrogen atom in this book If, however, p is measured m grams the constant 
in the numerator is Boltzmann’s constant R = I 372 10 -1 * The relation is = Rju r 
where 11 is the mass of a hydrogon atom m grains 
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By (67 3) the central temperature is determined by 

R' GfoM 

* T ° (»+l)if'« R ‘ " (o84) 

Provided that /} p is constant through the star (which is actually a fair 
appioximation) we have by (58 3) T x <f> Hence 

T/T„ = u ... . (58 5). 


59 To show the method of using those formulae and tables w e givo 
calculations for the bright component of ( apolla Por the assumed re- 
lation between pressure and density we take Poe p' so that « — 3 and the 
appropriate table is Table 0 The mass and radius ot Capclla (§ 13) are 
M — 8 3 Id 31 gin , R — 9 55 10 11 cm , 
whence the mean density is 

Prn 00227 

Prom Table (5, column (5, the ratio p 0 jp n is 54 3(5 11 once 
p 0 ■=» 1234 gm per c c 
Also from the last line of Table 0 


Hence by (57 3) 

<£ o 


M' = 2 015, ir 0 901. 


fiOO JiL 8 11 JO 33 X 6 901 __ 

2 015 x 0 55 lo u ‘ ' ’ 


and by (55 42) 


P 0 = Ipufiy - J x 1234 x 1 982 10 n — (5 1 1 1() 1J dynes per sq cm 


To determine the central temperature we must assume a molecular 
weight, and if radiation pressure is not neglected, a factor /5 We take 
p/i = 2 0 which is probably lanly near the truth then by (58 3) 


2 0 x 1 982 10 15 
4 x 8 20 10 7 


1 20 10 7 degrees 


To find the conditions at another point ui the star, take ‘br example 
the hue 3 = 35 in Table 0 This relates to i distance from the centre given 
by 

r _ ■ ^ ,r> _ 507 

R~ R' "(5 901 


or a little more than half-way Irom the centre to the surface Here 
T = 27629T„ = 3 32 10\ 
p = 02109p„ = 00260, 

P - 005828H 0 = 3 50 10 u 


M r 

M 


1 8203 

2 0150 


0-90, 


Also at this point 
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so that although onh about one-eighth of the volume is within this radius 
it contains 90 per cent ot the masR* 

Tn Fig 1, we show a star divided into shells corresponding to (a) ten' 
equal steps ot temperature (fr) ten equal masses, that is to say, the circles 
on the left correspond to TjT 0 — 0 9, 0 8 0 7 etc and the circles on the 
right correspond to M 0 1, 0 2, 0 3 etc These diagrams are for the 
polytropi )i 3 which is believed to correspond nearly to the actual 
conditions of the stars 



Fir. 1« Ten equal steps of teropemturo Fig 1ft Ten shells of equal mass 


Potential Energy 

60 We can determine the negative potential energy of a poly tropic 
star, i e the weak done hy gravitation in drawing together the matenal 
from ,i state ot infinite diffusion The analysis is due to Emden 

Consider two concentric shells of masses dll r and dM s The inner 
shell attracts the oute- but not nee versa The mutual potential onorev 
(negative) is thus 

GdM t dM, 


where > is the* radius of the outer shell 

The mutual energy of JM r and of all shells interior to it is accordingly 

GdM < v ' dM _ GM,dM r 

v s 


* It well bo understood that we ore here merelc illustrating the mode of usme 
the formulae and tli. results (although probably fairly near the actual values) are 
not intended to be oin final c onclusions as to the state of Capella (cf § 13 ), 
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Hence the negative potential energy of the whole star is 

il=G \“M r dM T 

- 


(60 11) 


„ i « Jkf r a , 

* G R 1 ^J. H ,/r ’ 


by integration by parts Or since ( iM r jr 2 — - d<j>ldr 

Ll= -ll M T d(j> . (60 12) 

Again since <iM r = — r 2 d<j>ldr and dM r = inr-pdr, 

[it dd, 

(60 11) gives Q = - in j r*p ^ dr 

Writing p - A</>" m accordance witli (65 41) 

“ -,til 

— j <£’ ,+1 r-dr by integration by parts 

- n ± ! \<!> 4vpr 2 dr . 


.1 -,!***■ 
„Uf M ^ 


(60 21) 
(60 22) 
(60 3) 


by integration by paits 

Comparing (60 12) and (60 3) 


„ ,..M i ii + 1 _ 

Q ~V : R 1 (, Q 


Hence 

We note for reference that 


n- J 

5 — i) R 


(60 4) 


LI - 3 | P in r l dr — 3 I Pdv (60 5), 

'« 

where dv is the clement of volume This follows from (60 21) and (56 42) 
Uniform density is given by n - 0 and (60 4) then gives the usual 
expression for a uniform sphere U - IGM^/R For other distributions the 
numerical coefficient is greater, the mass being more concentrated to the 
centre 


61 The result (60 4) shows that there must be some break-down in 
the analysis when n > 5 The failure occurs because such distributions 
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have no bound, in , the ' star” extends to infinity and the mass is infinite 

These distnhnl ions are of no interest to us here ,,, 

In the critical ease n = 5, the difieronti.il equation (55 8) ib soluble, 

the solution being 

n^(l + W) J 

The distribution thus extends to infinity and It is infinite The whole 
mass howivei, is finite since (- z-<luldz)z « is equal to V 3 
Anothci simple solution occurs when v - 1. uz 

n — Sill z/z 

The hound, ir\ ot the star is then at z - v We have 
It’ - t r, M' - n p t Jp,„ =- w 2 / 3 

'|’|,e solution tor n 0 is also simple since it corresponds to a uniform 
sphere 

62 T the material is a perfect gas and 8p is constant the mean 
toniper.it are ol the st ii can be 1 calculated I he mean fern per; it lire T m 
averaged u itli respect to mass is given by 


T m | "T,LM, - M 


Hence since T/7 1 ,, </>/</)„, 

l: 

_ II 1 (JM- 1 
~ 5 -n R M<j>„ 
n f 1 M’ , , 

5 — n R’ 1> ' V(5,3) 

For ii - 8 this gives T„,/T 0 = 0 584 

Substituting for T n from (58 4) 

T _ 1 


bv (00 22) 


It is of considerable interest to have obtained at this early stage a 
simple formula loi the mean temperature of the material of a star If wc 
are definitely assured that the temperature is some millions of degrees 
we know the kind of conditions with which the more detailed theory will 
have to deal At present the chief point left in suspense is the value of 
n which will ultimately be found from the theory of radiative equilibrium 
Equation (62 2) shows to what extent the mean temperature is aflected 
by this determination Bv changing the value of n we obtain a senes of 
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models with different degrees of concentration of mass to the centre The 
following results (derived from Emdcn’s tables) show the progression — 

• 

ra = 0 | 11* 2 2* 3 4 4) 49 

pjp m -= 1 1 84 3 29 f> 00 11 40 24 08 54 36 623 4 6378 934800 

5/(5 - n) = 1 1 11 ] 25 1 43 X 66 2 00 2 50 5 00 10 0 60 0 

The last line shows how the mean temperature increases with the con- 
centration (the mass, radius and molecular weight being fixed) 

Unless the density decreases inwards, there is a minimum value of 
the mean temperature given by the form « = 0 This is proved more 
generally in § 66 where the discussion is not limited to polv tropic models 
The actual mean temperature is not inordinately higher than the minimum 
unless we have extreme concentration of mass to the centre as shown in the 
second line of figures, but in that case there is practically no density in 
the outer part of the star so that vie are virtually dealing with a star ot 
smaller radius 

The high temperatures inside tho stars arc often considered rather 
startling and it is well to realise that they are not dependent on the more 
advanced developments of the theory 


The Isothermal Oas Sphere. 

63 A mass of pelted gas at uniform temperature is the limit of the 
polvtropic distribution for n - ao Certain modifications of the analysis 
are necessary for tins ease Although it has no direct application to actual 
stars a study ol the isothermal distribution is useful for purposes of 


comparison 

By (58 2) T = k P , k = WT/nP (63 1), 

and (54 4) gives d<f> = dP/p = k<1 (log p) 

Hence integrating, p = p 0 e'd‘ (63 2), 


where Po is the density at <j> = 0 Since w > 5 the distribution extends to 
infinity and the mass is infinite Previous conventions fixing the zero of 
4> at the boundary of the star or at infinity therefore break down For 
convenience we now take <f> to be zero at the centre so that Po denotes the 
ventral density as before 

Poisson’s equation becomes 

Jr + J-* » • ■ («3 3) 

r -( 4^J‘ S 


Write 


tf> = KU, 


(63 4) 
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Then (03 3) reduce-, to the standard form 

d*u 2 du f g „ = 0 (63 5), 

dz- z dz 

with the central conditions u 0 , dujdz — 0 

The solution calculated by Emdcn is given m Table 7 The successive 
columns are pioportiuna! to (1) distance from centre, (2) potential, 
(3) density anil pressure, (4) acceleration of gravitv (5) central density 
divided bv mean deiiMt\ interior to r, (6) mass intenor to r 


Table 7 

Isothermal (las Sphere 


jL 

i " 


= 

n 

1 " 

| 

- zrh/Mv 

- z z dujdz 

0 (10 

01)000 

__ 

1 00000 

00000 

1 000 

0000 

0 2.5 

01057 

08*109 

08290 

1 005 

0052 

0 50 

04115 1 

95971 

10225 

1 027 

0406 

0 75 

0011.1 1 

91200 

25819 

1 050 

1.340 

1 00 

15*105 , 

85290 ■ 

50570 

1 097 

3037 

1 25 

24225 

78480* l 

.30045 

1 150 1 

5632 

] .50 

33847 

71285 • 

40432 

1 237 

9097 

1 7,5 

44488 

(,4000 

11390 

1 314 

1 .3595 

2 00 

55*11,7 

57140* 

47280 

1 1 410 

1 8914 

2 ,5 

80584 

44071 • 

501,94 

1 044 

1 1084 

1 

1 01,22(1 ; 

345.57 

51025 

1 *137 

4 0402 

:i .5 

1 110.17 

207 10 . 

5 1(M,(, 

2 287 

0 2483 

4 

1 57071 1 

207*10 • 

49403 

2 099 

7 9045 

4 5 

1 1 SI 240, 1 

10325 . 

47234 

3 170 

* 9 51,50 

5 

1 2 04 21,4 

1 12908* 

14813 

1719 

11 203 

(, 

2 41,508 

1 08495 • 

59879 

5 015 

14 351 

7 

2 8411,0 

( 058.1 1 ■ 

35 i 1 l 

0 004 

17 214 

8 

1 1 17 IS*, 

01180 

11372 

8 500 

20 078 

■1 

1 3 47128 

1 03108. 

27989 

10718 

22 670 

10 

i 1 750,11, 

1 02584 • 

25121 

i 1 3 209 

25 121 

100 

] 8 59501, 

(100175. 

0184.3 

1808 0 

184 3 

1000 

13 (10847 

000002 

| 002045 

| 103000 

2045 1 


Minimal Piohlems 

64 r p to the piesent we have restricted the investigation to distribu- 
tions arranged aeeordmg to a poh tropic model In the following theorems 
no such restriction is imposed, but we postulate that the density does not 
decrease as we go inwards The new limitation is scarcely likely to exclude 
any case deserving serious consideration in application to the stars It 
is not likeh that a distribution could be stable with dp/dr positive 

In Problem II we shall also postulate that the temperature does not 
decrease inwards This limitation is entirely innocuous A positive value 
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of dT/dr at any point in a star would require a smk of energy within the 
star, since heat must flow in the direction of the temperature gradient 
* Problem I To find the minimum value of the central pressure in a star 
of mass M and radius R subject only to the condition that the density does 
not decrease inwards 

First consider an arbitiary distribution of density satisfying the con- 
dition dpjdr < 0 Remove a small part Sp x of the density m the shell r x to 
) t 1 c/r x , and add the matter to the shell between r 2 and r 2 + dr 2 , thereby 
increasing the density by S p t . If SM is the mass transferred 

S M = 477r 1 2 dr 1 Sp 1 — 4:vr t 2 dr s hp 2 . . (64 1) 

The temperature distribution must, of course, be altered in the way 
necessary to maintain the new distribution of density in equilibrium 

We take » 2 -- i, The pressure at any point within r a will be increased 
for two reasons Firstly, the matter between r 2 and r 2 is now under the 
attraction ot the mass 8M, whereas formerly &M exerted no resultant 
force on it Its weight is thus increased and contributes more pressure 
.Secondly, 8M in its new position contributes more pressure, viz g 2 bp t dr 2 
instead of g 1 bp x di x By (64 1) these are in the ratio 

<kh \ 2 gJr," 

w'luch is greater than 

I/r* 1/r, 


because g cannot increase fastei than i when the density does not increase 
outwards 

Thus any'transfcr ot matter inwards increases the central piessurc 
The niiminuni piessuic occurs when the matter is as far from the centre 
as is consistent with the limitations of the problem We can go on reducing 
the- central pressure bv transferring matter outwards until we arrive at 
uniform densitv The central pressure has then the value for a uniform 
sphere 


P 


:j (!M- 
8 tt IP 


which is the required minimum value 


65 Problem II To find the minimum valve of the central temperature 
in a sta'i of muss M and tad ius It com posed of perfect gas of constant moleeulat 
weight p,, subject only to the condition that density and tempei attire do not 
decrease inwards (Radiation pressure is neglected ) 

We first show that in the distribution giving the minimum central 
temperature either the density gradient or the temperature gradient 
vanishes at every point 

For, it not, consider three consecutive -phencal shells with densities 
Pi > p s > pj and temperatures T 1 > T 2 _> T 3 Remove a small mass from 
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the second to the third shell Since p 2 > pi it will be possible to treat a 
small mass in this way without reversing the density gradient It was 
shown in Problem I that this transfer reduces the pressure interior to the' 
shell p, by a constant amount Since 8P — 9?/>S7 , /p, the reduction of 
temperature will he inversely proportional to the density and therefore 
least, at the centre and increasing (or stationary) outwards Thus the 
temperature gradient interior to p 2 "iH not be reversed, moreover, the 
temperature distribution outside 4 p 3 is unaffected The temperatures m 
1 lie t w o shells w ill change m a more complicated way but since 1\ > 7\ > T , 
theic is ,i ,mall margin for such changes w itliout reveisal of the temperat ure 
gr idle nt 

This shows that it will always be possible to reduce the central tempera- 
ture without violating the conditions b\ making a small transfer at a 
point nlicTc both p, - p 2 - p, and T 1 T 2 *s 7', Hence when the central 
tviiijn lature is an actual minimum one of these lneeiualities must be 
leplai < d by equality (not ne< e'ssaulv the same one in all parts of the star) 

The 4 (initial pail of the star must be isothermal For it a mass 8M is 
taken from the outer part and distributed uniformly through a small 
spheie ot radius i, at the t entre, the increase of pressure 4 tends to infinity 
like 8 Jf/tj whilst tlie increase ot density is pioportional to 8M V, 3 Hence 
if r x is taken small enough the temperature falls If. howevei the central 
part of the star is isothermal, this transfer is ruled out because it would 
make the eontral tempeiature less than surrounding temperatures The 
isothermal region must be limited because a completely isothermal star 
has no boundary We have shown that where tlie star is not isothermal 
it must be of uniform density 

Hence the star of minimum central temperature consists of a region 
of uniform temperature sunounded by a region of uniform density It 
remains to determine the extent of these regions 

Let 'l\ be the teinporatuie of the isothermal region, p 1 the uniform 
density in the outer region Then the pressure P 3 at the transition is 


Pi~ 




Pi- 


Let if j be the radius of the transition sphere and let p m 
density within this sphere Let 

„ Pm ~ Pi _ o 
a a > ~ P 

K p. 

We liave M - >tt Pi R 3 + \v ( Pm - Pl ) R* 

~= Wilt 3 (1 + a 3 P) 

At a point in the outer region 


be the mean 


(05 1) 
(65 2). 


g = + \vQ - Pl ) ffj 3 //- 2 , 

so that by (54 3) - dP {nOp^dr (r + pa 3 R 3 jr 2 ) 
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Hence integrating between aE and Ii 

P x = tG^R* {1 - a s + 2j3a 8 (1 - a)} (65 3) 

By (65 2) and (65 3) 

9W-1 Pi _ GM (1 - a) (1 + a h 2^ 8 ) 

p Pl 2R 1 + pa 3 ' ( ] 


The quantities a and /8 are connected by the theory oi the isothermal 
part of the star With the notation of § b3 

, „ . 3 du 

Pi/Po-e“, P*IP°=-- zdz 

Hence B -- — e~ u — 1 . (65 51). 

r zdz 

Also since aR = (k/4itGp 0 )^ z and P, - Kp u e u , (65 3) gives 


6 (1 — a) (1 + a -i- 2j8a 2 ) 

z 2 e“ a 2 


(65 52) 


Choosing an arbitrary value of 2 we find e“ and dujdz from Table 7. 
Then /3 and a can be found from (65 51) and (65 52), and the factor 

8 - (1 - a) (1 + a + 2jSa 2 )/(l H /S« J ) . (65 6) 

is calculated The following results are found- — 


* 

a 

,9 

1 

782 

(>l>3 

046 

929 

b“3 

041 1 

1 073 

680 

040 

l 348 

087 

045 


We see that 8 has a minimum value about 640 at about a -- -676 Hence 
bv (65 4) a star with an isothermal region extending to 676 R surrounded 
b\ a region of uniform density has the minimum central temperature, viz 


T 0 3 l> — ^ 
1 J SR R 


(65 7) 


It may be noted that for a star of constant density throughout the factor 
is 0 6, and for the polytrope n — 3 (tho model chiefly used m this book) 
the factor is 0 856 Thus the temperatures which we find in the detailed 
investigation are not greatly above the minimum values 


66 Problem III To find the minirnvm value of the mean temperature 
vn a star of mass M and radius R of perfect gas of molecular weight p, subject 
only to the condition that the density does not decrease inwards ( Radiation 
pressure is neglected.) 
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If T m Is the moan temperature 


MT m - | T 4npr-'1r £ | P ±nr*dr 


/' 

9t 


Jirr* iP by integration by parts 


-jiti 1 4nr>, /P tlr ]> y ( 54 3 ) 


GV .1/ f/pfrfW 

_ 3» 1 r ' " (»9t I ' 


(66 1) 

r (OJt ' r 

This is a minimum ■when, tor each stop of (M r Y, r is as great as possible. 
This evident lv loads to the uniform sphere lienee by (t>2 2), the minimum 
value is 


r. 


02 6 > Jf 
« if 


((56 2) 


It is interesting to compare tins with (65 7) 


Idcodi plete Polytropic Regions 

67 V class of problems arises in which the polvtropic condition (55-1) 
applies only to part of the star 

If the non-pol \ tropic region is interior to the poly tropic region 
Tables 4-7 are not applicable Foi they give a particular solution ot the 
general differential equation which conforms to certain boundary con- 
ditions at the centre, when the cential legion is excluded these conditions 
<ue no longer effective and another .solution of the diftereptial equation 
must be taken The gravitational held which controls the polytropic pait. 
is modified bv the excess or detect ot mass m the cential non-pohtiopic 
part 

An example ot this would be afforded by a stai obeying ( r >5 1) only so 
long as its material can be treated as a perfeit gas Then, if the density is 
great enough, the equation breaks down tieai the centre Tables 4-7 are 
not applicable even to the outei part winch satisfies (55 1), and a new r 
solution of the different tal equation must hi found by numeiK.ll calcula- 
tion dc novo There is little ot a general ihaiaeter to be said about this 
class ol problem, but progiess in particular cases that arise tan usually 
be made bv numerical i alculation 

If the non-pol vtiopu region is on the outside , Tables 4-7 can be used 
foi the interior polvtropic part An instance ot tins has been treated ill 
tj 05 whole Table 7 was used A moio important problem of this type 
arises m the following way We can scarcely expect that in au actual star 
anv simple physical law will hold uniformly from a central temperature 
of 10,000,000' to <m outside temperature of 10,000° Making use of the 
simplified properties ot mattei at temperatures of several million degrees 
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shall deduce laws which may bo expected to hold with reasonable 
accuracy from say 10,000,000° to 1,000,000° We do not know much 
about matter at temperatures below a million degrees, and therefore can 
give little or no consideration to what happens m the rest ot the star 
Suppose then we have satisfied ourselves that between 10,000,000 and 
1 , 000,000 degrees stellar material obeys the polvtropie Jaw with n - 3 
Table 6 will apply to the part of the star above 1,000,000 degrees, because 
the break-down occurs m the region exterior to it and does not affect the 
held of gravitation within Actually we perform the whole solution as 
though the same condition held good up to the surface —not because we 
think it likely to be satisfied at the lower temperatures, but because it 
does not much matter what happens in this outer part and (within reason- 
able limits) any law will do tor our purpose As this may seem a somewhat 
light -hearted procedure we examine the justification for it here 
Consider a star for which the central values aie 

T 0 - 10 ’, Pu - 0 1 

with jj.fi = 2, n 3 
We find 


P 0 - 4 13 10> 3 , <j> tt — 1 05 10> 5 , «• = 8 84 10 u , a - 4 31 10“” 

and (57 2) gives 

R l 405 10 ll if' - 0 70 10” cm , 

M - 3 48 10*»JT - 7 02 10 33 gm 

These would be the mass and radius if the star were completed on the 
polytropic model It, however, the model fails at temperatures below a 
million degiecs, we stop the solution at z - 5 Denotmg values at this 
point by sufhx 1, we obtain by Table b 

7\- 1111 10 s , Pl = 0001371, P 1 - (> 29 10 9 , R l - 7 02 10”, 

J/, = 0 96 10 33 

Around this a distribution of some kind has to be added sufficient to 
produce the pressure P x of 0200 atmospheres If M and R arc the mass 
and radius ot the complete star 


so that 
Th,s gives 



O 

4-77 r* 


dM r 


G M 

477 R x l 


AJ/ - M - M 1 > 


4 t 7 P,RS 

GM 


\M > 0 04 1 10 3J gm 


31 

dM r , 


Hi 


- (67 1 ) 


The additional mass will be greater than this lower limit very nearly 
in the ratio of R x ~ l to the average value of r -4 for the added material 
Although no upper limit for this factor can be given, it would be difficult 
to imagine its exceeding 2 or 3 without extravagant assumptions. 
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A wide range of conditions will be covered if we take the materia) 
beyond if, to conform to a new poly tropic law P = *, where s- 

differs from n, and k, from k The gravitational force m this region cait 
be set equal to GMj/r - since its own mass is very small compared with 
that of the rest of the star Then, as in (55 42), we shall have 


P _ GMi /l _ 1 . 
p ~ £ + 1 \ r if/’ 

since <j> is now GMJi — G’AfJR Hence, setting r = if„ 

• • < 87 2 '- 

so that if can be found We find for the added mass beyond if. 


w ll Tt 


AM 

if ,/if 

= 4n Pl JP I' (' ~ 1 

JaWa-f* l)" 

(67 2) and (67 3) the following results are obtained — 

1 

1 * 

1 Jr 

_! ^ j 

u 

| 7 54 10 u 

i 0470 10'* j 

1 1 

S 15 

| 0708 


' .1 

<J 72 

| 0,734 


5 

12 04 

I 0549 


, 7 

15 81 

1 0.761 



(67 3), 


Whereas m the range x _ 0 to 7 the radius of the star is doubled, the 
consequent change m mass (j/, -j AM) is not much more than 1 part m 
1000 

The mass is thus vert insensitive to conditions in the low temperature 
part of the star, and our procedure is amply justified so tar as the mass is 
concerned \\ v must be prepaid I to admit an uiicertaintv of, say, 30 per 
cent in the radium It should be remembered that w lien there is wide 
diffusion of the oil tei material, e g with the law s — 7 the radius of the 
photospheie max be considerably smaller than the radius if representing 
the extreme limit of the stellar atmosphere, by taking higher values ot 
* if could be increased without limit, hut I do not think that the photo- 
sphere (which m practice is regarded as the surface of the star) woidd be 
much increased 



CHAPTER V 


RADIATIVE EQUILIBRIUM 

68 Energy in the form of radiant heat and light is continually flowing 
from the surface of a star into space The surface layers of material cannot 
continue to provide this energy for long unless their heat is replemshed 
from below We are thus led to consider the process of transfer of energy 
from the interior to the surface 

There are two modes of transfer of heat m material in static equilibrium, 
viz conduction and radiation In both the net flow is in the direction of 
the temperature gradient from high to low temperature In both this flow 
is the resultant of streams of energy in both directions , the stream from 
the high-temperature region is rather more intense than the stream from 
the low-temperature region, and the difference constitutes the net flow 
In conduction molecules of the hotter region transmit their energy by 
diffusion and collision to surrounding regions , in radiation the hot material 
emits aether waves which are absorbed m the surrounding regions In 
both cases this transmission is largely neutralised by a similar trans- 
mission from the surrounding regions, and the resultant transfer depends 
on the shght preponderance of the flow from the hotter region 

A third mode of transfer is possible if the limitation to static equi- 
librium is abandoned There may be a hystem ot ascending and descending 
currents in the star by which the material is kept stirred Heat-energy 
is then carried from one region to another by actual movement of the 
matter carrying it — as 111 the lower part of our own atmosphere If matter 
through proximity to the surface loses more heat than can be replaced 
by radiation and conduction so that it cools below the normal temperature 
at its level, it will sink and be replaced by fresh unexposed material from 
below This mode ot transfer is called convection 

It was recognised early that the conductivity of matter is much too 
small to pass the necessary quantity of heat through the star In the first 
investigations ot the stellar intenor the importance of ti anster by iadiation 
was not realised Accordingly a system of convection currents was as- 
sumed to be present, and processes of transfer other than convection were 
considered negligible The star was said to be in convective (or adiabatic) 
equilibrium 

69 On the hypothesis of convective equilibrium a definite relation 
between the pressure, density and temperature at different levels can be 
found Consider an ascending current of material By hypothesis there 
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is no appreciable gain or loss of heat by conduction or radiation, it there- 
fore expands without gain or loss of heat, i e adiabatically For a perfect 
gas the relation between pressure and density in adiabatic expansion is . 

P = k P '> ... (69 1), 

where y is the ratio of the specific heat at constant pressure to the specific 
heat at i onstant volume (§ 28) Since the different levels are continuously 
connected by ascending and descending currents the equilibrium condition 
must be such that (69 1) holds throughout the interior The hypothesis 
that loss of heat by radiation is negligible must evidently break down near 
the surface, so that the equation could not be exact in the extreme outer 
laveis 

.Since (69 ]) is the relation discussed in Chapter IV the solution for a 
perk cl gas in convective equilibrium is given by the formulae and tables 
thi re explained The value of y for the stellar material must be estimated 
or guessed, but the range of uncertainty from this cause is not very great 
Tt is impossible for y to exceed the value ^ which corresponds to a mon- 
atomu gas , and it can be shown that if y is less than £ the distribution is 
unstable (see § 104) Hence the solution is limited to values of y between 
^ and ) or to values of n between 1 5 and 3 

We shall not enter further into the histone problem of convective 
equihbnum since modern researches show that the hypothesis is untenable 
In stellar conditions the main process of transfer of heat is by radiation 
and other modes of transfer may be neglected 

We may remark that transfer by convection stands on a different 
footuig from radiation and conduction Radiation and conduction must 
always occur in a mass at non-uniform temperature, although their effects 
may be negligibly small But convection need not occur at all It will 
only be present if the conditions are such as to generate and maintain 
circulating currents 

70 Since the density of radiation is proportional to T l its importance 
is enormously enhanced at the high temperatures in the stellar interior, 
and it is not surprising to find that it ousts the other vehicles of energy. 
But whilst great intensity of radiation strengthens its control over the 
temperature distribution, it is not essential 1 think that an isolated mass 
of gas at quite low temperature* would take up radiative rather than 
convective equihbnum 

Consider a gas stratified m radiative equilibrium As explained in § 23 
radiation behaves as though it had a ratio of specific heats y = ij and 
accordingly P and T are related by 

Pac T* 


But not so low that conduction becomes comparable with radiation. 
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Let there be a circulatory current conveying heat between two pressure 
levels As the mass nses to a level of lower pressure its temperature 
‘changes according to the adiabatic law 

Px T y ' ly ~ 1) 

For stability y > *, so that P a. i> Hence the material which has 
ascended is cooler than its surroundings and receives heat from them , the 
material which has descended is hotter than its surroundings and gives 
up heat to them* The circulatory current transfers heat against the 
temperature gradient, and by the second law of thermodynamics it can 
only do this at the expense of its mechamcal energy The currents there- 
fore tend to die out, and there is nothing to restart themf 

Kadiative equilibrium has a natural precedence over convective 
equilibrium, since in radiative equilibrium convection ceases, whereas in 
convective equilibrium radiation remains and tends to destroy it In 
tact convective equilibrium is only approached automatically from one 
side, to reach it from the other side extraneous mechamcal energy of 
stirring must be supplied 

Equation of Radiative Equilibrium 

71 We admit now that the only mode of transfer of heat is by radia- 
tion, and develop the equation of radiative equilibrium We require three 
results reached in Chapter II — 

(1) The momentum of radiation is Ejc, where E is the energy and c 
the velocity ol light The momentum is in the direction in whic h the waves 
are travelling 

(2) Radiation in an enclosure with absorbing walls maintained at 
uniform temperature T is isotropic as regards direction of flow and has 
an energy -density 

E - a T\ 

where a — 7 04 10 -15 m c Q s units and degrees Centigrade 

(3) With the same conditions radiation exerts a hydrostatic pressure 

ph - } 3 u - 

To a very high degree of approximation the last two results are im- 
mediately applicable to the interior of a star It is true that the radiation 

* E g let y = 1 , and let a current ascend from a level v here the pressure and 
temperature are P and T to a level where they are , ,, J „ U P, T , under the diminished 
pressure the temperature of the oonveeted matenal falls adiabatically to 

(i.ioo)'? = 0 025T, 

so that it is much below the temperature 0 IT of its surroundings Cf H N Russell, 
Astrophys Joum 54, p 293 

t Excopt that in a rotating star a small circulation is maintained as explained 
in § 199 


7-2 



100 


RADIATIVE EQUILIBRIUM 


is not in an ideal enclosure with opaque walls at constant temperature, 
but the stellar conditions approach the ideal far more closely than any ^ 
laboratory experiments can do The material of a star is very opaque to 
the land of radiation existing there According to the figures deduced for 
Capella a screen containing 0 1 gm per sq cm would let through e- la or 
•000006 of the radiation falling on it, at the average density in Capella 
such a screen would bo 50 cm thick If then we draw a sphere of radius 
60 cm round a point in Capella the radiation at this point will be practically 
isolated from everything outside the sphere The temperature gradient in 
Capella is about 1° per kilometre so that the enclosing walls with which 
wc have surrounded the point are at constant temperature to within 
0 ° 001 — a uniformity scarcely likely to be attained m laboratory con- 
ditions 

Take the axis of x in the direction of the temperature gradient and 
consider a thin slab of stellar material at right angles to Ox having 1 sq cm 
area .aid thickness dx Let the temperatures of the two faces be T and 
T f- dT The radiation pressure acting normally on the two faces will 
give forces p It and — (p R + dp n ), so that the resultant force in the 
direction Ox is _ ^ ^ 

This resultant gives the amount of momentum which is being acquired 
per second in the region occupied by the slab owing to the flow ol radiation. 

Since there is equilibrium this momentum must be got rid of, and it 
can only bo got rid of by being first passed on to the matter of the slab 
(The ultimate late of the momentum does not concern us hcjrc, but it may 
be explained that when handed over to the matter it helps to neutralise 
the momentum communicated to the matter by gravitation ) The 
momentum passes into the matter by the process of absorption (including 
scattering) 

Let k be the mass coefficient ot absorption The definition of k is that 
a thin screen of material of mass «> per sq cm absorbs the fraction kw 
of the radiation passing through it normully In our problem w = pdx, 
and accoidinglv il H ergs of radiation per sq cm per sec. are travelling 
along Ox the amount absorbed will be llkpdx and itb ^-momentum will 
be Jlkpdxjc per sq cm per sec 

Consider next H ergs per sec passing obliquely through a sq cm of 
the slab at an angle of incidence d The distance travelled through the slab 
is now dx sec d and the absorption is increased proportionately The 
momentum absorbed is now llkpdx sec dje, but multi plymg by cos & 
to obtain the ^-component, the absorption ot ^-momentum is as before 

II kp dx I c 

for any angle of incidence up to 90° Of course, if the angle is greater than 
90° so that the radiation passes m the other direction through the slab, 
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the sign is reversed Note that H is reckoned per sq cm of the slab, not 
per sq cm of cross-section of the beam 

* In general radiation will be flowing both ways through the slab 
Corresponding to the flow H + through a square centimetre from the 
negative to the positive side of the slab there will be an absorption of 
Il+kpdxjc units of positive momentum, and corresponding to the flow 
H . from the positive to the negative side there will be an absorption of 
H __kpdxjc umts of negative momentum Hence for a net positive flow 
H = H + — H_, there will be a net gam of Hkpdxjc umts of positive 
momentum by the matter m the slab 

We have seen that the ^-momentum — dp R acquired m the region 
per second must all be transferred to the matter by this process Hence 


01 


H = 


H = - 


(711) 


(712) 


— dp a = Hkpdxjc, 

c dpit 

kp dx 

Writing for p /t its value \aT i , 

ac dT * 

3 kp dx 

Equation (71 1) shows that the net flow of radiation is, as we should 
expect, proportional to its internal pressure gradient and inversely pro- 
portional to a factor kp measuring the obstructive power of the material 
screen through which it is being forced The equation is analogous to that 
governing the flow of a material fluid through a channel or sieve. 

The equation breaks down under the same circumstances as the corre- 
sponding equation tor a material fluid, viz w hen the flow is so rapid that 
the pressure gradient can no longer be calculated hydrostatically This 
happens near the surface of a star The argument cannot apply to any part 
of the star which we can see for the fact that we see it show's that its 
radiation is not “enclosed But at a small depth below the photosphere 
the equation becomes a tolerable approximation, and throughout the 
main interior its accuracy is so far beyond all requirements that it may be 
used without hesitation* 


72 A certain amount of con trovers}' has occurred with regard to the 
derivation of this equation which reflects the tune-long difference of view 
betweon the physicist and the mathematician Perhaps a short digression 
on this antagonism may be permitted, for it is likely to give rise to many 
misunderstandings m problems of the kind w r c have to consider I con- 
ceive that the chief aim of the physicist in discussing a theoretical problem 

* Rather unexpectedly the equation remains n good approximation even m tlie 
oxtreme outer layers The “first approximation," described m§ 22b and used gem rally 
throughout Chapter xii, gives (71 2) immediately Comparison with the ‘second 
approximation” developed in § 230 shows that the inaccuracy is not large 
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,h to obtain “insight” — to see which of the numerous factors are par- 
ticularly concerned in any effect and how they work together to give it 
For this purpose a legitimate approximation is not just an unavoidable 
evil, it is a discernment that certain factors— certain complications of 
the problem — do not contribute appreciably to the result We satisl\ 
ourselve- that the> may be left aside, and the mechanism stands oul 
more clearly, treed Irom these irrelevancies This discernment is only a 
continuation of a task begun by the physicist before the mathematical 
premises of the problem could be stated, for in any natural problem the 
actual conditions arc of extreme complexity and the first step is to select 
those which have an essential influence on the result — in short, to get 
hold of the right end of the stick The correct use of this insight, whether 
before or after the mathematical problem has been formulated, is a faculty 
to be cultivated, not a vicious propensity to be hidden from the public 
eve Needless to say the physicist must if challenged be prepared to 
defend the use of his discernment, but unless the defence involves some 
subtle point of difficulty it may well be left until the challenge is made. 

f suppose that the same kind of insight is useful to the mathematician 
as a tool, but he is careful to efface the tool marks from his finished 
products — his proofs He is content with a rigorous but umllummating 
demonstration that certain results follow from his premises, and he does 
not generally realise that the physicist demands something more than this. 
For the physicist has alw'avs to hear in mind a thousand and one other 
factors in the natural problem not formulated in the mathematical problem 
and it is onlv by a demonstration which keeps in view the relative import- 
ance of the contributing causes that he can see whethei he has been justified 
in neglecting those As regards ngoui, the physicist may well take risks 
m a mathematical deduction if these are no greater than the risks incurred 
in the mathematic al formulation As regards accuracy, the retention 
of absuidlv minute terms in a physical equation is as clumsy in his eyes 
as the* use ot an extravagant number ot decimal plac cs in arithmetical 
computation 

Having said this much on the one side we may turn to appreciate the 
luxur\ of a iigorous mathematical proof If the results obtained do not 
agree with observation the fault must assuredly lie with the premises 
assumed Ihe mathematic lan’s power of narrowing down the possibilities 
supplements the physicist’s (lower of picking out the probabilities If 
space were unlimited we might try to duplicate investigations where 
necessary so as to satisfy both parties But if one investigation must 
suffice I do not think we should usually give way to the mathematician 
Cases could he cited where physicists have been led astray through in- 
attention to mathematical rigour, but those are rare compared with the 
mathematicians misadventures through lack of physical insight. 
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The point to remember is that when we prove a result without under- 
standing it — when it drops unforeseen out of a maze of mathematical 
‘formulae — we have no ground for hopmg that it will apply except when 
the mathematical premises are rigorously fulfilled — that is to say, never, 
unless we happen to be dealing with something like aether to which 
“perfection” can reasonably be attributed But when we obtain by 
mathematical analysis an understanding of a result — when we discern 
which of the conditions are essentially contributing to it and which are 
relatively unimportant — we have obtained knowledge adapted to the fluid 
premises of a natural physical problem 

I think the idea that the purpose of study ib to arrive at a string of 
proofs of propositions is a little overdone even m pure mathematics Our 
purpose m studying the physical world includes much that is not com- 
prised in so narrow an ideal We might indeed say that, whereas for 
the mathematician insight is one of the tools and proof the finished 
product, for the physicist proof is one of the took and insight the finished 
product The tool must not usurp the place of the product, even though 
we fully recognise that disastrous results may occur when the tool is 
badly handled 


73 We now give an alternative derivation of the fundamental equation 
(711) which enables some points of detail to be discussed 

Tn isotropic radiation of density E the density of that part travelling 
in directions included within a solid angle dw ib 


Since the flow of energy in a star is not perfectly isotropic but depends 
on the angle 6 between dw and the direction of the radius we shall denote 
the energy-density of radiation within the solid angle dw by 


E(6) 


dw 
4v ' 


Consider a small cylinder of length ds and cross-section dS with its 
length in the direction 6 The infinitesimal dw is considered to be small 
compared with dS/d.s 2 , so that the divergence of the beam in the cylinder is 
negligible and the radiation witlim dw travels along the cylinder 
The amount entering the cylinder per second through the base is 

E (0)®^ cd8 (73 1). 


The amount leaving at the top is 

{E (6) + (*).*)£ *8 


(73-2). 
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The amount absorbed in the eyhnder is 

E (6) d ^cdS Ipds . ...(73-3) 

Finally, a certain amount will be emitted by the material in the eyhnder 
This will be emitted indiscriminately in all directions so that the amount 
within dm is the fraction dujji-rr of the whole So far as ordinary thermal 
emission is concerned the amount will depend on the temperature, but 
we must here include also any sub-atomic energy liberated in the form of 
aether waves If j is the total radiation emitted per gram per second, tho 
amount from the mass pdsdS m the eyhnder emitted within dm is 

j pdsdS . . (73 4). 


Balancing the gams (73 1) and (73 4) and the losses (73 2) and (73 3) 
by the ( vhnder in a steady state, we have 

(73 5) 


When E ( 9 ) is a function ot r and 6 only, as in a star, we have 


d 

ds 


- eos 9 


d 

dr 


sin 6 d 
r d6 


Llie second term oil the right takes account of the fact that proceeding 
along ds the axis of tho cylinder meets successive radii at a diminishing 
angle Hence 


on*e d r E(6)-*' m r 9 d g E(8)^ lP c kpE (6) « (73 6) 


74 First consider the ease when r is large and the curvature of the 
stratiiication m the star can be neglected Then (73 6) reduces to 

cos 9 d r E (B) # - k p E (8) (74 1 ) 

Let E be the total energy-density of the radiation, H the net outward 
flow per second across unit sui face perpendicular to r, and p lt ’ the actual 
pressure of the radiation in the radial direction (allowing for the imperfect 
isotropy) Then 

E 47r \ E W rfto | 

Hjr - ^ [ E ( 9 ) cos 6dm l (74 2). 

Pi/ ^ l E(B) cos 2 9dm 

Th ® P „ r ,° 0f ° f ^ he laBt two equations follows at once from the discussions 
in §& 31 ana 22 respectively 
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Multiply (74-1) first by dcojin and integrate, and secondly by dtu cos 0/4m 
and integrate We obtain 


ldH 
c dr 



...(74-3). 


dp R ' _ kpH 
dr c 


.. (74-4) 


The second equation agrees with (711) except that the actual operative 
stress-component p R ' appears instead of the hydrostatic approximation 
p R Reference to (74 2) shows that the error caused by using p K does not 
depend on the fore-and-aft asymmetry arising from the presence of a net 
flow H, but on the much smaller radial-transverse asymmetry which 
makes the weighted mean value of cos a 6 differ slightly from i . 

Equation (74 3) can be written 


cE 


1 

k 


ldH 
kp dr ' 

Til strict thermodynamical equilibrium with no outward flow H this 
becomes 

cE - jjk, 


or j - kacT 4 (74-5), 

giving the well-known law that the emission coefficient is proportional to 
the absorption coefficient for different kinds of matter at the same tempera- 
ture 


75 Let E‘(8 ) be expanded in zonal harmonics, viz 

E (8) - A h BP 1 (cos 8) | CP 2 (cos 8) -|- DP 3 (cos 6) 4 ... (75 I). 

I5j integration over a sphere, 

E = ^ I E ( 8 ) dtu = A 
Multiplying the senes by 'cos 8 and integrating, 

Hjc = ^ j E (8) P 1 (cos 8) dtu — ^ [ {P 1 (cos 8)} 2 dtu -=- \B 
Multiplying by P 2 (cos 9) ; cos 2 9- ], and integrating, 

j {Pit - Pit) -- ^ \{}E (9) cos 2 8 - IE (9)} dtu 

= ^ I { p i ( c °s 8)} 2 dw 

\C 

Hence the first three coefficients in the expansion have the interpretation 
A = E, B = 3 Hjc, C - (p H ' - p, t ) . (75-2) 
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Using the exact formula (73 6 ) in which curvature is taken into account 
we have 


/ a <1 
cos 6 


sm 8 (I 


,)(-* \BI\ 


CP 2 I 


By the properties of zonal harmonics 

cos 6 P n = (nP n _ i + (n + 
„ a d p n n (n + 1 ) 
dd 2n + l 


)= 3 - p - kp(A+BP 1 + CP 2 + 

c 

l)JVn>/(*»+ ] ). 

(B ,i-i — Br, u) 


) 


1 fence equating coefficients of the corresponding harmonics on both 
sides, we obtain the following seneR of equations 


/ 2d B 
1 3 dr 
/3 dC 
\5 dr 


dA 

dr 


2B\ 
3 r) 
6t7\ 
5 r) 


ldB 

, 2H 

3 dr 

+ 3r " 

/ 2dC 

6 C\ 

'5 dr 5 r ) 

3 (ID 

12 D\ 

k 7 dr 

7 r ) ~ 


+ 


- hpB .. 
- kpC 

— kpD 


(75 31), 
(75 32), 
(75 33), 
(75 34) 


Wo have already seeti that the opacity of stellar material is such that 
a typical point iu the intenor of a star is eut off almost completely from 
any direct radiation from matter differing m temperature by more than 
0 ° 001 (§71) Allowing a full difference ot 0 ° 001 we can have the point 
illuminated from one direction by the radiation from matter at say 
4,000 000 001 degrees and from another direction irofn matter at 
4,000,000 000 degree-. It is this unequal illumination which is responsible 
for the asymmetry ot E (<f) With the above numbers the proportional 
difference of intensity ot the radiation m the two directions is 1 part in 
1 0 9 Hence none ot the coefficients B, C, J), m (75 ] ) can exceed 10‘ 9 A 
Choose a unit ot length comparable w'lth the radius of the star and 
consider a point not unduly near the centre so that dBjdr and B/r are of 
the same older of magnitude as B, and so on for tho other coefficients. 
Since in (75 32) dC'jdi and Cjr are of order not greater than 10-* A, it 
follows that IpB is of the same order as dAjdi or A Hence kp must be 
of order 1<) 9 (as can be verified direct I 3 irom tho values we have given 
for the stellar opacity) Then from (75 33) we see that kpC is of order 
10 -B A , so that C is of order 10' 1H A It can now easily be shown that 
P), (E), are of orders Id -27 A, 10 ~ 3e A, etc * 


* Since the equations show that kpC, Ltd), kp (£) are of order not greater than 
1 0- » A , C and all subsequent coefficients arc not greater than 1 0~ 18 A This b eing 
proved the equations now show that kpD, kp [E), etc ore not greater than 10 -18 A ; 
hence I) and all subsequent coefficients are not groater than 10 -27 A , and so on. 
(The symbol (E) is used to avoid confusion with the energy-density E ) 
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For the region within a few thousand kilometreB of the centre the 
argument needs modification because then B/r is of much greater mag- 
"mtude than B But in this region where the asymmetry is just beginning 
to manifest itself and the temperature gradient is falling to zero B is much 
less than 10 -9 A The equations m fact show the manner m which the 
coefficients B, O, D, etc tend to zero with r 

By neglecting C m comparison with A, and B in comparison with 
kpA,vfc shall introduce errors of order 1 part in 10 18 in normal applications 
in the interior of a star Hence the following results from (75 31) and 
(75 32) are generally true to about 18 significant figures 


lepA = jp/c ) 
dA/dr = - lc P B\ 


and by (75 2) p R ' - p R 

Or since A = E, B = 3/7/c, we obtain 


(76 4), 


c dE 
3 kp dr 

; wiiii jjicviuu'' ictuiia 1 

of accuracy of the approximation 


fJ 




Skp dr J 

These agree with previous results, but we have now indicated the degree 
r of the approximation 


76 We may ask further how near to the surface of the star the 
equations (75 5) can be used without risk of failure of the approximation 
Our error is tif order (B/A) 1 At small distances below the surface If re- 
presents the flow of radiation which will shortly emerge from the surface 
of the star so that H - \acT , 4 by (31 1), where r l\ is the effective tempera- 
ture of the star Hence by (75 2) B -- \aT*, A = nT 4 Thus roughly 

(B/Ay - (T, Tf 

Thus the approximation is good down to a temperature about three times 
the effective temperature of the star 

The possible* failure of the equation of radiative equilibrium at tem- 
peratures below say 30,000° does not concern us in the investigations we 
shall make As explained in § 07 we stop working long before tins point is 
reached, and are able to dispense with knowledge of the conditions much 
below 1,000,000° 

The ratio (TJT)* may generally be taken as a measure of the accuracy 
of the equations m other parts of the star It is true that H may decrease^ 
before arriving at the surface where its value is directly related to T r but 

* Actuallv no serious break-down occurs (§ 231) 

f The spreading of the spherical wave mav more than compensate for its rein- 
forcement by supplies of liberated energy m the region traversed 
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the factor is unimportant It will be seen from this that the claim to a 
general accuracy of 1 part in 10 18 is by no means an overstatement 
In the exact equation (75 31) the left side is equal to 


1 d 

3r 2 dr 


(Br>) = 


1 d 
cr*dr 


(Hr*) 


Now 4 m*U is the net outward flow of radiation across the sphere of 
radius r It would be constant for successive spheres if no contribution 
to the flow were made by liberation of sub-atomic energy or other sources 
Actually there must be some such liberation in order to maintain a steady 
state so that d ( Hr*) /dr is positive Hence (75 31) shows that kpA <jp/c. 


or 

cE < j/k, 

the difference being due to the inclusion in j of emission other than 
ordinary thermal emission 

A number of subtleties arise when we attempt to retain terms of order 
10 18 over which we might linger for a long while if they were of any 
conceivable importance For instance, a question arises as to the exact 
definition of the temperature The effective temperature of the radiation 
is defined by E - aT 1 (§ 29) How closely will this agree with the tempera- 
ture of the matter defined by the mean speed of the molecules 9 If sub- 
atomic energy is being liberated in the form of aether waves there must 
be a net passage of energy from aether to matter so that the radiation 
temperature is slightly the higher Tf gravitational energy is being 
liberated by contraction this appears first as energy of molecular motion 
and the material temperature is the higher Since the equilibrium relation 
cE - j/k is only in error by at most 1 part m 10 18 the two temperatures 
cannot (litter by more than 10 -11 of a degree 

Since energy of gravitational contraction is not liberated in the form 
of radiation it is not to be included m j On the other hand, if the star is 
contracting the balance (73 0) is not exact , and if terms of order 10' 18 are 
returned, allowance must be made for the radiation accumulating m the 
cylinder m consequence of the slowly changing temperature of the star 
Further elaboration of these points may be left to the reader If a sense 
of confusion arises from the ramifications of the inquiry, we may always 
return to the alternative investigation m § 71 which goes straight to the 
point and shows the problem m clearer perspective 


Absorption and Opacity 

77 In the foregoing work we have assumed that the absorption 
coefficient k is independent of the direction 6 of the beam of radiation 
This would only be strictly true if the composition of the radiation travel- 
ling in different directions was the same Actually the inward-flowing 



RADIATIVE EQUILIBRIUM 


100 


radiation is of slightly lower average frequency than the outward-flowmg, 
because it is made up of emissions from matter at slightly lower tempera- 
ture Smce k varies according to the character of the radiation that is 
being absorbed the coefficient to be used for each stream should be that 
appropriate to its composition. 

It has been pointed out by S Rosseland* that this has important 
consequences Consider the equations (76 5) 

j = ckE I 

c_dE\ (77 1) 

U ~ Up dr) 

If the quantities j , H, E refer to the amount of radiation between narrow 
limits of frequency v to v + dv these equations will be correct smcc k ib 
then a constant k. They are therefore correct in the differential form 


dj = ck p I (v) dv 


dH=-~ 
3k, p 


"PA 


(77-16), 


where as usual we write dE = I (v) dv for the energy-density between 
v and v + dv Hence integrating 


j = c 
H = - 


I k p I (v) dv ) 
'o 

c f® 1 dl (v) , I 
3p'» k p dr ’’) 


Putting (77 2) in the form of (77 1) we write 
• j = ck x E 

c dE 


where 


II = - 


3 k 2 p dr 

k,I (v) dv — I I ( v ) dv 


the latter bemg obtained smce 


dl (v ) _ dl (v) dT 
dr dT dr 


(77 2). 


(77 31), 


(77 32), 


•• -(77 4), 


The result m brief is that the two equations (77 1) require that k shall 
be averaged m a different manner and if wc use them simultaneously our 
results will be in error by an averaging factor To distinguish the two 
mean values we call 


k 1 the mean coefficient of absorption, 
k 2 the coefficient of opacity. 


* Monthly Notices, 84, p. 525. 
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Since (77 32) is the fundamental equation used in astronomical theory, 
the astronomical rescan hes lead directly to a determination of the 
coefficient of opacity Attempts to calculate the absorption by a considera- 
tion of the physical processes occurring m the matter at given temperature 
and density usually depend on (77 31) and lead naturally to the mean 
coefficient of absoiption Thus the physical and the astronomical results 
are not n t netly comparable until the averaging factoi has been allowed for 
We shall, of course, take account of Rosseland’s correction when practic- 
able But in some cases the theories discussed are not sufficiently detailed 
to gi\ edj foi separate frequencies and only the total emission can be found ; 
exact correction is then impossible Averaging factors very commonly 
occur m statistical investigations and they are not usually so large as to 
disturb the rough kind of agreement wku h is the most we can hope for 
in these problems Rosseland’s factor is, however, liable to be of surprising 
importance and we must discuss it in some detail 


78 Since has the character of a harmonic mean and Aq of an arith- 
metic mean k t is likely to be smaller than Ji . This prediction is not certam 
in all cases because the weighting is not the same for A, and k 2 

The fact that k. L is a harmonic mean is highly important because it 
restricts the range within which we must seek for sources of absorption 
which contribute importantly to stellar opacity Suppose, for example, 
that we have studied exhaustively a range of frequency v x to v 2 which 
contains § of the whole weight of k z , that is to say, such that 


[■ •'* 0 / ( V ) 

dT 


dv 


2 [“ 
~ 3Jo 


dl(v) 

?T 


dv. 


Let the weighted mean value of ljk„ for this range be 1 jk' We can now 
set an upper limit to k it because — to take the worst possible case — even 
if is infinite outside this range (77 4) gives 

1 = 2 1 II 

k 2 3 k' f 3 x ’ 
so that k t — \k' . 


Whatever happens beyond the limits e, and v 2 , the opacity cannot be 
increased more than 50 per cent 

An upper limit to k 2 is especially valuable because the danger is that 
we may be unaware of some important mechanism of absorption and 
emission Indeed at the present moment physical theory apparently does 
not indicate sufficient absorption to agree with astronomical observation 
and we should be glad to find an additional mode of absorption The 
result just proved shows that we can narrow down our search to processes 
capable of absorbing and emitting frequencies between v x and v t , and 
relieves us from an exhaustive discussion of very low and very high 
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frequencies, which might be difficult and uncertain Of course we cannot 
ignore the regions beyond v, and v 2 entirely, smce anything like a trans- 
parent gap, wherever it occurred, might make k 2 very much less than k' 
But it is easy to convince ourselves that all such windows are blocked up 
by the study of a single process of absorption without exhaustive treat- 
ment 

The contrast between an arithmetic mean /•] and a harmonic mean k t 
is that, roughly speaking, in an arithmetic mean we have to fear infinite 
values and in a harmonic mean infinitesimal values. The latter fear is 
much more easily allayed than the former 

As an application of this, it has been pomted out by Rosseland that 
fine line absorption has no important effect on the opacity For taking 
together the spectral lines (of all the elements) in the range v r to v,— chiefly 
K and L lines of the X ray spectrum which are not unduly numerous— 
they will if of the usual narrowness cover up only a small part of the 
range However opaque they may be they can only increase the mean 
opacity proportionately to the area, or more strictly the weight, which 
they block out This leads us to expect that continuous absorption due 
to ionisation, and not line absorption due to excitation, will be the main 
cause of stellar opacity But it is doubtful if we ought to dismiss line 
absorption quite so summarily It is w r ell known that in certain conditions 
spectral lines may become very broad, and although the theory of the 
broadening is not at present well understood we may suspect that m the 
stellar interior the L lines of the elements are broad In that case the 
lines of the various elements may together cover the whole frequency 
range 


79 By Planck’sJLaw 




Cv 3 


6 h ” Ul - 1 ’ 


dl (v) Cli v *e l "' IRT 
dT ~ RT 1 _ 1 y 


Writing hvjRT — x, the weight of any range dx to be used in forming the 
mean value k 2 is proportional to 


x l e J dx 


(79 1) 


From this Table 8 has been calculated giving in the second column the 
relative weight for each value of x and in the third column the weight of 
the range from 0 to a; 

We see from the thud column that 69 per cent, of the weight is con- 
tributed by frequencies between 


2-5 RTfh and 7 RT/h. 
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At 10 million degr.es the frequency BT/h corresponds to wave-length 
14 3 A so that 09 per cent of the weight is between 6 and 2 A Foi 
elements of moderate atomic weight this corresponds to L radiation If 
18 this region that we must search particularly for sources of stellai 

opacity 

When dealing with sources of continuous absorption which operate 
chiefly in the above stretch of spectrum, we shall often drop the distinction 
between absorption and opacity for approximate treatment The correc- 
tion necessary to reduce l\ to k 2 will be referred to as Rosseland’s correction 


Table 8. 

Weights for Calculating Opacity. 


— hvjRT 

Weight at j 

Weight 0 to j 

0 

000 

0000 

I 

244 

0016 

1 

921 

0121 

11 

1 872 

038 

2 

2 897 

084 

21 

3 806 

150 

3 

4 467 

230 

4 

4 864 

413 

5 

4 270 

591 

6 

3 229 

736 

7 

2 194 

840 

8 

1 375 

908 

9 

-810 

949 

10 

454 

973 

00 

000 

1 000 


80 Consider two frequencies v' and v", the first in a strong absorption 
line or band and the second in a region of little absorption If we were 
considering the outer atmosphere of a star the absorption would cause the 
radiation to be lackmg in the constituent / But it is not so in the intenor 
of the star, where thermodynamic equilibnum is nearly perfect Strong 
absorption is compensated by strong emission, and v' and v" are present 
in the ordinary proportions indicated by Planck’s Law The difference is 
that whereas the v" radiation is on the whole flowing outwards the v 
radiation is practically brought to a standstill 

If, for example, v" is on the average absorbed and re-emitted once in 
100 cm path and v once in 1 cm path, the difference of intensity of the 
outward and inward streams of v" corresponds to the difference of tempera- 
ture of the points from which these streams were emitted, viz the tempera- 
ture drop in 200 cm The difference of intensity of the outward and inward 
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v' radiation corresponds to the temperature drop in 2 od The net outward 
flow for v' is thus only one-liundredth of that of v" 

If v' represents I per cent of the radiation and v" the remaining 9!) per 
cent , the absorption-line at v’ will double the total amount of absorption 
and emission going on, although constituting but a small part of the 
radiation it does as much business as all the rest put together Thin means 
that /■! is doubled But as regards opacity the efiect is that 1 pci cent of 
the radiation sutlers an almost complete check and the rest flows through 
as before Hence k 2 is only increased 1 per cent 
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SOLUTION OF THE EQUATIONS 


81 Flic fundamental equations of the theory of the interior of a star 
are the hydrostatic equation (34-3) and the equation of radiative equi- 
librium (71 I), vjy. 



(81 1 ), 


tlpit I pH 

dr r 


(812) 


The w hole pressure P is made up of gas pressure p a and radiation pressure 
Pi t , so lhat 

P Pa + pit . (813) 

Fiom (81 1) and (81 2) 

dpu - kH dP . (81 4) 

eg 


hi a steady state the amount of radiation inr z H flowing per second 
outwards across a sphere of radius r must be equal to the amount of energy 
liberated within the sphere, probably from subatomic sources Denoting 
by L r the liberation of energy per second within the sphere, we have 


so that 


II - L'H-nr 1 , g f/J/ r ,/ s , 
II 1 L r 
g inti M r 


(81 5). 


The quantity L T fM r is the a\ erage rate of liberation of energy per 
gram foi the region interior to r Presumably this liberation is greater 
at the hot dense centre than m the outer parts and L T /M T will d ('crease 
as r increases and the successively cooler lay ers are brought into the av erage 
But we do not anticipate that the decrease will be rapid The rate of 
generation of energy mav decrease rapidly with temperature, but the 
change of L f /J/ f will be much less maikc'd since il is toned clown by the 
avei aging 

Let M be the mass of the star, and L the total emission of energy per 
second from its surface (The observed bolometnc magnitude is deter- 
mined by L ) Then L/M is the boundaiy value of L,jM T We set 


L t tjL 
M, M 


(81 6), 


so (hat t] increases from 1 at the boundaiy to some unknown but not 
very large value at the centre The form of the function 17 depends on the 
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unknown law of liberation of subatomic energy, but it may be expected 
to be approximately the same for all stars. 

Substituting in (81 4) wo have 

dp “ = lncUM ^ hdP (817) * 


82 We are about to introduce an approximation with regard to the 
behaviour of qk, but before doing so we note that the exact equation 
(81 7) enables us to set an upper limit to the opacity k in any star (perfect 
gas or not) for which L and M are known by observation 

The temperature must in any case increase inwards and it seems 
extremely unlikely that the density can diminish inwards If both 
temperature and density increase the material pressure p G must increase 
Hence for an inward step dp a is positive, so that by (81 3) 

dpn < dP 

— r] -- < 1 

47 rrGM ’ 


Then by (81 7) 


and, since q > 1, k < incOM /L 

< 25100 M/L. 

For Capella (§ 13), Jfcf = 8 3 ]0 33 , L = 4 8. JO 35 Hence 
k < 435 c G s units 

Similarly for Sinus we find k < 030, and for the sun k < 13,200 Note 
that k cannot rise above these values in any part of the star unless there 
is a reversal of the density gradient 

The physical explanation of these upper limits is that the radiation 
observed to be emitted must work its way tlirougli the siar, and if there 
were too much obstruction it would blow up the star 

The upper limits found for Capella and Sinus .ue sulh' lently low' to 
narrow the held of speculation Absorption coefhi lents higher than these 
have been measured in laboratoiy expeiiments The upper limits in fait 
■ue onlv 4 oi 5 times greater than the definitive values of k found later 


83 We shall now work out the case in which qk is constant throughout 
the star 'fins requires that the absorption i oefTic lent should be nearly 
constant, decreasing a little towards the centre to counter balance the 
increase of 7 ; Reasons will be given 111 due com so for behoving that the 
absorption coefficient does behave in this way, and that qk = const is 
a very close approximation One simplification resulting from the as- 
sumption that 77 k is constant is that radiation pressure and gas pressure 
are in the same ratio throughout the star 

Accordingly let qk — const = k a (83 1), 

so that k 0 is m a sense the boundary value of k But it must be understood 
that the value of k in the photosphere may be widely different from k 0 


8-2 
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As explained in § 07 we have not much concern with the outer regions 
of the star, and there is no need to extend the assumption (83 1) into the 
low-temperature part of the star 

Integrating (81 7) p „ - P • (83 2). 


Strictly speaking, there is a small constant of integration of the order 
1 dyne per sq cm , since radiation pressure does not vanish at the surface 
We neglect this m comparison with the pressure of the order 10 12 dynes 
per sq cm in the mam part of the interior 
Introduce a constant 6, defined by 


Then by (83 2) 


Pit ~ (I - P) P' 

Pa PP I 

AttcAIM (1-/3) 

" to " 


(83 3) 
(83 4) 


The important equation (83 4) does not require any serious considera- 
tion of the low-temperature part of the star We lia\e written L/]] for 
the boundary value of but it is not necessary that our ‘ boundary ” 

should coincide with the surface of the star The only object in taking it 
at or near the surface is in order to have in our equation quantities deter- 
mined directly by observation, but this is sufficiently provided for if our 
“boundary” is taken where the temperature is say oi the central 
temperature By the method of § (>7 it is shown that the mass up to tins 
pomt is practically the whole mass of the star Also the radiation flowing 
through tins boundary is practically the radiation which flows out of the 
star since the small mass beyond can form no appreciable sink or source 
of energy Thus it is sufficient to develop the theory so far as to obtain 
the expression for LjM for the high -temperature part of the star, it is 
then justifiable to substitute for this in practice the observed surface 
value of LjM 

So far the formulae are valid whether the* material is a perfect gas or 
not 


Perfect Gases 

84 Now consider a star for which the material is a perfect gas so that 
it obeys the gas law 

Pa^- P T 

p 

Ph « \aT *, 
p __ 9{pT _ a T* 

Pp 3 (I — /3) 


Since also 
we have by (83 3) 


.. . (84 1) 
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Eliminating T we obtain 
where 



(84 2), 
(84 3) 


The distribution is thus one of the polytropic forms discussed in 
Chapter iv, viz that given by y = { , n = 3 (Table 6) Setting n = 3 in 
the second equation of (57-3) 

,GMy _ (4 k) 3 
1, M’ J 4-rrG 

4 3 35R 4 ( 1 1) 

4nG ap* 

lienee 1 - j8 = CAl^fS* (84 4), 


where 


4t tG\j 
3 4 J 5RW' 3 


-= 7 83 10 70 . 


(84 0) 


lime the mass of the star is expressed m grams and the molecular weight 
m terms of the hydrogen atom It is more convenient to express the mass 
of the star m terms of the sun’s mass (Q) Since 0 - 1 085 10 33 gm , 
(84 4) becomes 

1 - 0 - 00309 (AUG)- /i a (3 4 (84 6) 

The value of /3 is found by solving this qnartic equation, it can then 
lie substituted in (83 4) We notice that /3 depends only on the mass and 
mean molecular weight of the star and is independent of its radius and 
opacity 

Estimates of /i depend on a discussion of the ionisation m the interior 
(Chapter x) ’’For most stars the value is probably about 2 2, it may be 
slightly modilied according to the temperature and density of the particular 
stai considered 

Table f t, contauung the values of I — for vanous masses and assumed 
molecular weights, is given for the purpose of forming a general idea of 
the condilions A more extensive table intended for use m practical 
calculations will be found in § 100 


Table 9 


Valves of 1 — jS 


Mass 
(Sun 1 ) 

- - 

,i=4 

fi .{0 

i 

004 

026 

738 

i 

017 

082 

810 

i 

057 

195 

864 

2 

131 

344 

903 

4 

202 

492 

931 

8 

444 

620 

951 

50 

747 

836 

980 
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85 The quantify 1 — /3 represent* the ratio of radiation pressure to 
the whole pressure We have seen in § Jo that this has probably an 
intimate connection wuth the aggregation of the material of the universe 
into stars of a standard mass We there suggested that stars would be 
likely to form with radiation pressure between 15percent and 50 per cent 
of the whole— the idea being that greater radiation pressure would he 
highly dangerous to the stn bility of the star, whilst the aggregations would 
naturally reach a mass at which the nsk began 

With this criterion, p 2 2 gives a standard mass from 2 to 10 times 
the sun’s mass, and p - 3 5 a mass J to 4 times the sun’s mass The latter 
is nearer to the geneial aveiage of the stars, perhaps a rather higher 
molecular weight would fit still better We have suggested two possible 
explanations ot this (1) t.hat the critical period occurs early in the aggrega- 
tion of the matter into stars when temperature and ionisation arc low, so 
that p is highei than in fully developed stars, (2) that stellar masses 
decrease somewhat in the course of evolutron Judging from their luminosity, 
stars in the earliest stage (K and M giants) seldom have masses below 2 
In any ease, we are scarcely m a position to attach importance to a factor 
of 2 or 3 and may well feel satisfied with the general coincidence in ordei 
of magnitude between stellar masses and the cntioal range for radiation 
pressure* 

Tf there were anv doubt as to the existence of strong ionisation inside 
a star, the third column of Table 0 could be appealed to For undis- 
soeiafed atoms we should expect a molecular weight 30 or higher and the 
table shows that very intense radiation pressure would result It would 
be difficult to accept the conclusion that ill Capelin 03 per cent of the 
weight of the material is suppoited bv pressure of the outrushing radiation , 
and it is satisfactory that the ionisation predicted by thermodynamical 
theorv renders the state of the star much loss precarious 

Lumuiovty and Opacity. 

86 Neglecting possible small changes of p dependent on the tempera- 
ture and density, 1 — f3 is a func (ion of the mass only Hence by (S3 4)— - 
For qaseou't ifai <• of the same mans the total radiation L is inversely 
propoitional to the opacity lr„ 

This fundamental result can be established on a wider basis without 
using Ihe approximation ij k = const 

Consider two homologous stars in winch corresponding regions contain 
the same mass lmt differ m linear scale We shall assume (1) that the 
relative distribution of the source of energy is the same for both so that 
LJL is the same at corresponding points, and (2) that k vanes with p and 
T according to some law of the form p x T», so that the distnbution of k is 
homologous if the distnbution of p and T is homologous in the two stars 
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Alteration of the linear dimensions in the ratio l will alter p m the ratio 
/ - 3 and g in the ratio 2 To preserve homology p (J and pa at corresponding 
’points must keep the same ratio to one another This means that pT must 
change m the same ratio as T* Hence T changes in the ratio I -1 , and 
p Jt and Pa in the ratio l~ l Inserting these changes m the equations of 
equilibrium (81 1) and (81 7), the first continues to be satisfied and the 
second is satisfied if ^ 

is unaltered at every point The assumptions stated above secure that 
jj is unaltered and that k is altered in tile same ratio at every point Hence 
the sufficient condition is that kL is unaltered, or that L is inversely 
proportional to l 

In putting forward the giant and dwarf theory of evolution Russell 
and llertzsprung laid stress on the fact that observational statistics show 
a senes of bright (giant) stars which have about the same luminosity from 
type 3/ to type A, as well as a series of rapidly diminishing brightness 
from A to M (dwarfs) The giants all have low density so that our results 
for a perfect gas are unquestionably applicable to them Assuming that 
there is no important change of average mass along the giant senes*, 
the approximate constancy of L shows that k 0 must also be approximately 
constant along the series 

Tins evidence is admittedly rough In Russell’s type-lummosity dia- 
gram the giant series lies along a fairly horizontal line indicating constant 
absolute visual magnitude This must be corrected to reduce to bolometne 
magnitude apd also for ('fleets of select ion of the data Then the weak 
point arises that we have very little direct evidence as to how constant is 
the average mass along the line Perhaps also allowance should be mad ' 
for a slightly smaller molecular weight at the hotter end of the senes 

But rough as it. is this indication is remarkably suggestive, because 
between type 31 and tvpe A there is a great change m the internal con- 
dition of the star and, as we shall presentlv see, the internal temperature 
rises tenfold It would be something to the good to be able to say definitely 
that the change of l n is not more than m the ratio 20 1 In physical 

experiments X raj 7 absorption is a rapidly varying function of the wave- 
length of the ladiation and therefore of the temperature, a range of 
1000 1 is by no means excluded 

87 To proceed further we must be able to compare the internal 
temperatures of stars of different spectral types The fundamental formulae 
so far obtained in tins chapter are 

1 - £ - 00309 (3//0) 2 p 4 £ 4 , 

L = Attc.QM (1 - P)jl„ 

* We have purposely stopped short at tvpe A since beyond this (in types B and 
O) the average mass is known to be considerable greater 
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To these ma) be added 

7" _ 3* (I-/?) (87-])j 

P apP 

which is c untamed in (84 1) Tins shows that l"/p, which is constant 
throughout any one star is also constant foi aJJ stars of the same mass 
(As usual we neglect possible small differences of fi ) 

Hence in stars of the same mass the temperature at homologous points, 
in the inferior rartes as the rube root of the mean density 

The effective temperature follows a different law The levels where the 
temperature is equal to T r (somewhere in the photosphere) are not at 
homologous points in fact as the density and temperature of the star 
increase, the photosphere comes relatively nearer to the surface By (31 1) 
the hl.iek-hodc radiation of matter at temperature T is 
\aeT l per sq cm per sec 

hence from a sphere of radius 11 the radiation per seeond is 
L - 4irR- \acT 4 - m,eR*7* 

Aceoidmgly the effective temperature of a star is defined by 

L - irac&T* (87 2), 

since this gives the temperature of the black body giving the same amount 
of radiation as the star 

The mean density of the star is 


M 

[ttW 


Wy/rr . . M 

4 («"■)• 'V- 

u 


Pm a ( r,r )' , / r" (N7 3) 

by (87 2) Tlie central density being a constant multiple of p m we have 


p, oc ML r,\ 

so that by (87 1) we have for stars of live) mass 

T r a. L J T r 2 (87 4) 

We may take the effective temperature ten t\po M to be 3000°, and 
for type A 10,500' Hence if L is constant (as the observations appear 
to indicate) the range 1 of central temperature is 12 I The range of mean 
densit v should be the cube of this — about 2000 1 — and this is in accord- 

ance with our general knowledge of the densities of these types 

For the reasons already stated it is difficult to judge how closely the 
rule that L is constant for stars of the same mass is supported by observa- 
tion As bias may enter into our estimates it may be best to quote an 
opinion formed by the writer before he had arrived at any theory as to 
w'hat the variations of k 0 ought to he* He then concluded from the 
observations that t„ might vary as rapidly as T 4 or but was not 
likely to pass beyond these limits This corresponds to a range of 3 5 1 


* Zeits fur Physik, 7, p 368 
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in £(, for the series of stars from M to A, and therefore to an equal range 
of L This is equivalent to a range of 1-4 bolometnc magnitudes No idea 
*was formed as to which direction of variation was the more likelj 

Having found that k 0 is tolerably constant throughout a 12-fold range 
of temperature it would seem natural to conclude that at stellar tempera- 
tures it tends to a constant value independent of physical conditions 
altogether The opacity would then be the same for all stars whatever 
their masses This conclusion 11111011 was accepted in the writer’s earlier 
papers, turns out to be fallacious Wc are now convinced that k does 
indeed wary rapidly w T ith the temperature but it also vanes with the 
density The major part of the vanation is proportional to p/7' 3 which is 
,i constant for stars of the same mass (and also within <inv one star) 
Thus the main v anation conceals itself in our first study of the observational 
data, and it springs a surprise on us when we begin to compare stars of 
different masses 

88 The approximate constancy of k„ from star to star in the giant 
sines which we have /oicnrf must he distinguish* d from the apjiroxmmte 
constancy of k (and more strictlj of pk) within a single star which we have 
n^iimed A little < onsideiation will show that there lias been no vicious 
i licit* If pk is iambic within a star we may still expect that some kind 
of average value of it will be determined by (83 4), then eompanson with 
observation gives us the unexpected result that nearly the same average 
value holds in other stars in spite of gre at diflerenccs of physical condition 

Hut havn *g now found that the absorption changes very little from 
star to star notwithstanding great differences of temporal uie, it seems so 
much the mou likely (hat we were right in assuming that its variations 
witlun a single star could be* neglected A tenfold range of temperature 
covers all the interior of a star with which it is necessary for us to deal, 
and we have verified the approximate constancy ovei a tenfold range of 
temperature from star to star We have venfied it for stars presumed to 
lie of the same mass and therefore subject to the limitation p/T 3 - con- 
stant , but that is just the condition satisfied by diflorent parts of the same 
star Thus we have already evidence that our first wild shot is likely to 
be a tolerable approximation We now turn to some results which suggest 
that it may he an especially good approximation 


The Appro) motion pi - constant 

89 Anticipating the results of the theoretical investigation of absorp- 
tion in Chapter ix w'c accept as the law of absorption 

k oc p/pT' 


.. (89 1 ), 



122 


SOLUTION OK THE EQUATIONS 


whK'h when applied to the different paits of a single star (or to stars „f 
the same mass) reduces bv (»' J ) t( > 

ixT 1 - • -(SO 2) 

'] |, is conn ides with one of the limits suggested m § 87 as being consistent 
with fhe observed magnitudes of fJte giant senes At present the physical 
tlieon of absorption is not definitive, and we must not lay undue stress 
on tiie odd half power of the temperature But (80 ]) is the law which 
appe ars most likely according loom limited knowledge anditisappropnate 
<o develop its con equences fully for comparison with astronomical 
obsc-n at ion 

The function rj depends on fhe relative distribution in different paits 
of fhe star of flic source of stellar energy a distribution at present 
unknown What makes progress possible is that rj is comparative] 1 ! m- 
censili e to \ cj v great changes m the assumed distribution of the source' 
The general effect of such changes can he seen in the following way The 
tempc'i ature gradient in a star achieves two pm poses it gives a pressure 
gi ache nt great enough to distend the mass M of the star against gravity 
and it drives t he radiation /, through f lie obstructing opacity to the surface 
Now L comes from varying depths according to the distribution of the 
source If we concentrate the source of L to the centre' a greater pro- 
portion of L comes from the deeper parts and more temperature gradient 
is required near the centre to drive it through Oi, if the temperature drop 
at our disposal is limited by tin' known mass and distension of the star 
(it 1 to the amount required to achieve the first purpose] we must be 
content with less L lienee in general LtJ\1 w ill be decreased by concentrat- 
ing the source to the centre What concerns ub lb the average optical 
depth of the sourc e of eneigv below the surface To evaluate this precisely 
we must Know the law of distribution of the source' But it is clear that, 
whether the source is spread uniformly over the mass or whether it is 
stionglv concentrated to the centre, the* difference m average depth will 
be a factor of the order 2 or 3 of no great consequence for a first 
approximation 


90 Lctchc the rate of liberation of energy pergram We can represent 
various degrees of concentration of the source to the centre by taking e to 
vary as T' within a single star 

First consider the law e oc T Then the average value of e within a 
sphere- of laclius r will be proportional to the average temperature within 
the sphere Compainig r — 0 and r = It, we have 

Vc T c 

1 ' 3V 

since the ratio of the if s for two spheres is the ratio of the average values 
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of € in the fwo spheres (Central values are denoted by the suffix c ) By 
((52 1 ) TJT' = 0 584 Hence 
* ^ -17 

[f vve proceed from the centre to a distance including 95 per cent of 
the mass the temperature drops in the ratio 1 0 21 (Table f>). Hence by 

(89 2) L increases in the ratio 1 2 2 Meanwhile q undergoc i practically 

its full decrease in the ratio 1 7 I Evidently r/f. keeps remarkably steady 
in the mam part of the mass of the star A more detailed calculation tor 
intermediate points is given in Table It) 

The law e x T lepresents a moderate concentration of the source of 
energy to the centre* If the source is subatomic we can well imagine that 
a much stronger concentration occurs It is desirable therefore to consider 
6 oc 7' 2 and e x T l Results obtained by rough calculation of q are given for 
four dilierent laws in Table 10 The star is divided into 10 shells of equal 
mass and the values of T, q and qT~^ are gn en for the limit of each shell, 
the central temperature being taken as unityf 

Table 10 


'1'eM of constancy of qT~^ 


Mr! 1/ 

T 

e € fillet 

eoc /' 

c ac 7 2 

car 

7* 










1 

1 

v r ‘ 

V 

1 v r * 

V 

V 1 

0 0 

] 00 

1 00 

1 70 

1 70 

2 77 

| 2 57 

4 71 

4 71 

0 i 

0 88 , 

1 07 

1 .77 

1 08 

2 18 

2 32 

3 38 

3 60 

0 2 

0 80 

1 12 

1 19 

1 07 

] 97 

1 2 20 

2 81 

3 14 

0 3 

0 7) 

1 17 

1 41 

1 65 

1 81 

2 12 

2 40 

2 81 

0 4 

0 (>() 

1 2,1 

1 10 

1 07 

1 07 

1 > 0(> 

2 07 

2 55 

O ■> 

0 00 

1 29 

1 !l 

1 69 

1 71 

1 99 

1 80 

2 33 

0 0 

0 r >i 

I 37 

1 27 

1 72 

I 11 

1 04 

I 58 

2 17 

0 7 

0 40 

1 17 

1 19 

1 70 

1 31 

1 1 93 

1 40 

2 06 

08 

0 38 

1 02 

1 13 

1 84 

1 20 

1 1 9,7 

1 24 

2 02 

0 0 

0 28 

1 80 

1 07 

1 ()> 

1 10 

2 OS 

1 11 

2 10 

Mr 

an 

.32 


1 74 


2 12 


2 7.7 


The constancy of q T is best for € x T, but it is also reasonably i lose 
for the other lavs In Table 10 7, has been taken as unit, so that 

'T 1 = Lfl, 

* The law c uc T also corresponds to the contraction theory of stollar energy if 
the star passes tluough a series of homologous states 

t The solution based on the approximation tjA -const is used to calculate these 
values, so that, for exampli , the values of t\T i are only to be trusted if they turn 
out to be reasonably constant The table tests tho first approximation, it would be 
a dubious procedure to use it as a starting-point for a second approximation. 
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Hence yT - — yk/k c ko/^e > 

where ^ is the constant introduced in § 83 

jf t,'/ 1 "- is not quite constant the closest approximation to k 0 jk e will 
be given by using (he m> an value of given at the foot of the table 
Hence 183 4) may be wntten 

y, = ■krrcGM (1 - $) ( 90 

uL 


for c x const T 7 “ / 4 

res pe< tively The biightness diminishes as the concentration of the soune 
to tin* centic mei eases, as already foreseen When numerical results are 
required we shall genet ally adopt a •- 2 5 representing a fairly strong 
concentration 1 o the centre 


Point-source of Energy 

91 ft will appear in later Chapters that the observed brightness of 
the stars is less than that predicted by present physical theories and that 
it is very difficult to line! a plausible explanation of the discordance The 
predicted brightness is decreased bv concentiating the source of energy 
towards the centre and the discordance therein le&sened We inquire 
wJiat is the maximum possible change that can be made in this way on 
the most extreme suppositions We theiefoie consider now the limit when 
the com cntration is c omplcte and the* source' of stellar energy is a point- 
source at the centre* 

This problem can only be- solved by very laborious liumeije al calcula- 
tions, but it seems worth while to carry out an accurate calculation for 
this limiting ease m order that we max' know the extreme margin of error 
entailed by our present ignorance of the law's of liberation of subatomic 
energy 

The differential equations of the theory are 

e/p,, - - kpHdr/c (91 1), 

dP = - gpdr (91 2). 

Jfor a point -soiiiee at the centre emitting the whole of the energy L 
ultimately radiated by the star 

H — LjAnr 1 , 

and the adopted law of absorption is 

k = k lP jT\ 

* Monthly Notice 85, p 408 
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where Jfc, is a constant. We take p. constant throughout the star, the effect 
of varying /a being reserved for discussion in § 94 Hence (91 1) becomes 



dp a = - 


Lj L p 1 

4ttc r*T x 


dt 


(91 3) 


With (91-2) and (91 3) we carry on a quadrature for P and p R After 
each step we find T and p from P and p H The mass of the n Jdod shell is 
computed from the values of p and added to fhe current total, hence the 
new value of g is found We are then ready to determine dp It and dP for 
the next step dr The usual devices of quadrature are employed, including 
the guessing of half-way values to be subsequently checked 

The only serious trouble arises with regard to starting values The 
mass M and radius It of the star are only found at the end of the calcula- 
tion, in their place we must have two disposable initial conditions at the 
start Unfortunately we can only make a begmning by fixing three dis- 
posable constants, viz the constant L,L for the star and the temperature 
T and density p at the starting-point * W e thus over-t ondition the problem 
and generally fail to reach a solution The failuie betrays itself by p G 
falling to zero whilst p H is still large or vice versa, thus violating the 
boundary condition that both vanish almost simultaneously In that 
case we must modify one of the initial quantities say T, and try again 
After many trials we contrive to straddle the true solution sufficiently 
closely Of course a great amount of calculation is wasted on unsuccessful 
trials 

The following value was taken 

" logiu i\L 02 6590, 

and the solution began at r - 0 9 10" cm with an adopted density 0 01 
These values ultimately fix M and B The temperature at the starting- 
point was varied until two solutions w ere obtained which kept close 
together until reasonably near the edge of the star, and then failed in 
opposite ways, l e p a ran off to zero prematurely m one case and p H m 
the other The solutions gave respectively 9 687 10 J3 and 9 706 If) 33 for 
the mass M r up to r =- 8 I J0 U , and as little mass remained to be uddul 
the limits were close enough to fix the mass with ample accuracy 

Finally, as a complete cheek suitable! starting values of P, p E and M r 
at r — 8 1 , 10 u were interpolated, and the solution earned backwards 
towards the centre with double the number of intermediate steps Working 
m this direction the mass M r is stripped off m successive shells and the 
test is that M r must just reach zero at the centre The test was well 


* The density at the centre is zero, the mass being driven away by tlio intense 
radiation pressure, so we start at some fixed diBtance from the centre where the 
density is still very low and the interior mass is just beginning to be of ac< mint 
fie suitable for carrying the solution considerably further outwards before 
Pa or p R ran off to zero 
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J4U 

fulfilled and it was potable to go beyond the ongmal startmg-pom, , 0 
r = 0 5 10 11 the small mass then remaining would fill the interior imj. 
mean density 0038 which is (as nearly as we can judge) the prop, r 
l elation to the actual density 0005 at the pom reached There wee 
7(, steps in this final calculation and the results at every fourth step ai, 
given in Table 1 1 The adopted value of p was 2 2 


r|i.. |.I A 11 


Solution for a Potnl-scvrrr 


, - 

1 ^ 

p 

T 

] 1 

0020 

052 


1 02 34 

089 

i a 

0041 

1 273 

1 1 7 

2530 

1 .701 

. 2 1 

51 17 

1 050 

2 n 

007 

1 720 

i 29 

1 028 

1 007 

1 *1 3 

2 422 

1 578 

■1 7 

3 337 

1 301 

4 1 

4 313 

1 100 

1 5 

5 280 

934 

4 <1 

0 108 

710 

a 3 

7 012 

5.15 

n 7 

7 707 

388 

(» 4 

8 278 

274 

0 5 

8 734 

1805 

(.0 

0 088 

1288 

7 3 


<>KC> I 

7 7 

<) ") r »4 

0507 

8 1 

0 000 I 

0372 

Unit 10 11 

10" 

10 - 


r 

i Pit 

/'• 

0 93 

I 5 889 

1 007 

0 08 

1 5 005 

2 477 

0 4.3 

4 344 

3 070 

0 16 

i 07.5 

.3 473 

ft 88 

3 043 

3 0(10 

5 57 

2 452 

3 009 

5 24 

1 010 

.3 330 

4 88 

1 448 

2 892 

4 51 

1 058 

2 356 

4 14 

7480 

1 811 

3 77 

5144 

1 321 

3 41 

344) 

0202 

3 07 

2250 

0162 

2 74 

144 1 

3990 

2 44 

0909 

2511 

2 17 

05041 

1543 

1 02 

03448 

(8/208 

1 00 

02071 

054.50 

I 48 

01215 j 

03141. 

1 28 

001.75 1 

01780 



10* 

10'* 

10“ 


We see from the trend of the column 21, that not much mass remains 
to lie added after the last line of the table Tile small amount to come, 
computed by the methods of § 07, is found lo lie AM — 0 20 JO 3 * gm The 
additional radius, which is not required with any great accmacy, is also 
uppio\imatelv calculated to be Alt - 3 25 10 u cm 

92 Our result then is that a star for which 

M - !) 00 10' 3 gm ^ 5 02 a O, 

It -- 11 35 I0 11 cm 
emits radiation at a rate given by 

log,o --- 02 05!)0 

For comparison we calculate by our previous methods the radiation L' 
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from the same star if the source obeys the law e oc T, this being the law 
for which our ordinary method is most accurate The result is 
. log 10 l y L' - 63 0467, 

so that log (L’/L) - 0 388, 

corresponding to a magnitude difference 0 m 07 

The point-source gives the lowest possible brightness and we may take 
the law' e « T as giving the greatest possible brightness, since the concen- 
tration of the source to the centre can scarcely be less than this We 
could split the difference by adopting a - 2 76 in (00 1) The extreme 
uncertainty (not the probable uncertainty) due to ignorance of the law 
of subatomic energy would then be i 0 m 5 

The foregoing numerical solution applies only to stars of mass 5 02 x O, 
but it can be adapted to any assigned radius of the star since it is easily 
proved that an alteration of radius leaves the solution homologous The 
magnitude difference 0 m 97 between L and L' does not depend on the 
radius It will no doubt change with the mass of the star, presumably 
being less for the less massive stars This could only be tested by repeating 
the whole work with other constants But our main purpose is achieved 
by calculation for a single mass suite the discrepancy referred to at the 
beginning of § 91 is shown by all stars In particular it was desired to 
investigate the problem for a masb ncai that of Capelin for which the best 
ubseivational data are available* 

Attention may be called to a few points of interest ill Table II The 
ratio of p u to p a in the outei parts settles down to a value near 0 37, for 
the usual solution for the same stai the ratio (l — /3)/y3 is 0 52 throughout 
In the main part of the mass the point-source gives slightly mo-e uniform 
temperatuie and considerably more uniform density than the usual 
solution 

93 The nuiiieucal results obtained m the trial solutions bring home 
to ns veiv vividly the fact that the general internal conditions determine 
the surface conditions and not / ire reisa We lind that two solutions which 
aie scarcely distinguishable to font significant figure's through ,‘J, of the 
mass of the star will diverge lapidly in opposite directions before the 
boundary is reached 1’iacticallv am kind of distribution in * ho outer 
laycis can be tacked on to the same solution for the mum part of the mass 
(l e the same to the number of sigmlic ant figures c ominonly employed) 

At first sight it might be thought that the solution must depend on 
the surface conditions because we actually employ eel a boundary condition 
viz that pi t and p a vanish together to decide the value of T corresponding 
to r - 0 9, p =- 0 01, other trial values of T were rejected because they 

* It v\ us also thought host to choose a stai with fmrlv large ladiution pressure, 
sinee this hi mgs in a complication which makes it lesb eas^ to prophesy the result 
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failed to satisfy tins But here “ vanish ” must be understood m the 
ordinary physical sense, 1 e “become insignificant ’ , and p R and p C! are 
insignificant for the present purposes when they become less than, saj ' 
10 s dynes per sq cm Any more refined expression of the boundary con- 
dition is quite superfluous It is after all only commonsense that we shall 
not seriously disturb the internal condition of a star by applymg a trivial 
radiation pressure or gas pressure of the order 100 atmospheres to its 
surface, but it is nil cresting to trace m the numerical calculations how 
rapidly the effects of such surface disturbances fade out as we descend 


Variable Molecular Weight 


94 Ionisation of the atoms is favoured by high temperature and by 
low <I< nsity In general the influence of temperature predominates and 
we must e\pe< t flic- ionisation to increase as we go towards the centre of 
the stai This involves a gradual dec rease of molecular weight towards the 
centie the same atomic weight representing an increasing number of 
independently moving particles or “molecules ” 

In order to study a molecular weight decreasing inwards we consider 
laws of (he form 

V - Pi T ~\ 


and lmd the modification of our former results foi constant p m § 84 We 
use the approximation rjl const 
Equation (84 l)now becomes 



9? pT'^ aT l 

/S/'r ' »'(1 P) 

t, 

(94 J), 

so that 

a Hp yi3_, 

p m(i-p) 

(94 21) 

Hence 

II 

-o 

(94 22), 

where 

r = 4 /( 3 - ») 

(94 23), 


a (35R (] - P)n 

K 3 (l — P) i ap t p | 

(94 24) 

Sotting as usual 

7=1 + l/», 



3-s 
n = , 

1 + s 

• (94 3), 

and the distribution 
By (57 2) 

is of the polytropic type treated in 

Chapter IV 





( n + ])"*“ 


47 tG 


- {n + 


1)3- n (P.) 

Vo/ 
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by (55 6) and (55 42) The suffix 0 here indicates central values Hence 
/OM\ 2 _ (» + l) a f a i» (3<R (1 - ft)~*» iM2y 
\M'J ~ 4 nU 13 (I -ft) l ap.ft j | ftp, ) 

(» ' J) 3 3 (J - ft /»>*-, 4t 
4jrt; a VftiJ 0 

, (* + l) 3 3 (1 ft / w y 
4 ttG a Vftv 

This gives 1 — ft — O n p^ft* (94 4), 

»vhere • C„ ^ ^ ( {y AJ l (94 5), 

and M„ is the value of M ’ for the lawPn p 1 1 " 

We have thus a quart ic equation (94 4) for ft analogous to (84 4) the 
coefficient C n depending on the law adopted for the change of molecular 
weight by (94 3) Constant molecular weight corresponds to re — 3 But 
(94 4) contains the central (minimum) molecular weight /i,, It would 
make a fairer comparison with the results for constant molecular weight 
if we used an average value ol p, instead of the minimum value 

The effect of varying molecular weight can best bo appreciated if we 
use iri all cus<\ the standaid formula 

1 ft- 00309 (J/ ( 0) 3 p J ft (94 0), 

atid indicate how to choose the avciagc value p so that this may be exact 
The condition reconciling (94 4) and (94 0) is 

. ~ (\p l (94 71), 

since 00309 C 3 The requited value of p occurs at a point m the star 
where the temperature T n is such that 

p„T a - pT (94 72) 

i 

T tC \ +s 

so that tI~\c) ( y 4ft 

In Table 12 results are given for various laws p oc The columns 
M n and p r /p,„ are taken from Emden’s tables, except foi ft — J, which is 
a rough interpolation We have included a mnge of laws much wider 
than is likely to be reqiiiied, including laws m which p decreases out- 
wards The fourth column gives the coefficient to be used in place of 
00309 in (94 4) Alternatively if we use (94 (>) p must be calculated for 
a point in the star where th" temperature T„ is as given in the sixth 
column It will be seen that if we use the value of p appropriate to a 
region of the star where the tempciature is \ of the central temperature, 
the result will serve foi any law between s = 0 and s — \ 

The value s = £ would give a reasonable representation of the expected 
effect With this law a molecular weight 2 1 (iron retaining 1 or 2 electrons) 
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at 10,000,000° would become 3 3 (iron with K and L rings complete) at 
1,000,000°, and 8 3 (iron with f* electrons missing) at 10,000°. If the 
elements are mainly lighter than iron this may be an over-correction of* 
the effect Tt is possible that there may bo a compensation due to the 
elements of high atomic weight tending to concentrate towards the centre, 
but according to present knowledge this seems unlikely (§ 196) In 
obtaining the' lesults for Capella (§ 13) the value .s = | has been assumed 
which is perhaps nearly as piobablo as s = \* 


Table 12. 

Molecular Weight varying as T~\ 



w 

, V. 


Pci Pm 

TJT. 


4 r, 

1 7357 

00100 

0377 

548 

1 

& 

4 

. 1 80fi4 

00107 

623 

670 

0 

3 

i 2 oi no 

00300 

54 30 

— 

1 

2 '» 

2 201(1 

00.187 

24 08 

675 

1 

2 “)3 

! (2 27) 

00421 

(20) 

679 

1 

1 

2 

1 2 4107 

00512 

11 40 

685 

2 

1 5 

2 7170 

00000 

6 00 

713 

i 

1 

J 1410 

01002 

3 29 

742 


It will be seen that the central density is about 20-25 times the mean 
density when allowance is made for variable /a as compared with 54 times 
the mean density on the usual assumption of constant /j. The central 
temperatures will also be reduced a little The change is not so very 
important, because there is in any case an uncertain factor of about 2 m 
the central density owing to our ignorance of the low temperature part of 
the star (§67) Also, although it is convenient to give the central tempera- 
ture and density for comparative purposes, we are really more concerned 
with mean conditions than with these extreme values. 


Dense Stars. 

95. According to the giant and dwarf theory the dwarf senes of stars 
is due to the material of a star ceasing to behave as a perfect gas when 
the density becomes great The theory assumes that the deviations set in 
at about the same density under stellar conditions as m terrestrial gases 
In the author’s earlier papers the theory of imperfect gases was developed 
in considerable detail for application to dwarf stars 

* Results tor * - i could not bo given with so much detail since Emdon’s tables 
do not include this vnlue Fowler and Guggenheim’s calculations indicate that the 
value s = I is quite largo enough (§ 180) 
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It now appears very unlikely that any of the stars, except probably 
jhe mysterious “white dwarfs,” deviate appreciably from a perfect gas, 
so that these early attempts to treat the dwarf stars have lost interest 
Hut we cannot ignore the study of imperfect gases entirely It is part of 
our task to set forth the astronomical evidence that leads to the conclusion 
that the dwarf stars obey the gas laws, and for this it is neccssiry to discuss 
n hat would happen if they did not 

Vaii der Waals’ equation for an imperfect gas is 
(V + a/i 2 ) (v - b) = ‘HT/n, 

the volume v being the reciprocal of the density The term a/t' 1 can be 
neglected in companson -with the enormous pressures in the stars The 
equation can then be written 

Pa = *p'T . . (95 1), 

r 


where 


p' = p (1 - p/p 0 )-' ... (95 2), 


and p a represents the limiting density when the pressure is infinite 

It would be idle to discuss the validity of this equation in actual stellar 
conditions because our ultimate conclusion will be that it does not apply 
at all, the supposed deviations due to the finite size of the atoms having 
no existence We take (95 1) as giving a model star deviating from a 
perfect gas in a way similar to terrestrial gas 
It is assumed as before that rjk is constant 

The results (84 1), (84 2) and (84 3) apply if p is replaced by />', and 
the equations of equilibrium are accordingly 


dP 

dr -~ qp ' 


P - 


K P 


Hence L d(p'*)— - y dr. 

p K 

The left side tan be integrated, giving 

d {4p'J (1 i p'jipo)) - - (</'«) dr (95 3) 

We choose p 0 according to the extent of the deviation from a perfect 
gas which we wish to consider Wo then start at the centre of the star 
with arbitrarily chosen values of k and central density p c and build up 
a solution of (95 3) by quadratures The mass M and radius If are found 
at the end of the quadratures, when p has been brought down by steps to 
zero Unlike the problem of the point-source (§ 91) the solution presents 
no difficulty and the quadrature is of the simplest kind 

If in any solution of (95 3) all masses are altered in the ratio M and 
all lengths m the ratio ilK densities will be unaltered and the left side of 
the equation is unaltered Since gdr is then altered m the ratio k 
must be altered in the ratio M^. 


9-2 



132 


SOLUTION OK THE EQUATIONS 


Thus, having found any parr of corresponding values of M and k wc 
can find k for any other star of different mass but of the same mean, 
density To pass to another mean density a new quadrature is necessary'. 
From k we find 1 — /3 by (84 3) 

Results of a number of such calculations are given in Table 13*. 


Table 13 

Solution for Dense Stars (k = 2 22 10 -g ) 


Pi Pit 

/.• 

M 

3 

l‘>Kl«<c(-V- ®) 

0 <1 

2 294 

29 70 

0 587 

13 5504 

0 s 

1 800 

8 325 

0 .140 

13 9247 

<1 7 

1 717 

4 112 

0 194 

14 1289 

n (> 

1 790 

2 592 

0 1078 

14 2025 

0 5 

1 <158 

1 884 

0 0000 

14 1749 

0 1 

2 223 

1 483 

0 0.122 

1 1 4241 

0.1 

2 010 

1 245 

(1 010(1 

14 4718 

0 0 


0 884 


14 5739 


The values used in the calculations for this table were « =- \(] and 
Po =- 1 These give ‘ stars ’ of mass only a few grams, but the results can 
aftcrndiels be transformed to the stellar scale Columns 2 and 3 give the 
radius m centimetres and the mass in grams reeultmg from the quadratures 
From these no hnd at once the mean density tabulated m i olumn 4 We 
can now find k for any other mass by the ride k M\ and the last column 
contains the values of k corresponding to the sun’s mass, v g m the fust 
line raising the mass from 29 70 gm to 1 98 10 J3 gm involves laismg x 
from 2 22 10 -8 to Hie value shown 

If p u and all densities! alt “ altered m the same ratio by altering lengths, 
leaving the masses unchanged, (95 3) continues to be satisfied with the 
same value of k Hem e the table is applicable for any value of p 0 , except 
that the auxiliary column R should be altered in the appropriate ratio 
Jn piacticul applications of the table we are concerned only with the last 
two columns 

96 As an example, let us calculate what deviation from a perfect 
gas would be necessary to decrease the brightness of the sun 3 magnitudes 
below that of a perfectly gaseous star of the same mass (This is about 
the difference assumed on the giant and dwarf theory ) Assume first that 
Ic is the same foi both The reduction in L corresponding to 3 magnitudes 
is in the ratio 1 1 0, and hence by (83 4) w'c must suppose 1 - £ decreased 

* Zells fvr Physik , 7, p 379 The later values of the constants (Appendix i) 
would increase all the' entiles in the last column of Table 13 by 0090 

t The previous statement that alteration of mean density involves a new 
quadrature referred to problems in which p 0 is unaltered 
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in this ratio By Table 9 the value of I — fi for a perfect gas is 05*, so 
•ive must decrease it to 0031 for the sun 

By (84 3) k is proportional to (1 — ffi/fi' , hence we find that the 
reduction in log l0 k is 0-4280 The value of logi 0 k for a perfect gas and 
for the sun’s mass is given m the last line of Table 13 as 14 5739, the 
reduced value 14 1459 is seen to correspond very nearly to the third line 
of the Table By a slight interpolation the corresponding value of p,„jp u 
is 0 18 Since p m for the sun is 1 41 it follows that p„ - 7 8 

The result is that if the limiting density of stellar mattei under extreme 
pressure is 7 8 the sun’s brightness will fall 3 magnitudes bi-low that 
predicted for a perfect gas owing to the puiely mechanical effect on the 
equilibrium 

Rut in addition there will be a further reduction of brightness owing 
to reduced transparenev, which we can roughly estimate 

Failure of the gas laws would somewhat modify the distribution of 
density in the sun, but this effect is of minor lnipoifance since the mean 
densitv is prescribed The main effect is a decrease of internal tcmpeiatuie , 
w it Ji reduced coni possibility a lower temperature is sufficient to withstand 
(he compressing force of giavity The outward stream of radiation pio- 
portional to the gradient of T* is aeeordmgly reduced, and it is tins effect 
which has been calculated above But according to our absorption law 
if the temperature is decreased without changing the densitv the opacity 
is increased proportionately to T The factor hmdcimg the outflow is 
increased very neai ly as much as the fac lot c ausing the outflow is reduced 
The full reduction of brightness is thus about double that stated above, 
.mil if p„— 7 8 the sun will be about 6 magnitudes fainlei than a perfectly 
gaseous star of the same mass 

97 Further illustrations of the use of Table 13 will be found in the 
author’s eai liei papers! where curves .ue traced showing the use to a maxi- 
mum of the effective temperature and subsequent fall as a star of constant 
mass contracts The values of / and p„ (both assumed constant) were fixed 
by observational data for the sun and for a typical giant star An oft-quoted 
tesulf that a stai of mass less thau 1 that of the sun cannot rise to the 
temperature of type M, must now be regretfully consigned to oblivion 
lu a somewhat later paper J in which the variation of L with temperature 
and density was taken into account, it was seen that the permissible 

* The c ale illation is here made for p. = 2 1 
f Monthly hoi tees, 77 , p 60S, Zeits fur Phijsik, 7 , p 377 

J Monthly Notices, 83 , p 98 See especially Table 2, p 104, where p„ —1.1 was 
selected os corresponding to Eggcrt’s value p =3 3 which was then current . but it 
was noted that p u was very sensitive for changes of p, and the same 1 table gives 
Po =83 for the modern value p. -2 2 Moroov er it now becomes unneeessarv to adopt 
a different p foi SinuH 
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deviations from the gas laws were much smaller The reader who cares 
to examine the development of the ideas may perhaps be interested to trace 
how by progress of the tlicorv and improvement of the observational data 
p 0 was raised from 4 to 13 to 83 and then practically to infinity*, otherwise 
there is not much profit m going over the old ground Our concern here 
has been to show that if the dwarf stars were affected by deviations from 
the perfect gas law as large as those affecting terrestrial gases the conse- 
quent effect on their luminosities should be easily detectable by observation 


Principal Results 

98 We now resume the main discussion from the point reached in 
§ 88, adopting the approximations i)k — const , p — const , and the perfect 
gas condition Accepting the law of absorption suggested by physical 
invest igations f Chapter ix) 

lc = CphiT'i . (98 1), 


where 0 is a constant, we have by (87 1 ) 

, Ca 0 1 

391 1 - 0 T 7 * 

so that by (90 1) 

4 urG 391 M (1 - 0)* t 

L ~ a Ca « 1 ' 


(98 2), 

(98 3), 


where a may be taken to be about 2 Sf 

By (84 b) the factor Jlf (1 — 0) 2 /0 is a function of M and p only 
The radius of the star need only be known roughly, the main dependence 
of L being on M The radius is involved because it settles the internal 
tempeiature which appears directly in the factor T^, also a general 
knowledge of internal temperature and density is needed as a guide to the 
ionisation to be expected, and is a basis for estimating the best value ol 
p to adopt, but we can scatcely go far wrong over this As regards the 
faetoi T, in order to change L by as much as 1 magnitude it would be 
necessary to change T r from, say, 2‘> million to 4 million degrees, hence 
it is not likely that our calculations of internal temperature can be so 
much in erroi as to affect L seriously j. Granting this, our calculation of 
L for a star of accurately known mass should be trustworthy to well 


* Monthly Yof/crs, 84, p '108 

+ \\ hates it the actual central temperature m»v l>c the value of T r to be used 
m (98 J) should he cnleulolid on the assumption (lint the distribution is that of the* 
pole trope a-1 Ihtleu nt models of internal struetine are then represented by 
slight 1 \ niodif\ mg the tailor n For example, in the point source model treated in 
§ 91 the ui tual ecntial temperature is minute, but using the fictitious T t , equation 
(98 11) applies it we put a 4 2 

t Li this connection the calc illations of minimal temperature in §<j 65, 66 are of 
interest 
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within a magnitude, since it rests only on indubitable laws of physics 
. together with the following conditions — 

(a) constancy of rjk , 

(b) constancy of p , 

,c) the condition of a perfect gas , 

(rf) the adopted absorption law 

The first three conditions have been passed in review in §§ 89-97 The 
conclusions are that the uncertainty due to ignorance of r\ is at most 
i0“5 for a star of ordmary mass Possible variations of p are eliminated 
by using the average value of p corresponding to j the central temperature 
Deviation from perfect gas laws in the sense observed in terrestrial gases 
would cause a decrease of L, deviations of the order occurring in terrestrial 
gases being sufficient to produce a marked effect 

It would seem then that any discrepancy between theory and observa- 
tion must be attributed to — 

(а) a wrong physical prediction of the absorption coefficient , 

(б) a wrong estimate of the value of p to be employed, 

(c) a failure of the condition of a perfect gas 

If we are not mistaken all other loopholes have been explored and blocked 
up 


99 In practice a star is generally described by its mass M and effective 
temperature T, It is desirable to understand how its other properties 
vary with these Collet ting a number of formulae already obtained, we 
have 

L x oc JIT (1 — p )/k t 
TSIp, x (1 - P )/p0 

k.'cpW'cPHl-fiTi . 

Pc x MjR 1 ' 

T c x PpMjli 
1 - P x M-p'p.* 

From these are denved 


Rx M" (1 - £)ip T t - 
T e x ji/- ' (i - p) > t; 
p,x M~" (1- py'ipr'T, ' 
Lx. J/' (1 - P)'fL*T^ 


(99 2) 


The variation with p has been retained here foi completeness, but the 
primary intention of these formulae is the comparison of stars with fixed 
value of p In that case (1 — jS) is a function of M increasing with M . 
The most important result from (9!) 2) is that for stars of the same 
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effective temperature, and therefore roughly of the same spectral type, T r 
and p r deerease as M me reases Type for type, the more massive stars are 
the cooler o ml more rarefied 

We add here for refer enc e the formulae for calculatmg central tempera- 
ture density and pressure when M and Jl are given These are obtained 
by bubsli|uting the numerical values foi »=3in (58 4) and (57*6) 


T, 


- 0 K5<> 


a ppM 
91 it 


a 


12 98 


M 

Ji 3 


P = 11 lift 


PM 2 
Jl* 


(99 3) 


Table 13 a gives the mean density and central temperafure of pUib 
ot masses 3, JO, 40 respcetnelv and of various effective temperatures 
(with roughly equivalent spectral types) The values are calculated from 
(99 2), the constant being chosen to fit the mass and luminosity of C'apella 
The mass 3 may be taken as topical of ordinal v giant stars, and the 
progression of mean density with spedial type -dioun in the table is of 
considerable mteiesf It agrees \ei\ well villi (lie densities generally 
attributed to these types on obscivational grounds 


Table 13 a 


Mean D< nsity and Cnifial Tempi) at are (p -- 2 11 ) 


Lflu hvo 

! 

1 Ala-- = : 

1 / (•) 

Ml s-lll. <S) 

1 .'lav 10 ® 

Tp'n|>< ia 

' 1 V|» 

- | 

- 


! 



llIK 

1 

Pm j 

7' r 

Pm 

1 « 

| Pm 

1 A 

iUr 


1 

million 


111 Il'Mil 


mil lion 


» 


1 

i ill l» 

1 

dci; 

•1,000 

.1/ 

000440 I 

4 (>5 

, 000020 

1 2 15 

000002 

1 52 

4,000 

K 

00177 

7 d(> 

! 000078 

3 88 

000007 

2 40 

.5,500 

a 

0082 

12 3 

000 loo 

0 48 

000032 

4 01 

7,500 1 

T 

030 J I 

20 1 

001 50 

10 0 

000140 

<5 57 

10,500 

f 

182 1 

34 5 

00800 I 

18 2 

00070 

11 3 

18,000 | 

II 

(2 42) 

(81 7) 

100 

4 1 0 

0001 

20 0 

27.000 [ 

() 

(17 4) ' 

(150) 

, 1 

(82 1) 

0117 

50 8 


It is piobable that actual stars (otlier than « lute dwarfs) do not have 
temperatures above 40 nulhon degrees so that the* last two (“nines for a 
stai of mass 3 aie fictitious This was expected on the giant and dwarf 
theory, since the density on reaching type A was considered appropriate 
for the turning-point luto the* dwarf senes According to present views 
the failure of stars of mass 3 to reach types B and 0 is more mystenous, 
and the limit of 40 million degrees will be dismissed at a later stage 
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100 The last formula of (99-2) is so frequently used that we have 
constructed an extended table for applying it For practical purposes 
i will be expressed m magnitudes m according to the rule 

A m= - ]A Jog 10 L .. (100 1) 

In Table 14 the fixed value p, - 2 11 is used and coi responding values 
ot M and 1 — JS are tabulated by (84 6) Then by (100 1) and (SjjfS) 

Am = — JA log M — y*A log (1 — ft) — 2A log T, . (100 2), 
and the column m in the table is computed from this formula, omitting 
the term- containing T, We have adjusted the zero of m so that the 
observed mass and absolute bolonictnc magnitude of Capella correspond 
to one another, and the table should accordingly give the absolute bolo- 
jnotnc magnitude for any other mass with the same efieetivo temperature 
as Capella (about 5200°) 

For a different effective temperature, we have by (100 2) 

Am 2A log T, (100 3), 

and this correction should be applied as indicated at the foot of the table 
With the- range of efloctive temperature commonly occurring m the stars 
tins correction is comparatn cly small, and the bolometric magnitude of 
a star is mainly a function of its mass 

For the ettoet of small changes of p see § 178 We need only note here 
that the result of a change of p is not shown explicitly in (99 2), since there 
arc- consequential changes of (1 — ft) to be taken into aceount 

Table 14 


Mass M mi'l Absolute Uolometnc Magnitude m 

(/i-2 11 . T e - r> 2 W)' ) 


1 1 -ft 

1 / 

III 

> P 

1 / 

III 

‘ P 

1 v 

HI 

! ooi 

i 284 

14 143 

01 

879 

1211 

26 

,i 77 1 

0 012 | 

j ooi,! 

1574 

1 3 1 73 

05 

1 004 

4 041 

28 

4 J 37 

0 312 

! 002 

1820 

12 484 

00 

1 12 ! 

4 178 

10 

4 529 

- 0 502 

] 0025 

20 to 

11 <no 

07 

1 240 

3 777 

31 

5 075 

1 151) 

! 003 

2233 

11 513 

08 

] 354 

3 426 

40 

7 117 

- 1 718 

004 

2583 

10 823 

09 

1 408 

3 111 

41 

8 984 

2 2o4 , 

005 

2895 

10 280 

10 

1 582 

2 825 

50 

11 16 

2 805 1 

00(> 

3170 

9 848 

12 

1 812 

2 322 

" 4 ") 

14 84 

- 3 111 | 

008 

3083 

0 1)1 

14 

2 050 

1 884 

00 

19 02 

3 919 

0J0 

4135 

8 015 

10 

2 297 

1 491 

01 

26 06 

- 4 510 J 

015 

5117 

7 032 

18 

2 557 

1 138 

70 

37 07 

5 102 1 

02 

5968 

0 929 

20 

2 831 

0 812 

7.1 

50 15 

- .1 882 

025 

0739 

0 381 

22 

3 124 

0 507 

80 

90 63 

0 714 i 

03 

746 

5 929 

24 

3 437 

0 220 





Add to m the temperature term, - 2 log,„ (T f /6200) 
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Heat Radiation and Luminosity 

101 It is now practicable to measure the heat received from a star 
by the use of a radiometer Considerable sensitiveness in the method has 
been devt loped* Hut the results attained are as yet very limited and m 
general we have to infer the total amount of heat emitted from the light 
emittedf. This involves a knowledge of the lummous efficiency of thi 
energy emitted by stars of different types 

If the Htar is iadiating as a black body of temperature T e we know by 
i’lanck s Law the amount of radiation I' (A, T e ) d A of wave-length A to 
A (- dX Measurements have been made in the laboratory of the quantity 
of energy of different wave-lengths necessary to give the same amount of 
light as judged by eye, hence we know the factor p (A) by which the energy 
must bi multiplied m order to give lummous intensity The average 
factor fr - the whole radiation is then 


P-\P (A) I' (A, T t ) dX — 1 1' (A, T.) dX . (101 1) 

The maximum of p is found to occur at about T, = 6500° so that stars 
of types F to O have the greatest lummous efficiency Presumably that 
is because our visual sense lias been developed with special reference to 
sunlight It is convenient to take the maximum as standard, and to define 
the scale of bolometnc magnitude so as to agree with visual magnitude 
at this effective temperature At any other temperature p will he smaller 
and the star will be blighter bolometneally than visually 

1 

Tabic 15. 


Reduclmn of Bolometnc to Visual Magnitude 


i 

i 


! 


P 

Aw (Vjh HoJ ) j 

l 



Til 

2.1 1 0 


092 

t 2 59 

,1000 


200 

-i 1 71 

3000 

i 

417 

+ 0 95 j 

4500 

1 

723 

+ 0 35 

0000 


1 000 

0 00 

7500 

1 

085 

+ 0 02 

9000 

1 

893 

+ 0 12 

10500 


749 

+ 0 31 

12000 


016 

+ 0 53 


* It is said that the equipment at Mount Wilson could detect the heat of a 
CHiHllc on tin* nnnk'* of the* Mississippi 

t The deduction of bolometnc magnitude from heat measurement is not really 
more direct than from hght measurement, because large corrections must be applied 
on account of atmospheric absorption in the infra-red, and this involves assuming 
a spectral energy distribution just os the reduction of hght measurements does 
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Table 15 is calculated from Nutting’s measures of the visual intensities 
.of energy of different wave-lengths* In the last column the intensity- 

ratio p has been converted into magnitudes {Am Jlog p) so as to 

give the correction Am reducing bolometne to visual magnitude. 

Since the radiation per unit area ib proportional to T t “ the suiface 
brightness is proportional to pT t * , or, denoting by J the surfac i brightness 
expressed in magnitudes 

J =- const — 10 log T r + Am . (101-2) 

The following approximate formula for J was given by E Hertzsprung 
in a ratlier inaccessible papei in 1906f 

/ 14300 \° 93 

J = const + 2 3 ( “ j (1013) 

F \V Scares J has pointed out that Table 15 (which was computed by me 
10 years later) agrees entirely with this formula, the greatest difference 
being 0 m 04 As Am and J are very frequently requned m practical calcu- 
lation we give a more extended table computed from Hertzsprung’s 
formula The values from 12,000°-20,000° arc subject to some reserve, 
because Hcrtzsprung’s formula was derived as an interpolation formula 
and it has not been ascertained how far his approximation remains 
satisfactory above 12,000° 


Table 16 

Effective Temper ahne arid Sur/ure Brightness {Hertzsprung' s Formula). 


T. 

"Si 'll 

J 

7. 

Atm 

1 

T. 

Svi 

1 

2500° 

in 

2 71 

I 0 27 

oooo 1 

in 

0 02 

0 22 

11500° 

III 

0 50 

- 2 56 

2750 

2 13 

5 28 

6.500 

0 00 

0 58 

1 2000 

0 58 

2 67 

3000 

I 07 

4 44 

7000 

0 00 

0 91 

13000 

0 7,7 

2 86 

3250 

1 32 

3 74 

7500 

0 02 

1 19 

14000 

0 89 

3 03 

3500 

1 03 

3 13 

8000 

0 00 

1 43 

16000 

1 04 

3 18 

3750 

0 SO 

2 00 

8500 

0 10 

1 65 

16000 

l 19 

1 31 

4000 

0 02 

2 14 

9000 

0 16 

1 81 

1 7000 

1 34 

3 42 

4250 

0 47 

l 71 

9500 

0 22 

2 01 

18000 

1 41) 

3 52 

4500 

0 35 

1 30 

10000 

0 29 

2 17 

19000 

1 63 

3 61 

5000 

0 18 

0 73 

10500 

<1 36 

2 (1 

20000 

1 77 

3 70 

5500 

0 08 

+ 0 22 

11000 

0 43 

2 44 





102 The correction Am will not be accurate because the radiation of 
a star is not distributed exactly in accordance with the law' of black-body 
radiation The radiation comes from layers extending over an appreciable 

* Phil Mag 1915, Feb p 304 
t Zeits fur W 1 8sc?i schoftli eh e Photograph te, 4, p 43 

X As trophy 8 J oum 55, p 197 Another independent computation has been 
made by W Kabo, A sir Nach 225, p 223 
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range of temperature and the radiation of different wave-lengths suffers 
different amounts of absorption in passing outwards The general effect 
is that the quality of the radiation eoriesponds to a rather higher effective 
temperature than the quantity 

In tins book T„ stands foi the effective temperature corresponding to 
the quantity of the ladiant energy A temperature T,' corresponding to 
the quality is usually defined as follows In a grating spectrum equal 
lengths of spectrum correspond to equal steps of wave-length BA -Ex- 
pressing .Planck’s Law (40 7) in terms of A, we have 


/' (A, T) dX 


Hnltc (l A 
A 5 e* c P yfy ’ — 1 


(102 1 ) 


The maMinum intensity in the grating spectrum occurs at the value of A 
which makes l’ (A T) a maximum, i e when 

•» ’ ((' - 1 ) 

is u minimum, where x - hrjXRT The minimum condition gives 

3 - ItKit, AT - 0 288 (102 2) 

Thus the tempi lature tan be deduced bv measuring the wave-length for 
maximum eueigy, and when the iddiafion is not black we define an 
oflerlivc temperaiuie 7'/ by the same formula 

Ariiuv 2'/ 0 288 cm d(‘g (102 3) 

Tins is the basis of pt actual methods of determining the elleetixe 
tempeiatures of stais by VVilsing and iSelieiner, Rosenberg, Sampson, 
K S King anil otheis* TJitn icsults therefore icfei to 7’/ lathei than the 
T f of our theory For the sun T,’ is about 4 per cent higher than '1\ 
(approximately 0000“ against 57 10) and the same ratio max be expected 
to hold for all stars, at anv rate as a first approximation! 

It might therefoie he appiopnate to mi revise out ellcctrv e temperatures 
by 4 pe r cent before taking out the coriection Am in Table's 15 and 10 
But study of tli(> sun’s spectial energy-curve indicates that the slight 
displacement of the maximum ordinate is not the significant feature of 
the sun's deviation fiom a black body, and it is doubtful whether the 
proposal would be an liiipiovcnient (^ 228) 

In the cooler stars fuither enors in A?n will arise from the absorption 
lines Espec tally in types AI, X and S the band spectia of chemical com- 
pounds occupy a considerable part of fhc spectrum Of course, the 
radiation which is blocked by the bauds must squeeze through the gaps, 
smee L is detcnmnccl 1>\ the internal conditions of the star and not by 
surface conditions, but unless the hands are uniformly spread over the 


* As the range of observation does not nlw.ivs rnelude the wave-length of 
maximum mtousil\ , tht* proceduie uuu )>e t riot lifted m detail 

t The increase of 4 pei cent for the sun is, however, purely empirical, so that 
it jim\ bu nsk\ to generalise from it 
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whole spectrum the radiation may become differently distributed in w ave- 
, length Strong absorption in the yellow would divert the radiation into 
regions of less luminous efficiency We can only hope that since the whole 
correction Am is not unduly large the faults of Tables 15 and 10 will not 
be serious 

The temperature scale to correspond with spectral type is not as yet 
\ cry certain It is inferred parti}' from the measurements of T,' above 
mentioned, but these sometimes differ rathci widely from one another 
It is also based partly on Saha’s theory of stellar spectra (§ 240), which 
determines the temperature of a layer rather vaguely defined We have 
also the fixed datum that T t for the sun is 57 40 3 The following table 
given by Miss Payne* embodies the most recent evidence 


Table 16 a 
Temperature Satie 



T, 

r I \|M 

T l 

Mr, 

3000’ 

.1 5 | 

S 400“ 

K 5 

WOO 


9,000 

K 2 

3500 

1 0 1 

10,000 

ICO 

4000 

li S I 

13.300 

«r. 

5000 

IS ■> 

1 5,000 

(10 

5000 

H 1 , 

17 000 

/•' 5 

7000 

B 0 

21) 000 

/’ 0 

7500 

O i 

25,000 35,000 


This presumably refers to the stars of the ‘ main series ” tht giants of 
types G-M being 400-800° lower for the same spectral type On the 
whole, the temperature scale used in the calculations in this book accords 
very well with the above table") 


Energy of a Star 


103 The negative gravitational energy of a star, found by setting 
n — 3 in (CO 4), is 


a 


3 GAP 
2 it 


(103-1) 


The quantity of radiant energy enclosed in the star is 

H — J 3pn 47 rr 2 dr. 


* Stellar Atmospheres (Harvard Observatory Monographs, 1925), p 33 
t The calculations were made at various tunes , and, as no systematic temperature 
scale was adopted at the beginning, occasional deviations from uniformity may be 
noticed 
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since the radiation pressure is J of the energy-density. Hence by (83 3) 
H - 3(1 -y8) j P ±irr 2 dr 

-(l-ft)D. (103-2) 

by (60 , r >) 

The trunslatorv energy of the molecules is 

A 'i ~ 2 I Pa * nri(lr > 

sinei (lie ptc-ssuro of a gas is '( of the trauslatory energy per unit voliime 
Hence by (83 3) and (60 5) 

K 1 - Wil . .. .(103 3). 

If y is the ratio of specific heats (averaged if necessary) the whole 
material energy K is vK x , where 

y=l + 2/3e 

by (28 4) Hence 

^ ~ 3 (y — 1) (103 4). 

At high temperatures K — K x will consist solely of energy of ionisation*, 
i o energy expended in removing electrons from their mbits in the atom 
and setting them free 

The whole energy of the star is 


— LI \ K \ H — — 


J8 U (y - 1) 


(103 r>). 


If the molecular weight vanes as T" the value n - (3 — s)/(l + s) 
must be used in calculating 12 Thus if ^ x r P~' , II = i(JM l /J{ Othenuse 
the investigation is unaltered, and in pai titular the result (103 5) holds 
good 


104 if y < \ the whole energy is positive, that is to sax', there is 
more energy than if the material were m a state of infinite- diffusion at 
zero temperature Quite apart fiorn the loss by radiation during its past 
life, energy must have been .supplied to the star to bring it to its present 
state The contraction hypothesis which denies any extra supply (sub- 
atomic- or other) accordingly requiics that y > \ 

We now generally agree that there is some extra source of energy, but 
the condition 

Y> \ 

is still necessary m order that the star may be stable For suppose that 
a star with y < \ undergoes a slight contraction so that Q increases By 

* It is a matter of definition whether we stute energy of excitation separately. 
A nucleus attended by a solitary electron m a 3-quantum orbit may be regarded 
(a) os havmg lost all electrons except one M electron, or (6) all except one K electron 
winch has been oxcitod into an M orbit 
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( 103 5) the whole eneigy must increase as £2 increases in order to maintain 
equilibrium The star cannot obtain this extra energy at a moment’s 
'notice, hence K + 11 is below the value required to maintain equilibrium 
This means that there is too little heat and the pressures p a and p, { aie 
insufficient to support the weight of the material Thus a further contrac- 
tion ensues and the star deviates further and further from equilibrium 
We have said that the star cannot at a moment's notice secure the 
extra energy required to save it If the slar is being supplied with ex- 
traneous energy it is quite possible that the changing physical conditions 
may stimulate the supply, but this effort to prevent the collapse is too 
dilatory In a star like the sun the heat stored up represents about 
40 million years’ supply of radiation and therefore (if the radiation is 
supplied by bberation of subatomic energy) is equal to the subatomic 
energy released in 40 million years If the rote of release is doubled when 
the collapse starts, it will take a year to increase fl -I- A' by 1 part m 
40 million, whereas the threatened collapse due to withdrawal of pressure 
support is a matter of days or hours It is important not to confuse this 
condition of stability with another condition to be investigated later 
We shall find in §211 that the supply of subatomic energy must satisfy 
certain conditions in order that the star may be stable, these conditions 
aie independent of, and additional to, the condition here found that 
y . \ . also the threat to the star which violates them is a lingering fate 
and not the swift doom here contemplated 

It may perhaps be suggested that some extra source of energy could 
exist which if v ,i mmediately releasable as heat w lien the temperature and 
density change But immediately releasable heat is not “extia , it is 
by definition part of the specific heat and rmibl be taken account of m 
/ and by (103 4), in K Energy of ionisation is of this type Energy 
which is very slowly released such as ladio-acfive and other kinds of sub- 
atomic energy is, of eourse, not reckoned in the total heat A -\ 11, it is 
treated as a non-realisable asset in the star’s balance slicef which is neg- 
lected unless we are dealing with long periods of time 

There appears to be no objection to y falling below J in a limited region 
of the slar provided that the general average is above ( Circulating 
convection currents will be set up m tins region (§ 70). since the convection 
process produces mechanical energy when y< instead of dissipating 
it Presumably viscous forces will not allow the movement to increase 
indefinitely, and m anv ease the local instability < an scarcely lead to 
consequences affecting the star as a whole 

The constant y is least when the raho of the energy of ionisation to the 
translatory energy is greatest It is conceivable that in the course of 
evolution a star may reach a stage at which further contraction will 
involve a great deal of fresh ionisation, the stage being critical for the 
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ionisation of some piedomniant element or group of elements In that 
case y could temporarily fall below « There would be a sudden collapse 
of the star which would be arrested as soon as the contraction had pro- 
vided enough energy to accomplish this critical ionisation, after that the 
star would resume orderly progress with y >^, starting from the more 
condensed condition Cepheid pulsations might possibly be started by l( 
collapse of this kind, but I do not think the hypothesis has much to 
recommend it 
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THE MASS-LUMINOSITY RELATION 

105 Wc give some examples showing how the formulae of Chapter vi 
are employed m actual calculations 41 

(1) Capella ( brighter componenl) 

Mass, 4-18 > O. absolute visual magnitude, — 0 m 26, type G 0, assumed 
to indicate effective temperature 5200 u 

The way m which the above data were obtained has been explained 
in § 13 Applying the correction — Am fiom Table lb, the absolute bolo- 
metno magnitude is — 0 m 40 The sun’s absoluie visual magnitude is 
taken as + 4" 1 0 which at 5740 3 corresponds to bolometric magnitude 
I 4 m 85 The difference of 5 25 bolometric magnitudes indicates a rate 
of radiation 12(1 times faster than the sun (log ]0 12b = 5 25 '0 4) Hence 
L = 120 x 3 78 10 33 — 4 8 10 35 ergs per second 
Fiom the relation L - ■mcR 2 T e * (equation (87 2)) 

R- 9 55 ion C1T) 

We have also M — 4 18 ■ 1 085 J() 3J - 8 30 l(i 33 gm 

Hence p,„ — M/\ttR s 00227 gin /cm 3 

By the fonnuW for the polytrope n 3 wc have (as already calculated 
in § 50) 

p, 1 234 gin /cm 3 , 

P t --0 11 10 n dynes per sq cm 

We assume that the average molecular weight can be taken as p — 2 11 
By interpolation m Table 14, oi by direct solution of the fundamental 
quart ic equation 

1 - )3 = 00309 (4 18) 2 (2 1 1) 4 0 4 , 
we find 1 — /3 - 0 283 

The central temperature can now be calculated from 
(1 - p) F' = Wl\\ 

or (without troubling to calculate P r first) fiom (87 t) 

T c 3 Ip* - 391 (1 - p)/apf} 

Tins gives T c = 9 08 10" degrees 

The differences from the figures given m Chapter i are due to our 
neglect here of variation of p. with temperature 


The physical and astronomical constants required arc given in Apjiendix I 
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We have also 

LjM = Y7 8 ergs per second per gram, 
and the coefficient ot absorption is calculated from (90 ]) 

L = 4t tcC (1 - P) ^ 23100 (1 - ft ) 

Jf cd e aA c ’ 

which gives = 123 

It lias been explained that « depends on the law of distribution of the 
source of energy We adopt Hit value 2 5 winch is a compromise between 
the most extreme suppositions and cannot in any ease be very far out 
Tin < Inner will nol affect differential comparisons between the stars, it is 
only w lien we i oinpatc astionomical values of k mth those calculated from 
atomic physics that attention need be paid 1o the uncertainty JTenee 

l, = 40 1. 

Since p, and T, have been found this fixes the constant k\ in the absorption 
law 

h = k lP /T' 

We find fcj = 8 98 10*» 

This value will be used to predict the luminosity from the mass, or 
j 'ire nrsa , in otliei stars 


( 2 ) 8 Cephei 

C'epheul variable J\lean absolute visual magnitude — 2 m 19, mean type 
F 0, assumed to indie ate effective temperature 3200° ' 

'Hie absolute magnitude is taken from a discussion of the distances of 
the (Vplieid variables by IT Shajiley* The mass is unknown except in 
so far as it can be deduced by the piesent theory 

I’loeecdma as before we luul absolute boloioetnc magnitude — 2 ,n 33, 
and 

L = 2 81 10 JG ergs per second, 

It - 2 32 10“ c m 

The mass can be easily deduc cd fiom the bolometnc magnitude and 
effective temperatme liy interpolation in Table 14 but it will be instructive 
here to woik out the result analytically' We have 

L 4 ncGM (1^ P) 4 ttcGM (1 - P) T 3 „ j 

uk c ai 1 p c 

AttcGM (1 - P) 391 (1 - P) / G IV fip31\i 
«*, app \49? M’ R ) 


Attrophun Journ 48, p 282 
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by (87 1) and (58 4). Eliminating M by (84 4) 

= 4t tcG (1 - j8) 391 (1 - p) / G R' nP\l (4m (1 - /})? 
h ak x app U MM' RJ V Tr(Pa ) p*pr 

= 1 443 10’ 1 ' 

ak y R‘fj.p- 

Usmg the value of k t found from (ho disc ussion of Capclla and adopting 
.is before g-2 1 1, the only unknown in this equation is p Theoquation gives 

(1 - P)'-‘ = 0 909j8- 

llenee . 1 — p = f) 451 

Mternatively, 1 — P may be found as follows Since the same elfeetive 
leinpeiat lire and molecular weight have been assigned to Capelin and 
S (Vphei, we have in a companson between them 

L cc M (1 — py 

bv (91) 2) Since 1 — p oc M i P i , we obtain by eliminating M 

Lee (i -py' p~" 

For S Cephei L is greater by I 93 magnitudes or in a ratio 3 92, hence 
(1 — P)" P has 5 92 times its \ nine for Capella This gives 

(1 - p)" = 0 935/3‘‘ 

Irani which the same value of 1 — p is obtained 

From 1 - p the mass is obtained by interpolation in fable 14 or by 
direct calculation from (84 (i), the result being 

M - 9 00 x C =- 1 79 It) 14 gm 
Othei details a/e non easily calculated- - 

P,„ = 900.(42, 
p, 0185, 
r J\ 0 10 111* 

(3) I Pit/tpti (brighter component). 

Nchpsing variable Mass 19 2 O, radius 5 28 10 11 cm , type ill, 
assumed to indicate elleetive temjiei ature 19,000'’ 

This star is beyond the reach of ordmaiy paiullax measuiement so 
that its absolute magnitude is not illicitly known, but we happen to be 
able to deteimine the iadius from a study ol the light-curve, eti , and the 
absolute magnitude can be calculated as below 

The spectroscopic orbits ot both components have been determined*, 

* Masses of both components mi given in \ V \\ Campbell s Stellar Motions, 
p 250, but nJ H Moore’s Catalogue of spec trosi opu orbits, Lick Hullelm, \o 155, 
only tho combined mass is gneii —no doubt with good reason 1 am therefore 
doubtful whether the mass of V Puppis was obtained in the orthodox way described 
here, but the description would appl) to nearly all other examples of eclipsing 
variables 


IO-2 
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these supply M sin J « ami asm i as in the case of Capella (§ 11), but 
whereas for Capella i was found from the visual orbit, for V Puppis it m 
found by analysis of the light-curve It can generally be inferred that < ls 
near 90“ for eclipsing variables since otherwise eclipses would not oceuj 
but in V Puppis and some other systems the separation is not large m 
compare on with the radii of the components and a more trustworthy 
estimate is needed The method of analysing the light-curve is due to 
H X J’lissell it enables the (j uunfilies i and Jtja to be found Combining 
these with M sin 3 1 and a sm i, we obtain the values of M and R given 
above 

W<- have 

L — -mrR i T t * — 2 02 10 J7 ergs per second, 

which ( orrespoinls to bolonietne magnitude — 4 m, 75 Table 10 gives 
Atn 1 62, so that the visual magnitude is — 3 ra ]2 

Poi c ompunson with this we shall calculate the magnitude from M by 
the present theory For M - 19 2, we find 1 - 597 Then L is 

conveniently found by eompanson with Capella, using the relation 

Lee M • (J -py T,\ 

so that V l>U l'P' s - ( 1 9 2 ) , - (1 fOOON '■ 

L for Capella U 18/ \ 283/ ^ 5200 J 

- 72 9 - 4 60 magnitudes 

Heine the absolute bolonietne magnitude of V Puppis determined 
fiom the observed M is 

- <)m 40 _ 4m (,(j 5m 00 

in satisfactory agreement with the determination — 4 m 75 from the 
observed R 

Other details are — 

Pm --= 0018 , 

p c -- 3 35, 

T t =. 4 24 10 7 

The comparison of theory and observation for V Puppis is of special 
interest because it takes us as far as is yet possible in the direction of high 

mass it is known, however, that greater masses occur J S. Plaskett* 

has found for the spectroscopic binary ii D 0° 1309 

M 1 sin 3 1 = 75 0 O, M t sm 3 1 03 3 O 

Since i is unknown the masses cannot be determined, but they are 
necessarily greater than 75 and 03 In fact the masses are greater than 
87 and 73 because » must be such that the two discs never overlap— other- 
wise eclipses would be observed 1 


* Monthly Aotices, 82, p 447 It is pointed out that 
a mass at least as great as that of V Puppis 


29 Cams Majoris also has 
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Still higher mass has with some plausibility been assigned to v Sagittam 
/ sin 3 i — 260, M t sm J i — 54), but the determination seemB uneertain* 

(4) The Sun 

M.i'.s 1 985 10 33 gm , radius 6 951 10 10 cm 

Although we are no longer dealing with material of low lensity we 
suppose tentatively that the theory of a perfect gab applies The methods 
ol calculation have been shown by the previous examples The results are — 

1 - 0 ■= 0499, 

Pm~ 14H, 

Pc -- "« 5, 

T c 3 95 10-, 
k c - 177 0, 

L = 5 <>2 10 33 

The value of L found by direct measurement of the -olar radiation is 
3 78 10 31 The difference of calculated and observed values is equivalent 
1o 0 m 43 the sun being fainter than predicted from its mass and radius 
Although tins is in the direction corresponding to the deviation of terrestrial 
gases fiom the perfect gas laws there is no reason to attribute it to Mich a 
< auso, since it is w'lthin the margin of error For example, it might be due 
to a slightly lower molecular weight in the sun than in Oapclla due to the 
very much higher temperature Many other soums of small deviations 
tail be suggested 

It inav be remarked that by using in our call illations the radius of the 
sun and the effective temperature of ('apella we have magrufitd any 
discrepancy All our results aie differential with respei t to Oapclla which 
’\as used to determine h 1 A more direct method of comparison, using 
the spectral type instead of the radius of the sun is as follow's Since 
Oapclla and the sun are of the same spectral type we negleit at first any 
diffoience of effective temperature Then, using L oc M (1 — j8) we find 
that the ratio of the L’s is exactly 100 or 5 00 magnitudes Hence the 
sun’s bolometne magnitude is — 0 40 + 5 00 - + 4 (50 To allow for the 
more diffuse condition of Oapclla we have assigned it an effective tempera- 
ture 9 per cent lowerf The change in the factor 1\'- gives a coirection 
0™ 08, raising the sun’s bolometne brightness to ! 4 m 52 as oompaied 
" ith the observed value + 4 m 85 The discrepancy is 0 ,rl 33 

* H Ludendorff Jierhn Sitziinqsberulilc. l‘)24, p 67 [According to later m 
formation the determination mist be rejected altogether Another massive svstom 
(Uoss 4b) with masses •}."> and .52 lias been found b\ J A Pearce, tins is the second 
largest mass known ] 

t It is better not to refei to the actual effective temperatures here - to avoid 
suspicion of a vicious circle The effective temperature of the sun is derived fiom the 
observed L which we are holding in reserve for the final test. 
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We perhaps naturally think that data for the sun must be more 
accurate than for any other star, but that is not true of its absolute 
magnitude which may be one or two tenths of a magnitude m erroi 
Herlzsprung, for example", adopts as most probable + 4 m 67 visu.il 
corresponding to r 4 m (>2 bolomotnc If he is right the discrepancy i» 
only 0 m 10 

I haxe considered the desirability of shifting our standard of reference 
from Cnpella to the sun, but it has seemed too daring a step whilst tin 
notion of perfect gases of density 76gni per cu cm is still unfamiliar ti 
us Tt would perhaps be more accurate to determine k x from the sun 
but the uncertainty of the sun’s absolute magnitude would be a dis- 
advantage for differential comparisons with other stars 

(5) Krueger 60 

Absolute visual magnitudes of components il m 25 and 13 m 75, combined 
mass of system 0 43 < O, both components of type Ma indicating 
effective temperature 3100°* 

Here the difficulty is that only the combined mass is known It is 
true that several determinations of the ratio of the masses have been made 
but these range from 6 5 to 3 1, and we cannot place reliance on them 
To avoid this difficulty we may predict the mass from the nbsolute 
magnitudes as we did for 8 Cephei The results are — 

bright component bol mag 9 82, 1 — /3 — 00747, M = 354, 
faint component bol mag 12 32, J — ^ 00264, M 20!) 

This gives a combined mass 0 563 compared with the observed mass 0 43 
There is some leason to think that the discrepancy is real and that m 
trinsicallv faint stars deviate systematic alii in this duel lion, although 
the evidence m an> particular case is not very strong Assuming that tin 
otbital elements of Krueget 60 are act urate the mass 0 43 < oriespomls 
to a pai, ilia \ 0" 260 and the mass 0 56 to a parallax 0" 238 The trigono- 
metric measures of parallax are pciliap* net mate enough to cm hide the 
latter value 

If it is preferred to express the discrepancy m magnitudes (which is 
more < onvement for comparison with other stars) we dmdo the mass 0 43 

\ Inti l orbit 6v K d Aitkin ( hick liuUetm , N o 305) was not aimlablc wlun 
this calculation was made, but tin mass is only changed to 0 45 0 Aitken gms 
the magnitudes as 11 3, 12 8 following most recent wntiis m ascribing a difforcnu 
l m 5 1 think I am light in saving that m obserwng this star m company with 

l)r Aitken we both ngned that the difference was ( onsiderabh greater Burnham 
gives a difference 3 m With an assumid magnitude difference 1"> 5 the individual 
masses 0 25, 0 18 ore obtained (Monthly Xoltces, 84 , |> 312) as compared with 0 27 
and 0 16 here found 
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between the two components m such proportions as will make the residual 
in magnitude the same for both This is done by trial and error Wc find 



Mass 

l-j s 

Bo] Map 
(oalo ) 

Hoi Map. 
fobs ) 

U-C 

Bright component 

0 27 

00439 

11 07 

» 82 

- 1 26 

Vamt component 

0 lb 

0015b 

1.1 55 

12 32 

- 1 23 


For the bright component additional results are — 

p m = !t 06, Pc ■= 493, T c = 3 2 2 I0L 
Ei en at a density above 400 there is still no sign of failure of the gas laws, 
for the difference of observed and calculated brightness is actually m the 
wrong direction according to terrestrial analogy 

106 The last three examples indicate a substantial accordance 
between theory and observation foi stars of mass 19 2, 1, 0 27 respectively, 
and bolometnc magnitude — 4 7, | 4 9, -t 9 8, the comparison being 
differential with respect to Gapella (mass 4 2, mag — 0 4) This covers 
the greater part of the known range of stellar mass and magnitude It 
will, of course, be necessary to test whether the accoi dance is confirmed 
by a systematic survey of all the stars available for similar tests 

Jn passing it is interesting to note the t entral temperatures found for 
the five stars 


Gapella 

9 08 million degrees 

S Cephei 

6 lb 

V Puppis 

42 4 

Sun 

39 6 

Kruogci (>() 

32 2 


Allowing for the errors of the detemtmations theie is a possibility that 
the last three temperatuies are lealh th“ same The three stars belong 
to what is now called the “mum senes” running from types O and B down 
the dwarf series to type M The remaining two stars belong t( the side 
series of giants whose relation to the mam senes has become obscure 
since wc no longei accept, the giant and dwarf theory ot evolution It 
certainly looks significant that along the main scries the cential tempera - 
tuie should be so steady thiongh a seventy-fold large of mass and a 
million-fold range of radiation We shall reicrt to tins result in § 122 

The Mast- /yii mt nos ill/ Cvue 

107 The values of m and M given in Table 14 are traced as a curve 
in Fig 2, the ordinates being m and the abscissae log M 

It will be remembered that before comparison is made with the ob- 
served magnitude of a star of effective temperature T, the small correction 
8m ■= — 2 log 10 (Tjr> 200) should be added to the value taken from the 
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curve For graphic al c ompanson it is more convenient to leave the cun e 
alone and apply the correction - 8m to the observed magnitudes Tin 
observational points plotted in Fig 2 represent bolometnc magnitudes 
reduced to the standard temperature 5200 in this way. 

Wo may notice that the < urve (or '['able) gives quite reasonable result-* 
beyond t he range for w Inch definite obsei vational data can be found Thus 
the predicted (uncorrected) bolometnc magnitude of a star of mass 100 
is - 7 ,n , allowing for the fact that the effective temperature of so massive 
a star would probably be very high the visual magnitude would be about 
— (i m This agrees with what is usually considered to be about the extreme 
limit of stellar luminosity — as indicated for example by the brightest 
stars observed in globular dusters The faintest known star, Proxima 
(Yntam j, is about i 15™ \ lsual oi 4 12™ bolometnc , this should correspond 
lo a mass JO — a fairly acceptable value- It is suspected, however, that 
the approximations of our theory begin to fail for these very small stais 
and I daresay that the actual mass is rather smaller 

The observational data plotted m Fig 2 are set forth in Tables 17, 18, 
1!), 20 The necessary explanations are given in the following notes 

Tables 17 and 18 Ordinary binary Mars. 

The calculation of m is performed by straightforward use of Table 14, 
but where only one residual is given for two components the method 
desenbod for Krueger CO has been used, that is to sav the mass of the 
system has been divided between the two components in such proportions 
as will give the same residual for both 

Since an error of 10 per cent in the parallax or scmiaxis produces an 
error of 30 per cent in the mass leading to residuals from 0™ 5 to 1™ 3 
(according to the star’s mass), onh wide pairs with large- parallaxes have- 
been included with Capelin and the sun as fiist-class determinations in 
Table 17 1 hoc von is reckoned second-class because the semiaxis of the 

orbit is not well determined, observations of this star are greatly to be- 
dcsired and would form a most important cheek on the theory 

Except for e Hydiae and S Equulei the observational data have been 
taken from a table bv F Hertzspmng* The parallax, combined mass 
and absolute visual magnitude are taken directly from Ins list, the only 
moddications are (1) the adopted absolute magnitude of the sun, changed 
for the sake of consistency with other parts of this book, and (2) the 
difference of magnitude of the components of Krueger 60, changed from 
1™ 5 to 2™ 5 since the former estimate appeared to me incredible The 
selection of the best possible observational material has thus been left 
in the mam to an independent arbiter, who made his choice before the 

* Bull Astr Inst Netherlands, No 43 (1023) 
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Table 17 

Ordinary Binary Stars— First Class Determinations. 


•Star 

Type 

r. 

I'erallax 

Mags 

Ttl (VH ) 

rn (bol ) 

m( calc ) 

O-r 




// 


m 

m 

m 

111 

Cupella, 6 

«0 

5200 

063 

4 18 

- 0 26 



02 

.. / 

ft 1 0 

7400 


I 32 


0 22 

0 02 

, 20 

Sinus, b 

A 0 

10500 

'173 

2 45 

1 28 

0 97 

0 67 

1 ,10 

a Cent ft mi, h 

a 5 

5000 

748 

1 14 

4 70 

4 53 

416 

1 37 

f 

Kr, 

3700 

- 

0 97 

6 07 

5 24 


+ n 

Sun 

a o 

5740 


1 00 

4 9 

4 85 

4 56 

h 29 

Kruopor 60, b 

Ma 

3100 

2(i0 

0 27 

11 35 

0 82 

11 07 1 

- 1 24 

» / 

Ma 

3100 


0 JO 

13 85 

12 32 

13 55 


Table 18 

Ordinary Binary Stars — Second Class Determinations 


Star 

Type 

n 



m (vm ) 

(ftol ) 

m(inli ) 

o-r 




ft 


TTI 

111 

in 

in 

e llvdroo, ft 

F 9 

5500 

0206 

3 64 

0 27 

0 22 

000 1 

+ 0 24 

» / 


5500 

- 


1 77 

1 72 

1 46 1 

f) Aurigao, ft 

A Op 

10500 

025 

tn 

- 0 19 

0 50 

0'77 

- 1 27 

/ 

A Op 

10500 

- 

m 

- 0 19 

0 50 

'0 82 

- 1 32 

Proe\ on, ft 

F 5 

b800 

308 

i n 

2 92 

2 92 

3 92 

1 00 

8 EqnuJoi, ft 

ft’ 5 

6800 

()(>7 

1 01 

4 43 

4 43 

4 39 

i 0 01 

/ 

ft’ 5 

(iHOII 

- 

1 00 

4 53 

4 53 

4 43 

r 0 10 

17 Cussiop , ft 

E 8 

6200 

184 

0 72 

4 99 

4 99 

5 93 I 

0 94 

.. S 

A' 5 

3800 

- 

0 41 

8 73 

7 99 

8 93 } 

£ IToreulw, ft 

yo 

5700 

109 

1 09 

3 23 

3 20 

4 22 1 

1 06 

/ 


5000 

- 

0 51 

0 73 

6 50 

7 65 j 

70 Oplnuplu ft 

AO 

4400 

189 

1 05 

5 66 

5 27 

4 61 \ 

, 0 00 

/ 

A 4 

3900 

-- 

0 77 

7 36 

6 71 

0 04 | 

£ Hoot is, ft 

a (> 

4900 

164 

0 62 

5 87 

5 69 

6 81 | 

- 1 08 

» / 

A 4 

3900 

— 

0 47 

7 89 

7 24 

8 27 | 

85 LVgasi, ft 

(7 0 

5800 

095 

0 62 

5 75 

5 73 

6 66 | 

- 0 90 

.. / 


3200 

— 

0 31 

10 95 

9 52 

10 38 J 

p Her< nils, ft 

A/ ft 

3100 

110 

0 46 

10 42 

8 86 

8 57 l 

1 0 33 

.. / 

A / 6 

1100 

- 

0 42 

10 92 

9 36 

8 99 j 

1 o 3 Eridani, ft 

119 

11000 

202 

0 21 

11 27 

10 88 

11 15 

( 0 27) 

f 

A/ <2 

2900 

— 


12 67 

10 81 

12 53 

- 1 72 
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theory to be tested was put forward Only two stars in it ertzspmng’s 
list are omitted, viz the companions of Sinus and Procyon, the former 
because it is a “white dwarf” to which our theory does not apply and the 
latter because the spectrum is unknown and it is impossible to guess what 
corrections may be involved The bnght component of o 2 Endani winch 
is also a white dwarf is for that reason not represented m Fig 2, although 
(presumably by a cancelling of errors) it happens to agree with the curve 

Table 19 

Eehpstnq Variable « 


Star 

fir 

Type 

r, 

COS I 

Mass 

It jo 

B(® 1) 

?n (hoi ) 

m (calc ) 

O-C 









m 

m 

m 

V Puppifl 

i 

Ii 1 

19000 

274 

19 2 

417 

7 00 

- 4 01 



Y Cvgru 

3 

B2 

18000 

088 

10 0 

10b 


- 3 29 

- 4 6b 

+ 1 4 

f! Lyrae 

2 

B 8 

12500 

407 

139 

219 

12 09 

- 3 80 

- 3 98 

f- 02 

ii Heieulis 

1 

B 3 

17000 

208 

7 0 


4 29 

- 2 89 

- 2 90 


1’ Oplnuclii 

I 

B 9 

11500 

105 

5 36 


3 07 


- 1 09 

+ 1-2 

Z Vulpee 

2 

S3 

17000 

013 

5 24 

262 

3 94 

- 2 70 

- 1 98 

- 07 

HU Vii1|)pc 

4 

A 0 

10400 

000 

4 34 

252 

5 lb 


- 1 05 

- 02 

l' (’oronae 

2 

»,1 

17000 

148 

4 27 

167 

2 90 

- 2 04 

- 1 43 

- 06 

/3 Amigne 

1 

4 O/i 

10500 

228 

2 38 

158 

2 80 

0 13 

0 77 

- 06 

TX Ttercuhs 

3 

A 2 

9800 

005 

■ Ii! 9 

125 

1 33 

2 04 

1 35 

s 07 

TV C'assiop 

4 

A 0 

10500 

170 

1 83 

272 

2 45 

0 34 

1 68 

- 1 3 

Z It< r< ulis 

2 

F 2 

7 GOO 

139 

1 50 

•117 

1 77 

2 53 

2 55 

00 

\\ Ursui Mhj 

1 

F8p 

0200 

214 

0 74 

323 

0 70 

5 42 

581 

- 04 


Table 20 

(Uphcui Vnnablei 


>S1 ii 

T\ }»f I 

'F 

1 Vi lnd 

Ma«ss 

in (ms ) 

in (hoi ) 

w (calc ) 

O V 


i 


o 


m 

in 

•n 

111 

5 Opium lu 

(12 | 

4 HIM) 

17 1 13 

20 2 

4 0 

4 21 

- 4 43 

i 0 22 

i/ Arpnlor 

(1 O , 

5100 

7 170 

13 9 

2 02 

2 70 

3 19 

l 0 43 

8 Ci phei 

F « 

5200 

.4 t00 

1J 1 

- 1 19 

- 2 10 

2 77 

| 0 47 

SU f\issiop 

7'5 1 

6000 

1 950 

(> s> 

1 2 

I 20 

1 74 

l 0 51 

HR 1a mo 

A «♦ 1 

j 

7 100 

0 407 

4 14 

0 34 

- 0 «> 

- 0 01 

x 0 25 


The star 80 Tuun omitted heie is uu hided in the fuller discussion of the 
Hvades which follows The parallax given by Hi rtzspiung foi Aungae 
depends on the probable assumption that it is a member of the Ursa 
Major stream, but since it is near the stieam apex the probable error is 
rather large 

The stars 8 Equulei and t Hydrae have been added* Their parallaxes 
are obtained by a comparison of the visual and spectroscopic orbits — 


Aitken, The Binary Statu, p 204 
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the method used for Capella For e llvdrae the spectroscopic orbit of the 
bright component has to be combined with the relative orbit of the two 
components measured visually, thus a knowledge of the mass ratio i- 
required at an early stage There being no direct measurement of mas- 
ratio worth considering L have used the magnitude difference of the two 
components to determine the mass ratio — an extension of the principle 
adopted for Krueger 00 and other stars 

Spectral types of most of these stars were taken from Lick' Bulletin , 
No 343 the effective temperatures assigned to the types are still un 
fortunately a matter of pidgnient Above (1000° an error in the assigned 
temperatuie does not make much difference to the comparisons since the 
temperature correction 8m is set off against the reduction to bolometnr 
magnitude Aw/ In the redder stars the two corrections add up, and in 
t lie neighbourhood of 3000° where Am is changing rapidly an enoi is moie 
serious 

When onlv one lesidual for two components is determined, it is repie- 
sented in Fig 2 at an abscissa corresponding to the mean of the two masses 

Table 19 Eclipsing Variables 

The method of finding (he mass and bolometnc magnitude has been 
explained in § 10, I tor V Iflippis In the headings of the Table, B is the 
radius of the star, and a the semiaxis of the relative orbit The column 
in (bol ) gives the absolute magnitude derived from the formula 

L - TracIM'/, 

0 

and (he column m (calc ) is denved from the mass by Table 14 

The results in all cases refer to the bright component which has been 
identified with the more massive component except in /? Lyrae The 
inevitable uncertainties would probably be magnified if the method were 
applied to the faint components The photometric results M/a and cos * 
are from H Shapley's discussion the “darkened ’’solution being pi cferred* 
The second column gives the grade of the orbit as classified by Shapley, 
Grade 1 being the most trust W'orthy The spectroscopic data are chiefly 
due to .1 S I flasket! f 

In this series of comparisons the* effect of an eiror m the assigned 
effect ivc temperature would be considerable and it is the more unfortunate 
that, many of tile stars are of B type where the temperature scale is most 
uncertain We can show that 

8(0-C)-- «8 (log* 7V), 

* Princeton Contributions , No 3 (1915) For u few stars better data are now 
available, but it was considered best to use one standard sourer of data (as ill 
Tables 17 and 18) in order to avoid bias in selection 

t Publications of the Dominion Astrophysical Observatory , Vols l and 2 
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M) that by assigning to V Puppis the temperatures 15,000°, 19,000°, 
2.1,000° we should obtain residuals f l m -2, + 0 m 4, — 0 ™ 3 respectively 
But in any case considerable errors in the results are inevitable, and the 
test can only be approximate * 

fable 20 Ccpheid Variables 

This test is very indirect and depends on the theory of Cephud variation 
developed in Chapter vm If the pulsation iheoty of Opheids is not 
accepted the test falls to tlus ground The procedure is as follows — 

The plfective temperature having been assigned accoidmg to the type 
(allowance being made for the fact that these are very diffuse stars), we 
adopt for trial an arbitrary value of M Fioro M and T f we hnd L by 
Table 14 From L and T, we find R Hence />„, and 1 — j8 are found The 
pulsatory theory gives an equation determining the period from p m and 
I - /I By trial and error we vary the value of M until the predicted 
period agrees with the observed period This then hxes the mass and 
mi (calc ) given in the Table 

The observed absolute visual magnitude is taken from H Shapley’s 
diseussionf and reduced to bolometnc magnitude by applying the usual 
c orrec tion Am 

In predicting the period a value of I' (the ratio of specific heats of the 
material) must be assumed The value P = ; corresponding to a monatomic 
gas has here been used Owing to the energy of ionisation the* actual P 
must be less, but as it is difficult to estimate how much less, we have 
pi ef erred to I pave out this correction rather than arbitrarily guess the 
amount A discussion of the likely values of P will be found in § 189 The 
following examples show the effect of changmg P- - 


Star 

1 

Mass 

VI 'll 111 ) 

Hr ( < * If ) 

o r 




rn 

ru 

m 

Y Ophiuchi 

l bbb 

26 23 

- 4 21 

- 4 43 

+ 0 22 


I .)55 

21 07 

- 4 21 

- 4 22 

+ 0 01 

„ 

1 444 

18 21 

- 4 21 

- 3 77 

- 0 41 

7j Aquiliie 

I 60b 

13 86 

- 2 7b 

- 1 19 

+ 0 43 


1 555 

12 53 

- 2 70 

- 2 08 

+ 0 22 

»* 

1 444 

10 17 

- 2 70 

2 53 

- 0 23 


The correction would thus have brought the observed points still closer 
to the curve, or possibly have shifted them across the curve so as to stand 
out by about the same amount on the other side 

Many more Cepheids could have been used for the comparison, but their 

* Some of the unsatisfactory features are pointed out m Monthly Notices, 84 , 
p 318 

t Astrophymcal Joum 48, p 282 
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nations arc so regular that the same kind of agreement must necessanlv 
be reproduced In assessing Uie evidence it is undesirable to over-represc nt 
this one kind of choc k because < here are sourc es of systematic error w In, J, 
would affect all the CephonK to about the same extent The “observed " 
magnitudes all depend on a common zero point winch may be rathe i 
uncertain and we iia\ e alicadv seen tiiat theie is another small systematic 
coneetion on account of 1’ 

The IJi/atles. 

Tlieieaie six double stars of known period in theHyadcs all of much 
the same buglune-s* Their mean paialla\ is known with consideiable 
aeeiiMc y fiom the geometry of the moving cluster, viz 0" 027 The 
orbital data arc longli, but a mean insult for the li stars should be aceui.de 
enough for us to use We deduce first the masses from the absolute 
magnitudes by mean'- of nnr theory as follow's — 


liuinli.ini U V 

! w. 

i_ 

’L 

, JV v. 

2 1 .U 

1 08 

, 

0 72 

1 80 

2151 

1 Ot 

i 

0 00 

1 (.0 

2187 

0 S3 

I 

0 73 

I .51. 

2230 

1 Is 

i 

0 81 

2 29 

2181 

0 01 


0 01 

1 1 8.5 

2.18.1 

1 to 

i 

0 58 

! 17.) 


The predicted mean ot ' J 1 2 is thus I 82 

Hei I /sprung found the mean dynamical parallaxf (forpiass 2) to be 
0" (I2(i Since the mass deduced from a double star orbit vanes as the 
inverse cube of the paiallax an assumed mass I 70 would have given the 
correct mean parallax 0" 027 Another mode of averaging (avoiaguig the 
masses instead of the dynamical paiallaxcs) gives the mean mass 1 03 
Eithei 1 70 oi 1 03 is m excellent agreement With our predicted value 1 82 
This has been represented m Fig 2 as a first-class determination at a 
point coriesponding to the mean mass of the* 12 components 

108 It will be seen from Fig 2 that there is good agiceinent between 
all classes of observational data and the tbeoietical mass-luminosity 
curve Foi the 37 points repiosonting observed data the average dis- 
cordance is 0 111 57 and this may well be attributed to crrois of observa- 
tion 

The agreement is the moio noteworthy wdien we recall that the equation 
* E Hortzspi ung. Bull Aalr Inst Netherlnmh, No 1(> 

t The parallax of a \isuil double star tun he calculated from the combined 
mass, period and stimaxi- (in are) The parallax calculated on the assumption thnt 
the combined muss is 2 is called the “dynamical puialltix” — formoily tile ‘hjpo- 
theiical parallax ” 
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of the curve contains only two constants, viz the average molecular 
weight fi and the constant k x in the law of absorption Apart fioin these 
the equation contains only fundamental constants of nature 

If Aj and p are regarded as adjustable constants the curve can be 
shifted to any extent vertically and laterally but is not otherwise deform- 
able A slight improvement in the general agreement would be produced 
by shifting the curve downwards and towards the left, nioie or less along 
its own slope, this would couespond to increasing the molecular weight 
But when attention is paid mole parfieulaiiy to th'* first-class data, and 
w hen account is taken ot certain corrections w Inch are needed in the theory 
for stars of small mass, it appears that then* would be no real gain If 
we had no theoretical knowledge of the moleciilai weight m the interior 
ot a star, we could determine it observational ly by this method, and we 
should obtain a value quite near to 2 i This c onstitutes a very satisfactory 
observational check on the theoiy of ionisation in the stellar interior 

Natuially a formula covering the widest variety o f 'dollar conditions 
with only two constants can only be a first approximation and certam 
refinements must be introduced before a definitive tlic metical curve is 
obtained The further developments needed for a second approximation 
will be considered in due couise in Chapters IX and x The observations 
si cm to suggest that the curve is a little too high on the right, but we do 
not think the evidence is of much weight The jioints denoting Ccpheid 
vanablcs must certainly be raised a little on aci omit of the neglected 
eneigy of ionisation and the best estimate we can make of tins correi lion 
would just about bring them on to the curve, the results for eelipsnig 
variables are not very trust worthv On the left the curvo seems to bo 
about a magnitude too low, we believe that this divergence is real, and 
that in a second approximation the theory will follow more closely the 
line ot the observations* 

There seems to be no doubt that (subject to the last-mentioned cor- 
rei t ion) the theoretic al curve is statistical continued Whether all 
indmdual stais will keep to the euiie or whether there is room for 
exceptional behavioui is mon* doubtful It is possible tli.it when more 
and better observational mateiial is available mdiudual deviations will 
be more apparent 1 am conscious of weak points in the pioKenl . vj deuce 
and do not considei that the full agreement ot all ordinal y stars with the 
cutve is as yet stiongly established JJut on the theoictical side it is very 
difficult to see how' ^ star without unusual spectral features can possess 
individual character sensibly different from other stais of the same muss 
and density unless the divergences of chemical composition are much 

* It is probablv worth while to allow for this in making practical applications 
of Table 14 A coirection waiving limarl> with the mass from 0 m 0 ut mass 0 75 
to l” 1 0 at inass 0 25 would about meet requirements 
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greater thau commonly supposed Rotation can have little effect on the 
brightness unless it is very rapid Provisionally, we shall assume that the 
mass-luminosity relation is true not only statistically but mdividually 

109 Wc have preftrred in most cases not to trust mass ratios of 
components of double stars deduced from discussions of the absolute 
orbits It may, however, be of interest to compare these measured mast, 
ratios with the ratios deduced by the theory from the luminosities The 
following table is due to O' Nhajn* — 


Table 21. 


J lass Ratios of Double Stars 


star 

MJM l 
t In oi\ 

' 1 IJ 

1 obsor\ c<! 

Sl&r 

theory 

2/^1/, 
obstl Yt*(l 

)/ < tlsslOp 

0 «">*> 

0 7b 

f Hen ubs 

0 41 

0 43 

€ L!wlrut» 

1 0 1)4 

0 9 

Kruopor bO 

0 VI 

0 3b 

7/ C’uiirn 

, 0 93 

1 00 

70 Oplnuehi 

0 79 

0 82 

£ l is Miij 

i 0 90 

1 00 

('.vpclla 

0 8b 

0 79 

y V n gnus 

1 0 99 

1 00 

fi Auiigiii 

0 98 

1 00 

n Cent nun 

0 92 

0 85 

SO I’hiui 

0 .11 

0 39 

f Bootis 

J 0 8 1 

0 87 

fj, lien ulis 

0 89 

1 00 


Apart from the hist two stars the agreement is surprisingly good Tin 
two apparent discordances fade away on scrutiny For t) Cassiopeiae the 
observed M ,jM l is a weighted mean between the results 0 4 and 1 6 derived 
from decimations and right ascensions respectively, it nedd not be taken 
senously For e Hydrae the separation of the components is only 0" 8 
the astronomer who attempted to measure the mass ratio was an optimist 
H N Russell has called my attention to the star 85 Pegasi (apparent 
magnitudes 5 8, 11 0) Jt has been alleged that the faint component is 
heavier than the bright star This may be doubted , but there is certain!) 
an indication that the famt star has more than its proper share of the mass| 
Possiblv the explanation may be that it is a white dwarf and therefore 
in a condition outside the scope of this theory 

110 Besides the foregoing data for individual stars there is a certain 
amount of statistical data as to masses and luminosities which can be 
compared with the theoretical curve The material is contained in a paper 
by Russell, Adams and JoyJ in which the mean dynamical parallax and 
the mean spectroscope parallax for groups of double stars are compared 

* Monthly Notices, 85, p 247 A revised value for Kruoger 60 has been sub- 
stituted 

f L Boss, Preliminary General Catalogue, p 278 
j Pub Astr Hoc Pacific, 36, p 189 (1923) 



THE MASS-LUMINOSITY RELATION 


161 


The dynamical parallax is obtained on the assumption that the mass of 
the system is 2, if the mass is actually 2M, the linear dimensions of the 
orbit will be M ^ times greater than supposed, and the true distance 
]] 1 times greater than the inferred distance By comparing the dynamical 
parallax with a true parallax (tiigonometneal or sped lose opic) the mass 
factor is determined The accidental error is reduced b; taking the 
mean for a number ol stars, but the investigation can only be expected 
(o give very rough results 

In Table 22 wo give (1) the spectral type according to which the stars 
u ere grouped (giants and dwarfs being grouped separately), (2) the effective 
temperature adopted to correspond, (3) the mean mass of a component, 
(4) the mean absolute magnitude of a component, (5) the cotiespondnig 
boloinetnc magnitude, (6) the bolomotnc magnitude calculated from M 
and T,, (7) the residual, and (8) the number of systems in the group 


Table 22 


Statistic* of Double Stars. 


Type 


-Mass 



III (\l s ) 

III (liol ) 

m (calt ) 

O-C 

No j 




111 

111 

in 



0 5 111 

20000 

3 1 

- 1 70 

- 3 53 

- 0 (i4 

- 2 0 

10 | 

It I-/J8 

1 5000 

1 s 

i 0 01 

1 03 

0 08 

- 1 0 


H'l II 

10500 

1 1 

1 1 34 

t- 0 08 

. 3 20 

- 2 3 

35 | 

Oil AM. 

1500 

1 25 

1 1 28 

■ 0 25 

4 4 08 

- 3 8 

28 ! 

FU 0 8 

5000 

I «) 

< 1 !«) 

i 1 21 

I 2 10 

- I 0 

31 

A 1- 1 4 

<>400 

1 05 i 

1- 2 20 

+ 1 08 

-i- 3 05 

-20 

20 i 

-1 5 A 9 

8500 

1 0 ' 

I 2 75 

2 05 

4 23 

10 

35 ' 

FU- F l 

7500 

1 .1 

' t 21. 

. 3 24 

. 3 28 

0 0 

17 1 

Fi F 5 

7000 

0 85 , 

1 3 05 

l 3 1(5 

5 1 i 

1 5 

24 1 

/'’ 0 -F 8 

(>500 

1 25 . 

+ 4 47 

4 l t" 

- i 55 

- 0 0 

28 

F <1-0 0 

t(000 

0 85 1 

i- *4 0t> 

4 Ot 

■ 5 27 

0 0 

25 

< 1 1 a 5 

5000 

L 2 1 

1 '» 42 

4 5 1 1 

- $03 

1 2 

V- ! 

tl U-K 1 

4500 

L 1 1 

4 - r> 7«) 

- 5 44 

4 SO 

4 1 0 


K‘l -K l) 

4000 

0 7 ! 

+ 7 00 

0 38 

0 45 

0 1 

21 ' 

K 7 Mb 

3500 

0 5 1 

- <) 04 

-.8 01 

- 8 00 

- 0 8 

7 , 


This eompauson does little more than demonstrate a geneial lope of 
the mass-luminosity curve roughly accordant with that given by our 
theory But the paper is of histone interest because it gave evidence of a 
mass-luminosity relation persisting fiom the giant to the dwarf stars 
without break of continuity 

About the same time as liussell, Adams and Joy’s investigation, 
E llertzsprung also indicated the continuous liiass-lummosity relation 
in the paper already quoted as supplying much of our observational 
material 
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These two researches carried an implication of serious import for tin 
giant and dwarf theory of evolution , for that theory required a bifurcated 
and not a continuous mass-luminosity curve We shall see presently that 
this unexpei ted result involves the abandonment of what had been re- 
garded as a cardinal jmint m the giant and dwarf theory If is interesting 
to record that the authors of that theory were concerned in the two 
investigations w Inch foreshadowed its overthrow 

111 Another line of inquiry may be mentioned which may ultimately 
help to confirm or disprove our conclusions A possible method of deter- 
mining the mean masses of groups of stars from their distribution m star 
clusters has been developed b\ H von Zeipel* On certain assumptions 
the density of distribution of the stars may be expected to depend on the 
gravitation potential <f> according to the Boltzmann formula pec e 2h3,1 ‘. 
Writing a — e M *. we have p oc a 31 , where n is a function of the position in 
the cluster, diminishing as we go away from the centre Hence if the 
distribution density of stars of mass Mj at the centre and at various 
distauc es from it is proportional to 

I, cq- 1J S V f •, , 

the distribution density for stars of mass M 2 will be proportional to 
1, V'-, «/'- 

Hence the mass for any group can be determined in terms of an unknown 
unit from a study of its distribution 

Von Zeipel has examined in this way the cluster Messier 37, which is 
of a kind to which the theory may be expected to apply, and has found 
that the formulae fit excellently The research, however, related to the 
mean masses of different spectral typos, whereas we should have preferred 
for our purpose a grouping according to bolowetnc magnitude 
Von Zeipel’s results for his four groups are — 



M 

No of stars 

0’ giants 

2 15 ± 0 12 

57 

B and J 

1 00 

795 

F dwarfs 

0 67 ^ 0 02 

682 

(J dwarfs 

0 30 0 02 

1203 




If the G dwarfs may be considered to have a mean mass equal to the 
sun, the unit of M is about 3x0 If (as happens in the globular clusters) 
the G giunts are brighter than the B and A stars, their mass 6 5 is in 
general accordance with our expectation A discussion of the same data 
with special reference to the mass-luminosity relation would seem likely 
to yield useful results 


* Astroncnnische Nachnchten, Jubilee No , p 33 (1921) 
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The Gas Laws m Dense Stars 

112 At the beginning of 1924 the giant and dwarf theory of Hertz 
-piung and Bussell wab almost universally accepted A brief outhnc of 
tins theory has been given m § 7 Hertzspruug and Bussell revealed a 
lemarkabie division of the stars into two senes of high and low luminosity 
lespeetively, and brought the relations of luminosity to speotial type into 
a simple system Their results have been fully eonhnned by subsequent 
u searches and have had far-reaching effects on the development of stellar 
astronomy A noteworthy advance was the recognition that many of the 
stais are diffuse, with densities equal to that of oui atmosphere or lower, 
and yet show a spectrum ncaily indistinguishable from the dense stars 
This challenged the spectroscopists to find discriminating differences and 
an important new field of spectroscopy was opened up The method, now 
i ornmonplaee, of calculating the radius of a star from its absolute magnitude 
and spec tral type originated w'lth Hert/.sprung and Bussell The deter- 
mination of densities of eclipsing bmanes and a general appreciation of 
the usefulness of dynamical parallaxes were incidents in the development 
of the theory Whatever may be the explanation of the division into 
giants and dwarfs, their separation has become essential m all statistical 
researches and has been fertile of results Needless to say the chief in- 
vestigations in this book would not have been started without Hertzsprung 
and Bussell’s advance 

In speaking of the “overthrow” of the giant and dwarf theory, we 
do not intend to imply that there is to be any ictrogiession with regard 
to these results They are mostly the ascertained facts som< ot which the 
authors discovered at the same time that thc\ theorised on them , others 
billowed by natural development In any reeonstru. lion of theory these 
tacts must be attended to But the facts were welded by an attractive 
theory of evolution on the lines of Lane’s and Lockycr’s earlier proposals 
into a remarkably coherent scheme 1 do not think it is too blunt an 
expression to say that this is now overthrown , at least it has been 
gutted, and it remains to be seen whether the empty shell is still 
standing 

The theory was that the transition from the giant or highly luminous 
senes to the dw r arf or faint series occurred when the star in < on tract mg 
reached a density at which the laws of a perfect gas ceased to apply The 
transition density 0 W) 5 was about the value antu ipatod from the be- 
haviour of terrestrial gases The rapid fall of luminosity down the dwarf 
senes was ascribed to increasing deviation from the gas laws — the dw’arf star 
in fact behaved like a gradually cooling liquid or solid On at count of 
these views early researches on the mass-liimmosity law were hunt ed to 
giant stars , in the dwarfs the mam factor controlling luminosity should 
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no longer be (lie mass but lather the density which determined tin 
deviation from a peifect gas 

If giants and dwarfs arc treated together the absolute magnitude should 
be a double valued function of the mass, the effective temperature being 
fixed Any given mass passes through the same effective tcmpcralun 
twice, owe rising in temperature as a giant and once falling as a dwail 
with a different luminosity in the two stages owing to the contraction of 
surface We have mentioned that tw'O investigations m 1923 ought to 
have aroused misgiving as to the tenabihty of tins view There was no 
sign of two branches of the mass-luminosity curve one above the othei 
Tins might conceivably have been an accident of the data, but at leasl 
the part of the c urve leluting to the- dwaifs should have fitted disjointed l\ 
to the part relating to the giants instead of being contmuous with it I 
am aware fioin conversation with Hcrtzsprung in the autumn of 192.1 
that he consitleied this difficulty to be- serious, his objections made little 
impression on me at the time* 

113 The theoretical mass-himniosity law for a perfectly gaseous stai 
was obtained m Febmaiy 1924 and the comparison with observation 
embodied m Fig 2, followed The agreement of the observations with the 
curve was a complete surprise for it was not at all the- icsull that wa* 
being looked for Neatly all the accurate data relate to dwarf stars 
(Japclla had been used to li\ one of the constants of the curve, and it was 
regretfully decided that no other tmly gaseous stars were available to 
test the curve (The use of Cepheid and eclipsing variables was an after- 
thought ) 

Accepting the curve on theoretical grounds, it seemed possible to 
make an interesting comparison oi the dwarf stars with it so as to measuM 
how large a diop of luminosity resulted fiom the deviation from the gn- 
laws For example, the cuive gives a certain absolute magnitude com - 
sponihng to mass 1 and T, 5740” According to the giant and dwait 
theorv tins would not be the sun’s present magnitude but its magnitude 
at the time when it passed through the same temperature as a diffuse 
star using m tempcratnie Since that time the sun has eontiaeted to its 
present high density and its luminosity has decreased proportionately to 
the decrease of its surface The present magnitude should be well below 
the curve — about 3 m to 4 m according to the usual estimates Similarly 
Krueger (>() was expected to be 9 m to 10 m below the curve, that being f lic 
general difference between giants and dwarfs of type M Exact measure- 

* A minor diflicuJtv raised by him was the searcity of ordinarv (non-Cepheid) 
giants of tjpes A and F This rrmkoH almost a breach m the linking of the (1, It, M 
giants to the 1 dwarf series, and the suggestion of continuous transition fiom the giants 
to the main senes is weaker than is often supposed (see Fig 3, j» 175) 
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incut of these differences would have been very helpful in investigations 
on the lines explained in § 95 

Nothing of the kind was found All the stars m the left half ot lug 2 
have high densities not ordinarily associated with a perfect gas Yet they 
lie on, or even a little above, the theoretical curve for a perfet t gas 

We must conclude either that we have been misled altog, flier in the 
t lieory of the mass-luminosity relation or that in dense stars like the sun the 
material behaves as a perfect gas We have therefore to consider whether 
it is physically possible for matter of the density of platinum or even 
higher to. have the compressibility of a peifeet gas On examining the 
(inestion we shall see that there is no earthly reason why it should not 
lie a perfect gas — or it would be more accurate to say that the reason why 
it should not is eat My and does not extend to the stars 

114 We have to examine the suggestion that matter of very high 
density may in stellar conditions have the compressibility of a perfect 
gas Our first impulse is to dismiss the idea as incredible and to assume 
that some fallacy must have crept into the investigation of stellar luminosity 
Rut closer inquiry shows that this behaviour of matter at high tempera- 
tures is not only possible but might have been foretold We have reached 
1>\ a roundabout route a conclusion which had really become obvious 
fiom modern advances in physics and was waiting to be recognised 

The ordinary failuie of Boyle’s law when a terrestrial gas is compressed 
to high density is due to the finite size of the atoms or molecules If the 
molecules w'ere yigid the gas could not he compressed beyonci a certain 
maximum density at which they bccamcjammedin contact Tlusmaximum 
density is roughly that of the substance in the liquid or solid state If is 
shown m the theory of gases that the effect of the finite size of the molecules 
is to change the law from pv — 5R7 7 to j> (v — b) - 5RT, where b is 4 times 
the' aggregate volume of the molecules, m other words it is not the whole 
volume hut the w aste space which is inversely proportional to the pressure * 

For example, a gram of nitrogen at standard temperature and pressure 
ot e upies 800 cu cm , of tins 0 51 eu cm is the aggregate volume of the 
molecules the rest being empty space There are 2 15 1 0 22 nitrogen 
molecules in a gram and the volume of each is equivalent to that of a 
sphere of radius I 8 10 _9 em 

The reason wdiy an atom behaves like a rigid body of definite size is 
imperfectly understood* but the size agrees roughly with that of the system 
of electrons circulating round the nucleus The only element for w'hich 
W’c can make a direct comparison is helium, since if is difficult to make 

* Striotlv 6 is half the volume fio o< cupiisl that the tent re of another moles ule 
cannot enter it As the packing becomes close b diminishes freim four time's to twico 
tho aggregate volume of the molecules 
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any theoretical estimate of the size of the electron system in other mou 
atomic gases The radius of the helium atom derived from the theor\ of 
gases is about three tunes the radius of its electron orbits The behaviour 
is as though there were a rigid envelope enclosing with a reasonable margin 
all the electron orbits and so preventing the electrons of two colliding 
atoms from becoming entangled 

If the size of the atom depends on the size of its electron system t I k 
atoms m the interior of a star will be very small, for most of the electron- 
are broken away by ionisation and those which remain describe smalt 
inner orbits hi a typical star the light elements such as nitrogen an- 
st upped bare to the nucleus, and presumably the nitrogen atom has no 
“size” otliei than that of the nucleus which is of the order 10 -12 cm m 
radius Iron will retain only the two K electrons and the corresponding 
radiur is about 2 10- 10 cm Thus the stellar atoms have in general not 
moie than j,’,, of the radius or 1>0#0 , 0#0 of the volume of terrestrial 
atoms The constant b is accordingly divided by a million, and equal 
deviations from the gas laws should occur in the stars at densities a million- 
fold greater than on the earth If a perfect gas is one in which the molecules 
are geometrical points, the stellar gas composed of electrons and tiny ions 
approaches perfection far more closely than the bulky terrestrial molecules 
It might perhaps be argued that the rigid envelope of the atom is 
determined by the position of the quantum orbits independently of whethei 
these orbits are occupied by electrons or not — that the electrons arc 
boundary stones not boundaries and their removal does not mean a 
reduction of size This is unlikely for several reasons "Firstly, it is .it 
variance with the views generally held by physicists as to the origin and 
nature of the forces which keep the atoms from penetrating one unothci 
Secondly when a helium atom is stripped of its electrons, as m an c 
particle, it can penetrate other atoms all trace of its former size is lost 
and it p resolves no memory of a radius other than that of the nucleus to 
which it is now reduced Thudly, the size of a normal atom < orrcsponcl- 
to the low i st quantum orbits, 1 e the orbits which are actually occupied 
higher quantum orbits extending to much groatei distances exist but 
being unoccupied they have no relevance to the size 

The gi on nd for our expectation that the stars will deviate from the 
gas laws w him their density approac lies that of ordinary liquids and solid- 
has been cut away entirely It w as based on an analogy with the bchaviom 
of terrestrial substances — an analogy which is now seen to be baseless 
There is no longer any reason to mistrust the observational evidence that 
the dense stars arc still in the state of a practically perfect gas, for thi- 
false analogy was the original reason for our mistrust 

In order to examine this important conclusion from as many stand- 
points as possible, we shall treat it also on more conservative assumptions 
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Suppose that after all an atom, when its electron Rystem is dismantled, 
retains its original property of behaving as a rigid sphere of Kb 8 cm 
radius The law p (v — b) = T then applies as m a terrestrial gas. bet 
only to about 5 per cent of the pressure About 95 per cent of the gas 
pressure is contributed by free electrons which permeate freely through 
the atoms and are not affected by the b term The full gai pressure is 
therefore given by 

The result is that there is very little deviation from the gas laws until 
the maximum density is nearly attained the deviation then sets in rapidly 
and a small increase of density gives infinite pressure A dense star will 
therefore consist approximately of a central core of incompressible fluid 
surrounded by a perfect gas, the density of the core being about that of 
terrestrial solids Some calculations were made by the author on this 
stellar model in 1923, as a revision of the investigation of § 95, but they 
were suspended in order that problems of the stellar absorption law might 
first be settled It was clear, however, that the luminosity would be much 
less affected by the finite size of atoms on this theory than on the Van der 
Waals model Had the work been completed it would have formed a 
kind of half-way stage between the old treatment of dense stars on the 
full analogy of terrestrial gases and the present view' that the b term is 
to be abandoned altogether, and even if doubt should arise as to this 

latter view the half-way modification seems essential 

* 

115 The stellar gas differs from terrestrial gases m two important 
respects Firstly, its molecules are much smaller Secondly, they carry 
electric charges so that there arc very laige inter-molecular forces Owing 
to the first condition the deviations from the perfect gas law prominent 
in terrest t lal gases do not oc cur in the stars May not t lie second c ondition 
introduce new deviations peculiar to the stellar gas? 

Tutor-molecular forces aie not entirely absent m terrestrial gases and 
it is recognised that they pioduce deviations from the gas laws which 
become prominent at low temperatures But these forces of cohesion ar 
all of the same t\pe all attractive or all repuls n o They are not very 
closely comparable with the electrostatic forces in the stellar gas which 
on the whole give a balance of attractive and repulsive forces In the 
stars we are concerned with the deviations from perfect balance of com- 
paratively large force's instead of the full first-older efteits of small forces 
and the ordinary gas theory is not of much help 

We shall show that even if the effect of these electrostatic forces it 
considerable it is easily distinguishable from an effect due to finite size 
of the molecules, and in particular it cannot play the part ascribed m the 
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gianl and dwai J theory 1o finite size of the molecules For a Btar of constant 
mass and molecular weight the effect is independent of the star’s density 
It therefore affects the luniinosifv thioughouf the evolution of the star 
m the diffuse stages as nine li as in the dense stages It cannot be invoked 
to explani the tuining-poiut from the giant to the dwarf series at a eritn a I 
density 

'flic electrical attractions and repulsions contribute a pressure which 
should lie f aken into account m forming the, equations of equilibrium of a 
star Naturally this pressure increases as the star condenses and the 
charges aie squeezed closer together, but it increases at just the same rate 
as all 1 he other forces in the star, so that relatively it is no more important 
in dense stars than in diffuse stars of the same mass 

It has often been pointed out in the theory of the atom that if inverse- 
s' iiiare forces alone are acting no definite scale of size can be fixed This 
is illustrated by oui results foi a peifectlj gaseous star, where, undei 
the iu\ erse-square f tree of gravitation, no scale of volume for the stai is 
fixed a giant star of given mass is equally comfoi table woth any radius 
By varying the radius we have a perfectly homologous series Thus if J 
is a star in equilibrium and B a replica of it — a precise copy of the in- 
stantaneous distribution of molecule! — but with all lengths nltered in the 
ratio I and all speeds m the latio 1 - • then B will also be in equilibrium 
For then p is altered m the ratio I, d and T in the latio M so that the re- 
lation p x T 3 for stars of the same mass is satisfied Looking into the 
details of the balance we see that anvpotential energy arising from mverse- 
squaie fences is altered ill the- ratio /“*- the same as the ratio of alteration 
of kinetic energy of all the molecules, moreover radiant eneigv per unit 
volume is altered in the latio T 4 01 / 1 and therefore radiant energy per 
unit mass is altered m the ratio M 

To upset the homology we must have other than inverse-square forces 
such as those wluc li act during a collision between molecules, the potential 
eneigv from these forces is not altered in the ratio Z _1 , so that its importance 
will be relatively greater or loss according to the radius of the star When 
the molecule is ioi most of the time free from collision this energy is 
negligible but it becomes important when the molecules are kept jammed 
m contact According to the older theory this happened at a density 
approaching that of water, and the homologous series of giant stars stopjied 
at about that point, but our present theory is that these contact forces 
do not attain the corresponding importance until enormously higher 
densities are reached We admit that there arc 1 large forces between the 
molecules when still far apart, but these are inverse-square forces with 
potential energy varying as h 1 so that the homology is not disturbed 

Therefore although the electrostatic 1 forces will change the equilibrium 
of the stars A and B to new models A 0 and B 0 , B 0 is derived from A a 
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j,v the same transformation as used in deriving B from A The pressuies 
will he transformed m the ratio l * and therefon lit the same ratio as pT. 
'J'he perfect gas law is obeyed, except that the constant of proportionality 
between p a and pT is modified by the electrostatic forces so that we have 

p a -= aWpTjp (115 ]) 

wluic a is the same throughout the homologous senes and depends only 
on the mass of the star Since p. only appears in the astronomical formulae 
through this equation for p a , the effect ol i lectro-tatic fones is very 
simply taken into account by substituting a fictitious molecular weight 
p'a instead of p. in our formulae 

If is true that the star Ji could not actually be a precise copy of A 
because at tlu> different temperature and density the ionisation would be 
-lightly altered The lemisation depends on other than mveise-sipiare 
foiees and is therefore not purely a function of p/7' 1 Thus B 0 would not 
he strictly homologous to A a , but no more is B (w’thout electrostatic 
force's) sf net Iy homologous to A The ebflerene es aie no greater than those 
1h.it have previoush been neglected 

116 The investigation of the magnitude of the eleotiostatic forces is 
taken up in Chapter x We shall hnd that they are comparahveh small 
anil have little effect on the mass-luminosity curve, except that they 
appear to be responsible for about half of the difference between the line 
of t fie observations anel the thcorc'tieal curve on the left of Fig 2 They 
make the gas superperfect that is to say, the pressure is less than in a 
perfect gas, whereas the deviations familiar in terrestrial gases make the 
pressure greater 

At lirst sight it seems absurd that we should secure gieatcr com- 
pi essibility- - render the atoms less able to waid off one another— by 
-tupping them of then electrons and therebv exposing the- large repulsive 
fences of their nuclei which were previously shielded But the electrons 
set flee by ionisation are not rcmovetl they wander among the ions and 
shield their repulsions verv much as they did when they weie bound The 
mystery leally lies in the oiigm of the forces corresponding to the rigidity 
of the atoms, which seem to bo much greater than any electrostatic 
lepulsions in the small region in which they act 

The following calculation is intended solely to illav the idea that the 
electrostatic forces will by cieatmg around an ion a large region im- 
penetrable to other ions, give it an effective volume sufficient to produce 
large' effects In order to take the most fnvou table case, consider a small 
star like Krueger 60, which at a more oi less aveiage point has a tempera- 
ture 2 5 10’ and a density 360 If the material is iron there will be 
3 9 10 24 ions per cu cm giving an average separation of 0 04 J()' K cm 
The charge of an ion retaining 3 electrons is 23e and two such ions at 
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average separation have a mutual potential energy nearly equal to the 
average kinetic energy of 4 free molecules At the average separation 
this mutual energy merely cancels that due to the free electrons in the 
neighbourhood since the average potential is zero Now let the two ions 
approach to a distance 0 42 10“ 8 cm. Their mutual energy being pio- 
portional to r -1 increases by 50 per cent , and there is no corresponding 
increase in the cancelling term, since the negative charge being divided 
between 23 free electrons has a comparatively non-fluctuating distribution 
The increase is thus equal to the average kinetic energy of 2 free molecule s 
and the 2 ions can just make the approach at the expense of .all their 
kinetic energy if they were originally endowed with the average amount 
.Hence on the average two ions cannot approach nearer than f of thin 
mean distance, which means that effectively an ion is barred out from 
l of the whole volume 

When a molecule is barred from a third of the volume by finite size 
of other molecules the constant b in the gas equation is }v, so that the 
pressure equation becomes '■ pv — RT Accordingly, the pressure is in- 
creased 20 per cent But m the present case only s <, of the gas pressure 
comes from the ions, the rest is from the free electrons which are not 
barred from any appreciable volume Thus the mcreasc in the pressure 
would be less than 1 per cent 

We repeat, however, that this is not a calculation of the true electro 
static effect It deals with a particular objection which arises in most 
minds, viz. that ions will act as though they had large volumes A rathei 
difficult mathematical investigation will show’ that the*.objection is a 
phantasm (§ 184), meanwhile, we take the easier course of showing that 
phantasm or not, it is at any rate not of large order of magnitude The 
barring out of ions from close approach to one another has actually an 
effect which would seaiceh have been anticipated It means that in veil 
small stai s the ions aie constrained to keep at the greatest possible distant e 
fiom one another, whilst the electrons can wander as they like The 
repulsive forces are thus kept down to a minimum, whilst the attractive’ 
forces have a good chance of exceeding the minimum The result is that 
attractive forces predominate and assist the compression of the material 


White Dwatfs 

117 If stellar matter at the density of platinum has still the com- 
pressibility of a perfect gas, the limiting density must be much highei 
It is therefore possible that matter in the stars may attam densities un- 
paralleled in terrestrial experience Conversely, if we can discover in the 
universe matter of transcendently high density, it will be the strongest 
possible confirmation of our conclusion that in the ordinary dwarf stars 
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matter is still a long way from the maximum density and therefore behaves 
as a perfect gas 

We realise at once where the search should begin, for it happens that 
the white dwarf stars have raised this very question ‘ Strange objects, 
which persist in showing a type of spectrum entirely out of keeping with 
their luminosity, may ultimately teach us more than a host which radiate 
according to rule ”* The most famous of these stars is the Companion of 
Sirius 

The mass of Sinus comet, is found from the double star orbit and is 
quite trustworthy The determinations range from 0 75 O to 0 95 O , we 
adopt 0 85 The absolute magnitude is 1 l m 3 corresponding to a luminosity 
i , of that of the sun The faintness would occasion no surprise if this 
were a red star, but in 1914 W S Adamsf made the surpnsing discovery 
(hat the spectrum is that of a white star not very different from Sinus 
itself The spectrum is F 0, or, if anything, a little earlier (towards A) 
Assuming that type F corresponds to an effective temperature 8000° — 
it can scarcely be less in so dense a star — and using the absolute magnitude 
ll m 3 we find by (87-2) the radius 18,800km Apparently then we have 
a star of mass about equal to the sun and of radius much less than Uranus 
The calculated density is 61,000 gm per eu om —just about a ton to the 
cubic inch 

This argument has been known for some yeais 1 think it has generally 
been considered proper to add the conclusion ‘ which is absurd.” 

Apart from the incredibility of the result, there was no particular 
reason to view, the calculation with suspicion The mass is well established 
and the radius is found by the method used in predict ,ng Lie radii of 
a Ononis, Antares. etc — predictions afterwaids (oiiiinned by direct 
measures with the interferometer It has been suggested that the light 
is reflected from Sinus the companion being of low density and having 
little light of its own Apart fiom any intrinsic difficulties in tlnssuggest ion, 
nothing is gained by explaining the companion of > Sirius m a wav which 
will not apply to the othei white dwarfs that have been discovered The 
blight component of o l Kndam is a white dwarf and it has no bright and 
hot star in its neighbourhood 

It seems that Sinus comet, either has the enoimoiis density above 
stated, or else at some love effective tcnipciatuie piobably below 3000° 
it is able by unexplained means to produce an mutation of the loading 
features of the F spectrum sufficiently < lose to deceive the expert observer 
1 suppose that until rec ently tJicfiist alternative was consuleied incmlible 
It seemed that the radiation of the white dwarfs must bi set down as one 
of those paradoxes which arise from time to time w heniinporfec t theoretical 

* Centenary Addrew, Monthly A otucn 82, p 436 (1922) 
t Pub Aslr Soc Pch 27, p 236 (l 91 1) 
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knowledge is brought to bear on observation But we have now reached 
the conclusion that the density is not incredible, and have some inclination 
to accept the straightforward calculation Some difficulties remain— 
sufficiently impressive lo deter us from accepting the high density as 
proved without further confirmation 

I do n it see how a star which has once got into this compressed (on 
dition is ever going to get out of it So far as we know, the close packing 
ot matte) is onl> possible so long as the tcinpeiature is great enough to 
ionise the material When the star cools down and regains the normal 
density ordinarily associated with solids, it must expand and do woik 
against gravity The star mil need energy m order to coo I Sirius cornet on 
solidifying will have lo expand its radius at least tenfold, which means 
that ‘M per cent of its lost gravitational energy 12 must be replaced We 
have seen (§§ l(>.{ lot) that the heat energy including energy of ionisation 
is necessarily less than II so that there is likely to be a deficit We can 
scarcel' credit the star with sufficient foresight to retain more than 90 per 
cent in reserve for the difficulty awaiting it It would seem that the 
star will be m an awkwanl predicament when its supply of sub-atoinic 
energv ultimately fails Imagine a body continually losing beat but with 
insufficient energy to grow cold 1 

It is a curious problem and one may make* many fanciful suggestions 
as to what actually will happen We here* leave aside the difficulty as not 
liec cssai ily fatal 

118 The densitx of the companion of Sinus can be submitted to a 
crucial observational test, viz the t Jure) Einstein effect oi shift of spectral 
lines to the led If the high density is right this effect will be very large 
since it is pinporlional to M jR which is 1)1 times as great for the star as 
for the sun The predicted shift is equivalent to a Doppler displacement of 
20 km per sec , and there is no fear of confusing it with miscellaneous 
sources of spectral shift (the K term) which can sc arcely exceed 3 oi 4 km 
per second In an isolated star there would bo no means of separating 
the Einstein shift from a genuine Doppler displacement due to line-of- 
siglit velocity but for this star we know the In ic-of -sight velocity by 
obseivution of Sinus itself The observation in fact consists in differential 
measures of the spectra of Sinus and its companion, the small difference 
of orbital motion between them is known and can be allowed for 

Tins test lias been carried out by W S Adams at the Mount Wilson 
Observatory* Difficulty arises from the faintness of the object and its 
nearness to Sinus The spcctmm of the c ompamon is overlaid by a scattered 
spectrum of Sinus Scattering increases rapidly with diminishing wave- 
length so that the long wave-length end of the spectrum is the purest 

* Proc. Nat. Acad Sci 11, p 382 (July, 1925), erratum, Observatory, 49, p 88 
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At UP there is practically ho interference, the scattered light of Minus 
being weak The displacements of lip measured on 4 different photographs 
(different methods of measurement giving 8 determinations in .ill) wore 
found to he 

+ .11, 23, 24, 17, 31, 27, 28, 25 km per sec Mean r 2b 
At lly it was found that the scattered light was just about equ.. I in intensity 
to the true light of the companion, thus the line is piesunialily a blend in 
equal proportions of Hy for the companion and for Minus The measines 
should therefore be multiplied by a factor nearly equal to 2 The measured 
displacements of lly were 

-j 13, 17, 2, 4, 8, 14, 12 km per sec Mean ((orreeted for blend) + 21 km 
per sec 

Fainter lines which could be measured ga\e aftei multiplying by the 
factor for blend, the mean lesult -t 22 km per sec AW have then 
General mean, Companion mtnui Minus + 23 
True Doppler Effect (orbital motion) * 4 3 

Einstein Shift -i 1‘) km per sec 
The device that was resorted to for lly and the faint line s is, of course, 
unsatisfactory, but the evidence from lip alone seems decisive 

This observation is so important that J do not like to accept it too 
hastily until the spectroscopic experts have had full time to criticise or 
challenge it, but so tar as 1 know it seems entirely dependable If so, 
I’rof Adams lias killed two birds with one stone he has carried out a new 
test of Emste.Ji’s general them ) o* relativity and he has conhimed our 
suspicion t hat matter 2000 tunes denser than platinum is m t only possible, 
but is actually present in the universe 

119 White dwarfs are probably very abundant Only three arc 
definitely known, but they are all within a small distance of the sun It 
is only in rare conditions that we are likely to suspect, much less to establish, 
this condition of a stai In tins book the phrase ‘ ordinary stars ’ is to 
he understood to exclude white dwarfs, but if we sav little about them it 
is because we know little and not because we regard them as a negligible 
minority 

The blight component of o 2 Eridaiu suggests itself for an additional 
test. It is fainter than Sirius rowev, but there is no blight star to interfere 
with its spectral measurement The Einstein effect is, however, smaller 
The companion of o Geti has been suspected of being a white dwarf, but 
its spectrum seems to be peculiar and its nature is rather obscure 

The conditions m the white dwarfs are outside the limits to which our 
theoretical investigations apply In particular, our foimula for X ceases 
to be a valid approximation and we have as yet no determination of the 
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probable degree of ionisation It seems likelj’ that the ordinary failuic 
of the gas laws due <o finite size of molecules will occur at these high 
densities, and 1 do not suppose that the white dwarfs behave like perfui 
gas The companion of Sinus would fall well below the theoretical mas* 
luminosity cuive this may be an indication that the gas laws have ,n 
last failed, hut it might also be explained by an increase of the absorption 
coefficient arising from the close packing of the ions and electrons 

If the gas laws were obeyed the companion of Sinus would have a 
central deusitv of about 3,000,000 gm /cm 3 and a central temperature 
1,000,000 000° The temperature is of the order required to affect the rate 
of radio-active processes and bring about nuclear changes, so that a new 
senes of phenomena unknown in ordinary stars may be oecumng If the 
white dwarfs could be placed at the beginning instead of at the end ol 
evol ition flic origin of the chemical elements would be less mystenous 

Evolution. 

120 We have been considering the luminosity -mass relation indicated 
both by theory and observation, and the consequences arising from it 
We now turn to the luminosity-type relation which at present is a purely 
empirical one 

Fig 3, duo to F JH Seares, contains the known statistics of absolute 
magnitude and spectral type of the stars Impressions formed from the 
diagram may be misleading uiilesb attention is paid to the great influence 
of selection of data Naturally bright stais are represented in numbeis 
out of all proportion to their abundance in space Absolyte magnitudes 
found by the spectroscopic method have been more fully studied for the 
redder than for the whiter types Nevertheless, the diagram is extremely 
instructive 

The feature of the distribution w Inch is generally accepted as indubitable 
is represented schematically in Fig 4 The statistics cluster strongly to a 
pair of lines PQR The slope of PQ is small, and it is not certain that it 
is in the direction shown, but the reduction of Soares’s visual magnitudes 
to bolometric magnitude increases the slope in tins direction* In the 
globular clusters the slope of PQ is definitely in this direction and seems 
to be larger than in our local system 

We may either suppose that PQR is the track of evolution of an average 
star, or we may suppose that stars born w'lth different masses develop 
rapidly until they reach a point on PQR and then stick there almost 
indefinitely. The line is oithei a track of evolution or a locus of equilibrium 
points or a mixture of both 

* Ordirmn giants of typos A and F which would lie on the direct line of PQ 
are scarce, and the stars shown on Seares’s diagram are eluefly Cepheids or pseudo- 
Cepheids 
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According to the present theory a star remains of practically constant 
(idlonietnc magnitude so long as its mass does not alter More accurately 
the track of evolution of a star of constant mass has a blight upward slope 



Fig 3 StotislK s of Absolute, Magnitude and Spectral lype. 


to the left , such a track is Rhown by the dotted line SS' Any considerable 
vertical displacement in Fig 4 involves a change of mass In particular, 
there can be no evolution of a star along QR unless the star is changing 
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mass — and changing it considerably Evolution along PQ involves at tin. 
most minor changes of mass 

The dwail stars enormously outnumber the giants, and if Scari-s 
diagram had show n the true pi ojiorf ions of the stars in space the line Qft 
would have been the prominent feat me to the exclusion of almost e\ei\. 
thing else Indeed the next most conspicuous feature would have be, n 
the while dual fs, and the giants along PQ would scarcely be noticed \\ , 
rail QR tho Main Sene a Wo ean trace a definite prolongation of it 
shown hi tin' broken hue thiongh the hotter types li and O, the latte i 
stars aie not \crv niimeious m space 



121 If evolution is to continue to play the dominant part in our theories 
of the stais that it has done foi the* last at) years wo must suppose that 
there is an evolution along the main series and this necessaiilv involves 
a change of mass The greater part of the star’s life will be occupied In 
evolution along this senes, the stars presumably jommg and ultimateh 
leaving the line at different points according to their initial masses 01 
extraneous influenc es to whit h they may have been subjected We should 
thus regard the giants as stars on the wav to join the main senes, and the 
white dwaits as stars which have finally left it 

If there is no evolution along the main senes then each star ultimateh 
leaves QR at the point where it reached it, after taking a long rest on the 
line So far as can be ascertained the stars approaching the line (giants) 
are mostly of considerably larger mass than the stars leaving the line 
(white dwarfs), so that evolution down the line is strongly suggested 
It will be seen that any modern theory of evolution is bound up with 
the cjuestion of the possibility of change of mass of a star 



THE MASS-LUMINOSITY RELATION 


177 


122 The motion (if any) of a star along QR must be due to changing 
mass and not to any lack of balance of supply and demand of eneigy 
lr js important to remember this because it has usually been supposed that 
the impulse for a star to move on to a new condition conies from a failuie 
of energy supply But here a failure of supply would cause the stai to 
move away from QR along a line parallel to SR' , it cannot lea h any othei 
point on QR without changing its mass 

[t appears then that along QR there is a semipermanent balance of 
supply of sub-atomic energy and loss by radiation, the ladialion being 
(Iclermuied by Table 14 For different masses the corresponding point on 
this lino gives the right internal conditions for a liberation of sub-atomu 
energy at a rate which balances the fixed late of ladiation Tins will be 
true for the greater part of the stai’s life, hut the composition of the 
material is gradually being transformed and the time ultimately arrives 
when the star must leave the line 

Jt is therefore of interest to study the internal conditions of stars on 
the line of the main senes I do not think we should expert to find any 
common characteristic, because, tor example, V 1’uppis has to liberate 
S.'fOO tunes as much energv per gram as Krueger 00 in ordei to keep the 
balance But whether by accident or by some significant law of physics 
there is a common c liarac tcnstic , the star ■> on the main aerie* possess vcarly 
tin same intermit temperature distillation 

VttcMition has been ( ailed to this curious result by II N Russell* 
Examples of it. woie given in § 106 Perhaps the best waj of discovering 
how c losely the stars conform to it is to assume a common ecntial tempera- 
ture of 40 million elegieos for all stars of the main senes, and calculate the 
resulting relation between absolute magnitude (or mass) and effective 
temperature (or f j pc) 

In Table 23 the first two columns arc taken dnc>etl> from Table 14 
Then by (99 3) the radius R of the star is given by 

R - 0 856 (1221) 

Hence R corresponding to the assumed central temperature can be found 
If m is the absolute bolometi ic magnitude, and »i 0 the magnitude taken 
directly from Table 14, 

ra„ - 2 log (T e j 5200) -= m = - ) log L -( e onst 

= — r» log It — 10 log T e f const 

so that 8 log T, - — m 0 — 5 log R ' const (122 2) 

Thus T, is found and is given m the fifth column of the Table We can 
now determme m (= w* - 2 log (T,/5200)) and reduce it to visual mag- 
nitude 


* Nature, 116, p 209 (1925) 
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Finally, the type corresponding to T, according to the usual temperature 
scale ih added m the sixth column 

It should be mentioned that, we have m these calculations applied to 
Trig the correction suggested in the footnote on p 159, that is to say, \v c 
have followed the line of the observational data rather than the theoretical 
curve at the left of Fig 2 because we think that the correction is genuine* 


Table 23. 
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If these magnitudes and types are plotted on a diagram similar to 
that of Seares we obtain a line which agrees as nearly as we can judge 
with the central line of the main senes The observational evidence is 
thus consistent with the assumption of a uniform ccntraf temperature of 
40 million degrees throughout the whole length At any rate, the deviation 
from uniformity must be small 

The question arises whether the main senes is strictly a line in the 
diagiam or a rather narrow band This can scarcely be determined from 
the statistics, because the spread is largely caused by observational error 
It is risky to appeal to particular individuals since we cannot be certain 
that these have reached the stable point, thus the fainter component of 
a Centaun is considered by Russell to be a giant of unusually small mass 
which is approaching the mam senes but has not reached it I think that 
a certain amount of spread must be admitted more particularly at the hot 

* Whether (he correction if genuine ought to be applied depends on its origin 
If it is due to a decreased absorption coefficient rendering the stars more luminous 
than tho law k oc ppT- predicts, our procedure is justified If it is due to an increase 
of molecular weight (whether actual or used as a fictitious equivalent of tho electro- 
static forces as in § 115) p should be incrcasod in determining It from (122 1) This 
would make H larger and the effective temperature smaller and to a large extent 
compensate the docrease of m 0 in (122 2) If, for tlus or other reasons, it is mappio- 
pnate to apply the correction, T 0 must increase a little for the smaller Btars 
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(‘iid of the senes, for example, Alcyone although the brightest of the 
Pleiades is by no means the hottest Exceptions of this kind become rarer 
<is we go down the senes and apparently the band narrows Perhajib the 
effect of diverse initial conditions of the stars wears out after they have 
been a long time on the mam senes The luminosity-spectrum relation is 
prntianly an ompincal one, whereas the luminosity-mass relr ‘ion is based 
on a definite theory, there is no reason to anticipate that the former will 
lie as exact as the latter for individual stars 

It is difficult to know what to make of this constancy of central 
temperature It may be an accidental iclation due to the exhaustion of 
the sources of sub-atomic energy balancing the decrease m demand as the 
mass diminishes, but this seems an unlikely adjustment Taken at face 
value it suggests that whether a supply of 680 ergs per gram is needed 
(V Puppis) or whether a supply of 0 08 ergs per gram (Krueger 60) the 
star has to rise to 40,000,000° to get it At this temperature it taps an" 
unlimited supply 

The obvious difficulty is that temperature is a statistical attribute, and 
if we turn to the individual processes, anytmng chat act eristic of 40 million 
degrees is still moderately abundant at 20 million degrees 11 is true that 
at low temperatures we have experience of critical transitions, but the 
analogy seems inapplicable Does energy issue freely from matter at 
40,000,000° as steam issues from W'ater at 1 00° > 


12-2 
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VARIABLE 8TAR8 
Oei**ieid Variables 

123 Although va liable stars of the Cephcid type show a periodic 
change of radial velocity it is improbable that they are binary systems 
The theory which non seems most plausible attributes tlieir variation lo 
th( pulsation of a single star and acioitliiigly the varying radial velocity 
measmes the approach and recession of the surface presented tow aids 
the observer as the star swells and contracts If this explanation is coincf 
v.c havi an opportunity of extending the study of the internal state 1 of ,t 
star iicini static to disturbed conditions 

The- leading facts about these variables ascertained by observational 
stuclv aie a-, follows — 

About 170 galactic Cepheids aie known with periods ranging from a 
few hours to about 50 days, so-called ‘ orbits ’ have been determined foi 
20 of these from measurements of radial velocity In addition large 
numbers of Cepheids have been found in some globular clusters, among 
these periods less than 12 houis arc especially prevalent Cepheids have 
also been found m the Andromeda nebula 

Relatively few periods arc between 0 7 and daj s, so that the Cepheids 
may be subdivided into two groups with periods above and below this gap 
Tilt* light-range rarely exceeds l nl 2 visual, the photographic range is 
greater than the visual The spectral type changes during the pound, 
corresponding to a higher temperature at maximum than at minimum 
The light-curve and the velocity -cure e are closely similar* the 
correspondence is the more marked because both curves are usually un- 
symmetncal The light -variation is marked by a rapid rise to maximum 
and a comparatively slow deelme often arrested by a definite hump in 
the dow'iiward course of the curvef 'Phis asymmetry is reproduced in 
the velocity-curve if interpreted as orbital motion it indicates that the 
orbit is eccentric with penastron at the point farthest from the observer 
There arc occasional exceptions to this rule 

The t elation of phase between light and velocity is very definite 
maximum light occurring simultaneously with— or perhaps slightly before 

* M hen plotted a< cording to the usual conventions the one is a mirror image of 
the other 

t A progressive relation between the period and the faun of the light curve lias 
been found by E Hcrtzsprung For periods 2-3 davs and again for periods 10 12 
days the curve is fairly symmetrical (Bull Aatr Inst Netherlands, Ho %) 
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—maximum velocity of approach This fact rules out any interpretation 
of the variation as an occupation effect 

The absolute magnitude is a definite function of the period This was 
(irst shown by Miss Leavitt from a study of the variables in the Lesser 
Magellanic Cloud A full confirmation was obtained by H Shapley from 
the variables in globular clusters In the same cluster tlie a ' isolute mag- 
nitude differs from the apparent magnitude by a constant (depending on 
the unknown distance of the cluster) so that the period luminosity re- 
lation is given directly without the intervention of parallax It is found 
that the* period determines the absolute magnitude to within a probable 
eirorof ± 0™ 25 Having thus found the period-magnitude curve applicable 
to all Ccpheids except for the unknown constant, we proceed to anchor 
(he curve by combining our knowledge of the mean luminosity of the 
nearer Ccpheids (derived from their parallactic and cross motions) into 
a single mean determination of the constant 

Then* is a progression of spectral type in the direction from A towards 
M as (ho period (and luminosity) increases 

The Ccpheids are more luminous than ordinary giant stars of the same 
spectral class, although some giant stars of high luminosity , called pseudo- 
(Vpheids, are found which seem to resemble them verj closely without 
show ing any hght-vanation Ccpheids and pseudo-Cophcids arc sometimes 
described as “super-giants ” 

124 Tallies 24 and 25 contain results foi those Ccpheids which have 
been sufficiently investigated The observational data have been taken 
fiom a compilation In Margaretc (lussow* 

in Table 24, column 3 gives for most stars the mil j/c of spectral type 
since the type changes dining the light -penod In column 4 an effective 
lempeiatuie is assigned to correspond to the median spectral type The 
basis adopted in this assignment is 4900'’ for type G 0 with an increase of 
logj„ T r by 0 0140 for each tenth of a type between M and A , bo that 
A 0 --- 9:500°, M 0 2000° The temperatures arc taken lather low', partly 

because these stars are super-giants of low density, and partly because the 
typeh here used (month due to Sliapleyf) are systematically or 1 I „ of a 
type bluer than those assigned bv Adams and J°y The absolute visual 
magnitude in column 0 is derived from the period by Shapley’s period - 
luminosity curvej Differentially these magnitudes should be correct to 
within 0™ 25, but the zero point of the period-luminosity curve is not so 
well determined, and there maybe a constant correction applicable to the 
whole series I suspect also that there may be a progressive error (onginat- 

* “Kntische Ziisnmmrnstellung snmtlicliei Beolwelilimgsergebnisse der Veran- 
derlichen vom 8 Cepliei -Tvpus und Kntik der Fddmgtonsehen I’uisiitioii'.theorie” 
(lithographed, Berlin, 1924) 

t Astrophys Joum 44, p 274 3 Ibid 48, pp 114, 282 
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Table 24 

Oeplmd Variables— Observational Data 


No 

Star 

X 

a. 

/> 


Period 

Magnitude 

Light-Range 


U) 

of 

T, 

on 

Vis 

Bol 

\|6 

Photog 

( 

i ln< 1 , 

1 

l Car 

F 8 G9 

a 

44(H) 

d 

35 523 

m 

- 5 13 

id 

- 5 53 

111 

1 5 

m 

0 36 

o 

99 

8 iH 

2 

Y Oph 

F 5- (1 8 

5050 

17 121 

4 00 

- 4 17 

0 61 


0 16 

202 

1 79 

'1 

XCvg 

F 5 

5750 

16 385 

- 3 92 

- 3 97 

0 69 

1 16 

0 26 

101 

6 |o 

1 

£ (Jem 

CO 

4900 

10 155 

- 3 16 

- 3 37 

0 42 

1 00 

0 20- 

338 

1 82 

■ 

S Kge 

F 4-G 3 

5150 

8 382 

- 2 87 

3 02 

0 50 

0 86 

0 60 

75 

1 17 

6 

W Sgr 

A 8-G2 

5750 

7 594 

- 2 72 

- 2 77 

0 85 


0 36 

43 

19) 

7 

r l Aql 

AS GR 

5500 

7 176 

- 2 62 

- 2 70 

0 51 

1 09 

0 47 

66 

1 77 

8 

X Sgr 

in -a 5 

5250 

7 012 

- 2 60 

- 2 73 

0 67 


0 40 

94 

1 3! 

9 

Y Sgi 

A 1 4-G 4 

5050 

5 773 

- 2 30 

- 2 47 

0 74 

1 13 

0 42 

74 

1 17 

11) 

8 (Vp 

/’ 0-G 2 

5660 

5 366 

- 2 19 

- 2 27 

0 61 

1 08 

0 48 

85 

1 27 

11 

T Vul 

■d 9-G 1 

6750 

4 435 

- 1 95 

- 2 00 

0 71 

1 13 

0 44 
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0 9bt> 

12 

SU Cvg 

4 G-F7 

6450 

3 845 

1 78 

- 1 78 

0 74 

1 15 

0 31 

108 

0 71)9 

1.1 

RT Aur 

A 7 G 1 

5050 

3 728 

- 1 74 

- 1 76 

0 80 


0 37 

95 

0 K5(i 

14 

SZ Tau 

/l 9-GO 

5850 

3 148 

- 1 58 

- 162 


0 58 

0 24 

77 

0 ion 

15 

SlI Caa 

il-fs 

6350 

1 950 

- 1 15 

- 1 15 

0 33 

0 47 

0 0 


0 297 

lb 

RRLyr 

W 9-7'' 2 

7800 

0 567 

0 35 

- 0 39 

0 85 

1 06 

0 25 

111 

0 Kill 

17 

l’olana 

G8 

5250 

3 968 

- 1 81 

- 1 94 

0 08 

0 17 

0 13 

80 

0 167 

18 

fiCep 

B 1 

19000 

0 190 

- 0 37 

- 2 00 

0 05 


0 0 


0 1145 


Table 25 

Cepheid Variables — Theoretical Remits 


No 

Star 

nr 

(Sun 1) 

• 19 

Jt 

(10‘km ) 

ft 

11 \/p 

7’, (10' 
degrees) 

, 

it 

(10‘ km ) 

iff 

H 

1. 

1 

/Car 

50 3 

74 

145 

000433 

0 74 

2 61 
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II 

2 

Y Oph 

22 6 

62 

58 6 

00288 

0 92 

4 24 

54 9 

011 1 

0) 

3 

X C\g 

19 2 

60 

41 ] 

00713 

I 38 

.5 39 

50 5 
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(Mi 

4 

£ (li in 

15 4 

56 

43 0 

00496 

0 71 

4 56 
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(U 

5 

S Sgo 

12 8 

52 

33 5 

(H>894 

0 79 

5 34 

28 2 
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04 

6 

W Sgr 
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49 
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6 7B 

25 0 

081 ! 

os 

7 

t, Aql 
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49 
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0 94 

6 23 

24 0 

070 

04 

8 

X Sgr 

11 1 

49 
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0131 

0 80 

5 87 

23 9 

048 | 

111, 

9 

Y Sgr 

10 0 

47 

26 8 

0134 

0 67 

5 72 

20 3 

050 

0«> 

10 

8 (Vp 

8 8 

45 

20 2 

0273 

0 89 

6 93 

18 5 

063 

(15 

11 

T Vul 

7 7 

42 

16 7 

0427 

0 92 

7 74 

15 6 
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07 

12 

SU Cvg 

68 

39 

12 0 
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1 23 

10 00 

13 6 

059 | 

OS 

13 

RT Aur 

6 9 

39 
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01.56 

0 95 

8 76 
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062 1 

08 

14 

SZ Tau 

6 6 

38 

1.3 5 

0691 

0 83 

8 76 

11 8 

034 

0.1 

15 

SU Cas 

5 3 

3,3 

92 
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0 82 

11 2 

80 

032 

0.1 

16 

RK Lyr 
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26 

4 32 
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18 3 

3 1 

039 ’ 

II 

17 
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42 

19 6 
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00 

18 
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51 

33 

1 52 

37 3 

1 16 

65 5 

1 7 
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mg in a faulty reduction from photographic: to vibubI magnitude) which 
makes the first three or four stars too bright and their calculated masses 
too large The bolometnc magnitude* is derived from the visual mag- 
nitude by Table 16 The light-range in columns 8 and 9 often differs 
considerably from the value given m a former Table of this kind* owing 
to more recent photometric work The last three columns coni am elements 
of the speotrographio “orbits ” The quantity e is not to be interpreted 
literally as an eccentricity, but it serves to measure the deviation from a 
simple harmonic oscillation The element w indicates the position of 
penastrqn according to the orbital interpretation, if a> — 90°, penastron 
is at the point of the orbit farthest from us so that the drop from greatest 
receding velocity to least receding velocity ir sharper than the ascent of 
the velocity-curve This is generally a characteristic feature The quantity 
bR is the element a sin i of the spectrographic orbit, but is here considered 
to be the semiamplitude of the pulsation Strictly speaking, if w is not 
90° or 270° so that the major axis is nol m the line of sight, a correction 
for eccentricity should be applied, but m all these stars the correction is 
trivial 

In Table 25 columns 3 and 4 give the mass and 1 - /}, deduced by our 
theory from the absolute magnitude and T, In column 5 the radius is 
obtained as usual from the absolute magnitude and T, The central density 
and central temperature in columns 6 and 8 are then found by (99 3) 
(n column 9 we calculate the radius a' of the orbit of a hypothetical 
satellite revolving round the star of mass M in the period II Inc olumn 1 1 
ST, is the semiamplitude of a variation of T, which would account for the 
visual light, range given in Table 24 Due allowanc e is mac!" for the change 
in luminous efficiency when T, vanes, so that ST,/'/', is not exactly pro- 
portional to the range of magnitude The relation of phase oi the light- 
curve and velocitv-curve is such that the raclnis has approximately its 
mean value both at maximum and minimum bght Accordingly it is 
legitimate to ascribe the light -range to a change of effective temperature 
and not to a change of radius, but we may pci haps be in error m assuming 
that the relation of visual light to heat intensity is the same as in a static 
star 

The stars I’olai is and j8 Cephei arc* given for reference at the end of the 
Tables The light -r.inge is vei v small, but they are believed to be genuine 
(Jepheids In discussing the Tables we shall however, confine attention 
to the typical Cepheids with large vauation 

125 We shall first explain why the binary hypothesis for these stars 
httB been abandoned 

Tf there are two stars, the secondary must be relatively faint because 

* Monthly Notices , 79, }> 4 
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its spectral lines aie never detected The explanation often given for th,. 
light variation is that tlieie is a resisting medmin surrounding the whole 
system, and as the principal star moves through the medmin its front 
surface becomes heated by the resistance ( onscquently the star goc» 
through phases like the moon according as the' cooler hemisphere or tin 
heated bcitiisplnue is presented towards us, in particular the bnghtesl 
phase is presented when ihc siai has its maximum velocity towards us 
in agreeinenl with the observed relation of bnghtness and velocity To 
generate so considerable ail increase of heat the resistance must be great 
enough to alter the jietiod fairly rapidly, to meet this objection it has 
sometimes been suggested that the resistance does not actually generate 
*he heat, but it brushes aside the outei lasers of the star exposing a hotter 
substratum The suggestion does not seem to us very intelligible, one 
would think that there must be an accumulation lather than a deficient j 
of ahsoihing mattei on the front side of a star pushing its way through a 
medium 

Fust suspicions of the orbital mterpietation of t lie observed radial 
velocities were aroused by the gcneial tendency of the element to to fall 
near SM) J It is absurd to suppose that the orbits can have a systematic 
orientation with respect to the line of vision from t lie sun lint t lie- 
tendency is too well nidikod to lie a matter of chance the conspicuous 
exceptions V Oplnuclu and £ Gominorum both have small eccentricities 
so that the value of w for them has not so much significance 

The regular relation betw'cen period and density which makes I7vp r 
piactieally constant (Table 25) also tells against a binary tly'oiy We shall 
see later that such a relation would natuially be expected it the penod is 
intrinsic' in a single star 

But the most convincing dispioof of the binary theory is afforded by 
a consideration of the dimensions of the system, which shows that there is 
no loom for the supposed orbits and the binary model is a geometrical 
impossibility The column SR/R (1 e o, sm i/R x on the binary interpreta- 
tion) shows that a, sin i is on the average OMR, Now the distance 
a ] -f cc 2 between the two components cannot be less than the radius R, 
of the principal star Hence the ratio of the masses is 

M , a, 054 ectt.ee i 

JJ 1 a i t - 054 cosec i 

Cosec i will not in general be much greatei than J , and it certainly will 
not be large for all the stars in our Table, hence in general is not 
more than, sav, Practical ly we can consider M, (l e M m Table 25) 

to be the whole mass of the system That being so, the semiaxis of the 
relative orbit is the quantity tabulated as a' But in most cases a' is a 
little less than R, that is to say, we have to place the secondary inside 
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tlic principal star Allowing for (he large eccentricities the secondary 
must dip deeply into tho principal star at penastron The orbital uitei- 
prctation has to he discarded because there is not enough room for the 
hypothetical orbits* 

A. disproof of the binary hypothesis does not necessarily compel us to 
idopt the pulsation hypothesis Wc are however, reduced to the eonsidei a- 
tion of a single star, and the period of light variation must therefore he a 
period intrinsic in that star If the period is not that of some form of 
pulsation, the only alternative seems to be that it is the period of the star’s 
rotation ,We do not know of any theory connecting the variations with 
the star’s rotation, sufficiently plausible to be discussed here No doubt 
then* are other kinds of pulsation w Inch might claim some attention 
besides the symmetrical mechanical pulsations wind) we consider and 
•uhocate in this Chapter j 

126 Accepting the pulsation theory the relative amplitude 8 R/R has 

1 he kind of value which would be anticipated It is large enough to produce 
impoitant changes of internal temperature and density and so cause the 
late of radiation to fluctuate There is some indication that SRjJi is pro- 
portional to the temperature amplitude ST,jT, , the fact that the corre- 
spondence is not verv exact < ail he attributed to errors of Hie observational 
data For the 15 stais (omitting X Cvgni) the mean values are 

SR/R - 052 ST,/'/', - Obti 

Hut SRIR must eertainlv be increased a bit because the spectroscopic 
measures of SR ^pfer to the integrated light of the hemisphere and do not 
give* the true rate of expansion of R If the law- of darkening of the disc 
is the same ns foi the sun the value's of 8 R/R have to he multiplied bv , 
gi'ing a mean value 073 Hut 1 think that the pulsation ninv cause the 
light at maximum to rush out mote m a normal duection than m a static 
star and the correction is probably not so huge It seems then that 8 R/R 

* The chief aigumcnts against the binary the mv ami in favour of the pulsation 
theory wc'ie put foninrel he H Sliapli \ ( -t ilroj>hi/n Jowii 40, p 418 ( ( * 1 1 4 ) ) The 
pulsation tlieoiv was pre vanish advocated he II ( ' I’luuitoir, ilueflv because 
(l< vmtions from elliptic motion were ctitefled of a kind unfiossible to ascribe to 
gra\ national perturbations b\ a third bode ( Monthly Xotiirs, 73, p 005,74, p fiOL) 

t ["Recently theie has been a recrudesi en< i of criticism of the pulsation thf oil , 
and 1 1 v nl theories lm\e been advocated A iiuiiiiinn of these disi iissions will he 
found in Monthly Notiies, 86, p 25 1 I luui never ri glided the hypothesis of 
'wninetneal pulsations hs conclusively islahlislud but I mn not persu.uled that 
anything has transpirod in the went discussions to w< ihen the case foi it as hero 
set foi til Those them ips whit h identify the light p< nod with the ptnod of the still's 
lotulion seem to bo ruled out bv the follow ing consideration For 8 Oopliei the udius 

2 It) 7 km and period 5 4 davs give an equatorial velocity 270 km per sec , so that 
In tween different portions of the st< liar disc then- would be a differential velocity of 
540 km per sec in the line of siglil The spectral lines would be extremely diffuse 
with total width 8 A and off ct live width (not counting faint margins) at least 3 A ] 
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and ST t /T e are nearly the same The theoretical relation between ih,,„ 
has not been worked out and there is no reason to expect exact equahh 
We might expect that the “eccentricity,” 1 e the deviation from simple 
harmonic oscillation would increase with the relative amplitude, but then 
is no evidence of this in the Table If t here is such ft tendency it is proba b'\ 
masked by the more prominent relation of eccentricity to period notiml 
by Hertzspnmg (p 180, footnote) 

The amplitude ST, of the temperature oscillation should also torn 
spend to the observed change of spectral type The mean value J_ 06(>/, 
corresponds to a relative range 934 to 1-066 which represents an increase 
of about four-tenths of a type The range given in our Table is generalh 
greater than this But a great deal depends on the characteristics chosen 
in assigning the type For the types given in the Table the intensities of 
the h\ drogen lines were used as the principal criterion Adams and Jov* 
have shown that the hydrogen lines behave anomalously m the Cephcids 
and the more general spectral features indicate a smaller change of type 
For the mean of nine stars they found a range of six-tenths of a type from 
the hydrogen lines and one-tenth from the general features of the spectrum 

Adiabatic Oscillations of a Star 

127 We shall now investigate the theory of the pulsation of a gaseous 
star The exact theory of the changes of temperature and density, taking 
into account the flow of heat, involves differential equations of the fouitli 
order which at present seem unmanageable But the problem is simphfu d 
by noticing that owing to the high opacity of stellar material the osul 
lations through the greater part of the interior are approximately adiabatic 
We theicfore start by considering adiabatic oscillations of a sphere of g.i-- 
we can afterwards calculate the flow of heat which would result and 
determine whereabouts m the star it becomes so great as to render flic 
adiabatic approximation invalid 

Let P, p , T be the pressure, density, and temperature at a point 
distant £ from the centre and let g be the value of gravity there We tix 
attention on a particular piece of matter so that £ oscillates with the 
pulsation Let , P„ p 0 , etc denote the undisturbed values, and let 

= = P - P 0 = 8P = P„P, (127 1), 

and similarly for all the other variables If the period of pulsation i« 
2ir/n P] , etc , will contain a factor cos nt We consider small oscillations 
and neglect the square of the amplitude 

For adiabatic changes the pressure and density of a particular piece 
of matter are c onnected by 

P oc pi, 

* Proc Nat Acad Sri 4, p 131, 
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where y is the effective ratio of specific heats (regarding the matter and 
enclosed radiation as one system, since P is the total pressure) Hence 

8 P 8 p 

p- = y . 

*■' o Pa 

or Pi = ypi .. . (127 21) 

The matter m the spherical shell £ to £ p <]£ occupies in ti>e undisturbed 
state the shell £ 0 to 1 d£ u hence, equating the mass 

(127 22) 

Hence, differentiating logarithmically, 


Bp 

Po 



H 


<78£ 

df„ 


= 0 , 


so that Pl = - 2£- ^ (&*,) = - 3f, — 

The ordinary equation of motion is 


(127-23) 


1 d p _ 

P d£ g dP 

= - 1 + « 2 fofi- 

Hence, using (127 22) 

_1 rfP _ _ </ n 2 ^ 


(127 3) 


Now ql(j 2 - OMj^*, where M is the mass interior to f which remains constant 
as the star pulsates , hence 


8 = - WMSeitS = - 

Hence (127-3) becomes 

^ (P t P P ) - — f (^° ' P 

which breaks up into the equilibrium formula 

dP 0 


di » 


<hp 0 


and the equation for the deviation from equilibrium values 

d(P»Pi) 


dio 

which reduces by (127 41) to 

dP 1 


~ Pa (4?u 1 11 ~£o) 


0 di „ 

From (127-21) and (127 23) 


Pn -,!- 1 — gaPaPi — Pa (40b + rt Vo) fi 


— r («, + f.;|) 


(127 41), 


.(127 42), 


(127.51) 

(127-52) 
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Eliminating P\ from (127 51) and (127 52) we have 

+ 4 7 M t + Kp ~ ( 3 - z) r*: ft = 0 •• < 127 6 >> 

* £n ('C6 7 y o v 7/ bo 1 

where /<• — 9oPo£nlP« 

The equilibrium values which appeal as coefficients m equation (127 0) 
<an lie tabulated with the help of Table C* It is easily shown that ^ 
(which is of the dimensions of a pure nunibei) is given by 

. s du 




’udz’ 


alh ° P u ' u (?„!’ 

whine the suiliv r denotes t lie values at the centre of the star 



a = 3 — 4/y 

Then (127 <i) can be written 



the accents denoting diflerentiation with respect to £„ 


(127 7 j), 
(127 72) 

(127 8), 


128 The equation (127 8) has to be solved numerically We must 
first decide on a value of a, which depends on the effective ratio of specific 
heats The maximum value of a is 0 6, corresponding to the maximum 
value 7 — ; for a monatomic gas , the minimum value of q is 0, correspond- 
ing to y - J , since a star is unstable foi smaller values (§ 104) 

As an example we shall consider a — 0 2 It is then necessary to tiy 
various values of w‘ l c try various periods, until we find a solution whu h 
satisfies the boundary conditions and so represents a possible free oscil- 
lation For the fundamental oscillation the first node (place of constant 
pressure) must fall at the boundary of the star 

We start from the centre with an arbitrary value of ^ (at cording to 
the amplitude of the pulsation) which is here taken as unity Evidently 
ii must be taken zero Proceeding hrst by a solution m senes and changing 
to quadratures when the senes becomes inconvenient, w r e calculate 
fi', fi" at successive points Table 26 contains the results of the calculation 
for three values of cu a , viz 055, OGO, '005 The unit of length here used 
is 1/6 9 of the radius of the star, so that the first column £ 0 corresponds to 
z m Table 6 

Consider the solution for <u 2 = -0b0 At = 5, fj" has become negative 
and is decreasing very rapidly, so that is diminishing and will probably 
become negative before the boundary is Teached The node is given by 

* An auxiliary table giving values of fi will be found m Monthly Notices, 79, p 10 
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+ ioii = 0 an< ^ WL ^ probably fall within the boundary, the wave is 
thus a little too short to fit the star We lengthen it by diminishing cu- 
On trying to 2 = 055 we see that we have greatly overshot the mark 
t" is (as far as we trace it) increasing more and more rapidly and the 
wa'e is quite out of control Taking to 2 - 0(>5 we find that the wave is 
much too short and there will be a node well within the star The results 
show that the solution is very sensitive to small changes of to' 2 so that the 
tiue solution cannot be far from at 2 = 060 


Table 26. 


Trial Solutions for a Puhatmg Star (a 0 2) 




ini 1 = 0>)i) 




<u z =- 01) i 



o j 2 0h“i 


. 

£, 

ft' 

ft" 

ft 

ft' 

t " 

hi 

ft 

ft' 

ft" 

0 



X 

0 

0423 

1 

0 

0413 


0 

0403 

1 

1 0218 

0443 

0504 

1 0212 

0431 

0470 

1 0200 

0420 

0448 

II 

1 0 (45 

0573 

0538 

1 0335 

0554 

0500 

1 0325 

05 15 

0474 

1! 

1 0505 

0713 

0585 

1 0489 

0685 

0541 

l 0474 

0057 

0497 

ll 

T 0702 

0807 

00X4 

1 0078 

0825 

0584 

1 0054 

0784 

0524 

> 

1 0040 

1037 

0718 

1 0903 

0977 

0034 

1 0807 

0919 

0550 

h 

1 1223 

1227 

0800 

1 1108 

1142 

0088 

1 1114 

1059 

0570 

~ i 

1 1550 

1441 

0912 

1 1475 

1320 

074 4 

1 1396 

1202 

0577 

) i 

1 t'Hb 

1085 

1041 

1 1829 

1514 

0804 

1 1715 

1340 

051.8 

i 

X 2401 

1905 

1203 

1 2234 

1723 

08b2 

1 2009 

1484 

0529 


X 2932 

2200 

1407 

1 2692 

1945 

0917 

1 2450 

1600 

0440 


l 3651 

2072 

1070 

1 3208 

2181 

091.8 

1 2870 

1637 

0276 

j'l 

X 1272 

313b 

2045 

1 1784 

2427 

0999 

1 3.400 

1735 

- 0014 

1 

1 5122 

1707 

2571 

1 4422 

2078 

0994 




4! 

1 0131 

4442 

3301 

1 5122 

2919 

0927 


- 

— 

41 

1 7349 

5427 

4021 

1 5879 

3130 

0735 



- 

Ij 

- 

- 

— 

1 0080 

3200 

0289 



- 

1 


— 


1 7497 

3213 

- 0080 

— 

_ 

— 


It will be shown latei that the adiabatic approximation breaks down 
near the boundary so that it would not be possible to introduce exact 
boundary conditions But this does not much matter So long as the node* 
falls well inside the star (where the approximation is \ ahd) we have to go 
oil lengthening the wave, and when we have lengthened it a little too 
much the solution changes in such a way that no nodi' can possibly occur 
It is found that the value of to 2 for the fundamental oscillation is 
roughly proportional to a The following lesults have been found — 

a = 0 1, a) 2 = ’0315, 

a = 0 2, o> 2 = -060, 

a - 0 - 6, to 2 — '156, 
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We may adopt as sufficiently accurate 


(128 1) 


The full solution for a — 0 1 (calculated by H E Green) is given m 
Table 27, which also contains the corresponding values of p 1 from (127 23) 


Table 27. 

Solution for a Pulsating Star 
<r = 0 1, ui t = -0315 


L 


ii 


~Pi 

1 

1 (1104 

0211 

0225 

3 0523 

11 

1 01 (>3 

0208 

0237 

3 0824 

IV 

1 0238 

0329 

0249 

3 1208 

n 

1 0328 

0393 

0203 

3 1071 ' 

2 

1 0434 

0401 

0278 

3 2224 ! 

21 

1 0558 

0532 

0293 

3 2871 

2) 

1 0701 

0007 

0309 

3 3621 

n 

1 0802 

0080 

0324 

3 4473 | 

3 

1 1044 

0709 

0337 

3 5439 

31 

1 1247 

0855 

0148 

3 6520 

JV 

1 1472 

0943 

0353 

3 7716 

33 

1 1719 

1031 

0351 

3 9024 

4 

1 1988 

1117 

0333 

4 0432 

41 

1 2278 

1197 

0291 

4 1921 

4i 

1 2587 

1200 

0201 

4 3431 

43 

1 2908 | 

1289 

0017 

4 4846 i 

i_„l. 

1 3231 

1251 

- 0367 

4 5948 j 

• 1 


Effective Ratio of Specific lleati 

129 Let T be the ratio of specific heats of the material Radiation 
behaves as though it had a ratio of specific heats \ Hence we may 
expect that the appropriate value of y in the foregoing work, which refers 
to matter and radiation jointly, will be intermediate between F and \ 
We shall investigate the precise value 
Writmg the whole pressure as 

P = NpT + \aT\ ( N = H/p) . (129-11), 

the energy per unit volume is 

E ■= j pT + aT l . (129 12), 

since the specific heat of the matter c„ is equal to N j(T — 1) 

For adiabatic changes of volume V the condition is 

S (EV) + P8F = 0, 

so that S E = -(E + P) 8 VjV = (E + P) 8 p/p = (E + P) Pl (129 2) 
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Y - P f 


\M«g (129 an( * ( 12fl 12 ) thii becomes 

r ^ j P«T 0 (ft + T x ) + WTfiT, “ (p 1 ^ 1 Pu T„ -4 [a'l'/j Px (I2<) 3) 

Oi .since Np 0 T 0 = pP 0 , $flT 0 « = (] - p) P 0 , 

{ r ^ i + 12 O - Pi\ T i - iP ■ 4 (1 - )8)j (12‘J 4) 

Also by (129 11) 

A -p( Pl + T ,) 4 4(1 - p) 1\ 

Pfh. *■ (4 - 3J8) T, 

Hence by.(129 4) Pj = Wl (129 51), 

»here Y ~ P+ p +n ('r_ % ^ _ 0, ( 12! > -> 2 ) 

Tin-, ( ail be reduced to 

y - 1 4 — 33 

I’ - ! "1 h 12 (F — 1) (1 -p)/p (129G) 

We have also T x - Y p L (129 7) 

4 - op 

If we write by analogy with the usual equation for matter without 
iddiation 

n=(/- l)/>i (129 75), 

we have y' - ( - (y - *)/(4 - 3/3) ( 129 8) 

Here y is the effective ratio of specific heats for the pressure-density 
relation and y' for the temperature-density relation As the mass ol the 
Mar increases and P diminishes, y' approaches ’ more rapidly than y 
In considering a star compressed by pulsation our firs> impulse is to 
< onipare it with a star which has undergone slow contraction m the course 
ol evolution, but in the latter case T vUneB as p\ whereas in the former 


We have also 


(129 4) 


(129 51), 
(129 52) 


(129 C) 
(129 7) 


Table 28 


Effective Patio of Specific Heats 



Values of y 

ValiM 8 of (ya)- 

1 -p 

r-U 


l’=l< 

r=i; 

| r i r , 

i’-n 

20 

1 410 

1 467 

1 511 

478 

632 

730 

30 

1 398 

1 443 

1 476 

439 

1 573 

055 

35 

1 392 

1 433 

1 462 

421 

546 

621 

40 

1 387 

1 423 

1 449 

401 

i 519 

589 

45 

1 382 

1 414 

1 437 

382 

i 493 

558 

50 

1 377 

1 406 

1 426 

36.1 

! 406 

527 

60 

1 368 

1 390 

1 405 

321 

i 412 

404 

70 

1 359 

1 375 

1 386 

277 

i 353 

397 

80 

1 350 

1 361 

1 368 

22.-} 

1 280 

321 
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it vanes more rapidly In the more massive starB the excess of temp ma- 
ture is not so great as we might expect from the value of y (which for 
general purposes is regarded as the effective ratio of specific heats) becauM 
the change of temperature depends on y winch is smaller 

Table 28 shows the values of y for different values of T and (J — ft, 
calculated by (12!) 6) It also contains calculations of (ya)^ = (3y — 4)' 
which will be useful subsequently 


Period of the Pulsation. 

130 In equation (127 71) the unit of length is ItjP', where It is the 
radius of the stai and H' = t> 901 In order to make the equation in 
dopi ndenl of the unit of length we write it in the form 




(130 1). 


which makes the dimensions consistent, w being a pure number 
Jl\ (55 41) and (55 42) with n — 3 we lia\o 

Pr 2 _ <l>r 2 

P e Hue 1 

Hut by (57 3) ./v # /, line* _ ttG , ^ 

Hence P* ( 1{ \\ ] ( 

Po U 7 va ( 

Thus (130 1) tan be written 

Ol 2 tP/v-GyP' 

Smee the penod II is 2n/n and cu 2 = we obtain 
. , „ 1 0 477 

ll p ' 3 Gya < 

whence 1 1 \/p c = 25080 (ya) K 

Or if 1 1 is expressed m days 


(130 3) 


n V/>c -- 0 200 (ya)' * (130 4) 

The factor (y«) _i should vary a little from one ( 'epheid to another since 
it depends on (1 - £) and hence on the mass, but we see from Table 28 
that thi‘ change is fairly small lienee Uy/p c should be approximately 
constant The values of \ly/Pr for the eighteen Ccpheids are calculated in 
Table 25 and it will be seen that they are in very satisfactory agreement 
lhe values ought to increase a little with increasing mass, this is not 
confirmed by the iable, but we could scarcely expect the observational 
results to be accurate enough to show this effect There are several possible 
sources of systematic error which may affect one end of the Table as com- 
pared with the other It seems likely that Shapley’s penod-lummositv 
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relation ascribes too high a luminosity to the long-period Cephoids* 
Moreover, wo have no reason to suppose that T is exactly the same 
throughout the Table 

The value of y or T has been calculated trom physical data by l’ow 1 or 
and Guggenheim for several representative Cepheids (§ 189) Unfortu- 
nately, it depends considerably on the assumed chcmica. composition 
It is not so much a question whether the elements are mainly light or 
heavy, but whether a particulai group of, say, 10 consecutive clem on Is 
for which the conditions of the star are critical is abundant We mfei 
from th^se calculations that unless there is some peculiai accident of 
composition the value of T will not be greatly less than its value for a 
monatomic gas, and wo may perhaps take 1 r>5 as probable tor an average 
star 

For 8 Cephei 1 — /3 - 0 45, so that with 1' = l, r ; 

(y«)l = 493 

Since \/pr — l*»5 (Table 25) we have by (130 4) 

II — 3 57 days 

compared with (ho observed period 5 37 clays Considering the uncertainties 
both of the absolute magnitude and the eflcctive tempeiature the agree- 
inenl is v cry satisfactory 

Moreover, without Using any actual estimate of the value of F we can 
predict the period as accurately as the other data warrant For the values 
P - 1 5 , 1 ; , l, 1 , , 1 J , we have (yu)- - 058, 493, 382, 000, whence 
• 11 = 3 15, 3 57, 4 (10, oo days 

respectively The value 3 10 days is definitely a lower hunt there is nr 
upper limit but a period substantially gi eater than 4 0 day‘ ooukl only 
occur as the result of an improbably dose coincidence of P with the value 
1 There is no spec lal likelihood that the ratio of specific heats of a sample 
ot stellar matter will be in the neighbourhood of 1 m lact, we mfei from 
Fowler’s calculations that for any likely mixture it is well above that 
value If it is considered that there is a one-tenth chance of P - ( lying 
between 0 and (the whole possible range being 0 to ^), then it results 
that the chances are 9 to 1 that the pel loci of 8 Cephei will be between 
3 15 and 7 78 clays 

To find the value of T which best fits the obs.-ry afions, the moan of 
stars Nos 5-9 gives 1 — /3 49, II -y pc =- 85 lienee {ya)- - 342 
P = 1 43 The mean of Nos 10-14 giv es 1 — ft — +1 It -y p r — 90 Hence 
(ya)^ =. 302, T = 1-39 We may aocordnigly adopt P ^ 1 40 According 
to the theory of § 28 this value signifies that the internal energy of the 
matter (energy of ionisation) is jj of the translatory energy (chiefly energy 


* Monthly Notices, 79, pp 21-22 
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of the free electrons) or rather that the internal and translatory energies 
are changing with temperature in this proportion This result is given only 
for illustration of the principles, since the observational data are not 
accurate enough to justify such emphasis on the determination of T 

Tn § 138 it is suggested that a low value of T favours the setting up of 
Cepheid pulsation If so, the conditions in a Gepheid are necessarily 
critical for the ionisation of some abundant element or group of elements, 
and it is right that we should find a value r = 1 40 lower than the value 
we suppose likely for the stais in general 

R H Fowler has poinled out that m the light of modem knowledge 
of conditions at high temperatures I 1 has become a faction but perhaps 
a useful fiction In the elementary theory of the internal heat of a gas 
(§ 28) it is assumed that the molecular weight is constant, but when the 
internal heat consists of energy of ionisation this assumption is self- 
contradictory and the elementary theory has no application Any addition 
to the internal heat is due to the liberation of an extra molecule, and so 
involves a diminishing moleeulai weight Fowler, in his investigations, 
proceeds straight to the determination of y — defined as the exponent in 
the law Pec p y Rut there may be some advantage in retainmg the general 
conceptions of § 120, viz that the material factor (T — -^) is watered down 
by the admixture of more and more radiation in the larger stars the 
oscillating power of the matter being diluted with the neutrality of the 
radiation Thus T, which may now be defined by (120 6), retains an interest- 
ing approximate interpretation 


Limit to the Pulsation 


131 The condition for a node or region of steady pressure is 
8 P ■- PJ\ - 0 


In § 128 we have used this in the form Pj — 0, which is correct so long as 
the region is within the star But for a node at the boundary -whore P„ — 0 
it is sufficient that P 1 should be finite , and as a matter of fact P y does nof 
tend to zero at the boundary in a free oscillation By (127 41 ) and (127 42) 


d ( PqPi) _ / 4 , n %\ t 
dP a 44 r Jo I ^ 


(131 1) 


Since P„P! and P 0 are zero at the boundary it follows that at a point a 
short distance within the boundary 


PoPi 

"Po 


= P1 = 



. (131 2) 
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Now niR - nm * - 4tt2 3 _ - 3,r - ft 

0b GJIf II 2 4nG Pm UH}p c p 

= 12 2ya . . .. .. (131 3j 

by (130 3) introducing the value p c jp n = 54 3(> 

For the two groups of Cepheids Nos 5-9 and 10-14 we found 
(ya)* = 342, 302 
nUi , 

Hence =- 1 4, I ] 

9o 

Substituting in (131 2), we see that at the boundary is between — i P 1 
and — },Px Since the pressure cannot become negative P 1 must not 
exceed unity Hence there is an upper limit to or &R/R between ' and > 
Although the observed values of S RjR in Table 25 do not reach so high 
a limit, it seems possible that the vanishing of the pressure is effective 
in setting the limit to the amplitude attained iii Cepheid pulsation and 
that the more typical Cepheids reach this limit It has been explained 
that the values of hRJIl arc probably systematically too low since the 
spectroscopic determination of S R refers to the integrated light of a hemi- 
sphere Allowing for this the amplitude generally attained seems to be 
about half the theoretical limit The discrepancy may well be due to certain 
imperfections m the theory When P x — 1 it is clearly illegitimate to 
neglect the squares of the amplitudes as we have done, a correction on 
account of this is necessary, but 1 do not think this is the whole cause of 
the difference It is not sufficient that the total pressure P should remain 
positive , both 2k) and p H must be positive In the outermost part of the 
star p J{ and p a become out of phase with one another Tim phase-difference 
is not shown m our theoretical equations because it is a result of the 
failure of the adiabatic approximation m this region, but \\ < supply the 
gap by our observational knowledge The critical time is when the star 
is at its greatest expansion At that time we know from observation that 
the star is near its mean luminosity Since the outflowing stream of 
ladiation has its mean intensity it seems permissible to assume that p R 
has its mean value which for an average Cepheid is about J P 0 Then since 
Pa is not negative we must have P„ \ S P > l,P 0 w'in h requires that 
the amplitude of P x shall not exceed h By (131 2) the corresponding 
limit of is to in good agreement with observation This argument 
depends on a patched-up treatment of the non-adiabatic region which 
may bo fallacious, and it is put forward only a- a suggestion* 

* I believe that some years ago, when closely engaged with this branch of the 
subject, 1 came to the conclusion that the whole argument given in tins section 
was fallacious, but I cannot remember the reasons, and do not now see the flaw, if 
any In Monthly Notices, 79, p 22 (1918) I stated that the discussion would appear 
ui Part II of the paper, but for reasons now forgotten withhold it when Part II was 
published 


i3-* 
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Di mi pahon of Energy 

132 The outward flow of radiation across a sphere of radius £ is 


F = 4t t£-H 


4 nac£ 2 < IT 1 


3Xp <1£ 

4 irarf* r/7 14 


hy (127 22) 


3A-p 0 f u - dfo 

Hence differentiating loganthnneally and wntuig P = jF # -f F 0 F 1 , etc. 

- - k\ + 4& -) 4/1 (i32 1) 

.By (127 21) and (129 75 


where 

Then 


d (W) 

<nv 

by (131 1) Hence 


P a = ,7’ 

’j • y/(y' - i) 

rf M) _ l rf (P.Px) _ 1 / 

dPo i? -rj V 

~ *1 I 4&jl~ 1 (4 r 

t V v ?o /) 


(132 21) 
(132 22) 


4 + 


n% 

g 0 




(132 3) 


V \ 9o 
Also with the absorption law k at pjT\ 

h = Pi~ h T i~~ Opi . . (132 41), 

Wiere 9 = Hy' “ 1) - J (132 42) 

Note that 9 is positive and greater than J 

Let aV/oV be the rate of gain of heat per unit mass m the shell betw een 
£ and £ + d£ owing to the transfer by radiation Then 
dQ ^ _ (I (P„ + F ( ,F t ) 

dt 4 n P<i£o i( l £ 0 

- — — 1 (i 1 F ) _ P 0 

^A.6, 2 4 ”P 0 £o*d £ 0 

The steady part on the right-hand side must be balanced by the rate of 
liberation of sub-atomic energy e m the shell Hence 


dQ ^~ f (l + FJ - > fm P™ £ a rJF i 


(132 5), 


dl - ^ m p^d£ t 

where t m and p m are mean values mtenor to £, so that e n = F 0 j \np m £ 0 3 

fT 13 , 3 , 5° r ™“ mca] discussion of (132 5) we shall use the calculations 
of Table - / , which correspond to o - 0 1, y = l 380 We take 1 - B = -385 
corresponding to a Cepheid of period about 4 days Then 

y' = 1 355, v = 3 90, 9 = 024, T = 1 43 

By (131 3) n‘£ 0 /g 0 M 1 71 at the boundary and at other points its value 
is easily found from Table 6 since it is inversely proportional to the mean 
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density interior to £ 0 . If a is the ratio of the mean density of the star to 
(he mean density interior to (132 3) becomes 

A = 0 24^ - (0 10 + 1 75a) & (133 1). 

With the aid of Table 27 the following values are found — 


L 


1 P~t '<F 

3 P«°'K„ 

Sum 

0 

- 85 

00 

- 85 

l 

- 87 

02 

- 89 

2 

- 9(> 

14 

- 1 10 

3 

1 16 

l 05 

- 2 21 

4 

- 1 52 

- 0 28 

- 7 80 

r> 

- 2 12 

- 46 

48 


Here the unit of amplitude is that ot at the centre, which is roughly 0-7 
times that of & at the boundarj , or 0 7 8 RjR 

If we ignore the variation of e within the star so that « m - e, the last 
column gives — dQ/edl by (132 5) For example, at -- 3 

= 2 21e / 0 7 ^ r const (133 2) 

The adiabatic approximation neglects this periodic gain and loss of 
heat and we can now show that the approximation is justified For half 
the period, say 2 days the region at — 3 is gaming heat at an average 
late about ?„e (taking Sli/Ji about 05), equivalent to daj at the rate e 
The total beat inside the Gepheid represents about 100,000 gears’ supply 
of radiation Hence the heat gamed in the half -period is to Hie heat 
alieady present in the ratio of day to 100,000 years This heat is lost 
m the next half-period The result is a temperature variation with amplitude 
of the ordei 0° 01 This is, of course superposed on the mam temperature 
oscillation due to the adiabatic compression and expansion, which has an 
amplitude of some half-nullion degrees and differs !)(;' m phase Clearly 
we W'ere justified in assuming that m the mam part of the star the leakage 
effect is trivial It appears that the adiabatic ajiproximation is much 
moie accurate for a Gepheid than for ordinary sound waves 

The negative sign of F 1 shows that the flow of heat is greatest when 
ft is least, le at the moment of greatest compression The positivi sign 
of dQjdt shows that a region gams most heat .it the time of greatest 
expansion, l e when it is coolest It is important to notice that the negative 
sign of F 1 arises from both terms in (133 1), the increased flow at greatest 
compression is partly due to diminished opacity but there would be some 
increase even if the opacity were constant 

There will be a region near the boundary of the star w here the adiabatic 
approximation ceases to be vahd , the heat content there is small and the 
leakage becomes relatively important 
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Towards the boundary the second term in (132 5) becomes predominate 

80 that dQ _ _ F 0 _dF t H 0 

d1 ~ birpad* Po <%o 

We have tabulated up to & =- 5 It is difficult to trace it beyond , but 
remembering that there has to be a node at the boundary, we need not 
fear any abnormal increase Probably the maximum value of - dFJd^ 
is about 1 in terms of the central value of , or about -05 in absolute 
amplitude 

Hence the gam of heat per unit volume per second may amount to 

Po ~dt ~ J '" H ° COS U> 

= ^acT* ( R’/R ) cos nt, 

the factor R’/R being inserted m order to change the unit of length to 
1 cm Since R cR' is about 10 seconds 

dO 

Po fa = ^o aT * cos nt 

The heat accumulated per cu cm in the half-period (2 days) is then about 
200a 7', 4 The normal heat content of a cu cm is somewhat larger than 
aT*, say 2 aT* The amplitude 7', is about 08 It follows that the tem- 
perature oscillation due to heat leakage is about equal to the oscillation 
due to adiabatic pulsation when T = 5T r In the region of the star for 
which T < 5T C the adiabatic approximation fails utterly. 

134 The small leakage of heat found in the last section will gradually 
dissipate the energy of pulsation if there is no countervailing agency We 
shall estimate roughly the rate of decay 

Suppose that the pulsation of the region is kept steady by supplying 
mechanical w ork W, so that by the i onservation of energy 

W + JdQ= 0 (134 1), 

for any number of complete cycles If we substitute m this our expressions 
for dQ/dt such as (133 2) we merelv obtain W = 0 to the first order of small 
quantities We must obtain an expression which will enable us to calculate 
W to the second order Since the state is steady, the change of entropy of 
the material must be zero for complete cycles, so that 

[?-*■ 

1 = 1 _ 87 ' 1 _ T x 

T~T a T* f 0 iy 

[dQ(l- 7\) = 0 

W + j T x dQ = 0 (134-2). 


or since 


Hence 
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Since T x and dQ are known correct to the first power of the amplitude, 
we can now find W correct to the square of the amplitude 

We shall take the values at f 0 = 3 as representative of the avirago 
conditions in a star Less than 20 per cent of the mass is outside =■ 3, 
but in view of the rapidly increasing dissipation per unit mass in the outer 
parts, this seems a fair representation Denoting by |, the central 
amplitude of ft, so that roughly 

[ftl = 0 18R/R 

we have by (133 2) at ft — 3 
dO 

^ = 2 2e (&J. cos nt (134 25), 

T 1 = (y - 1) = — 0 355 x 3 54 [ft] c cos nt, 

so that '1\ = - 1 38e (fjL 2 ( 1 t- cos 2/d) 


Hence IV (per gram per sec ) is 

W = 1-38* [ft] t * (134 3), 

and the rate of dissipation of energy by the whole stai is 

1 38 [ft] r 2 L (134-4) 

The kinetic energy of the pulsation per gram is 

i («fof,) 2 

By a rough quadrature the mean value of this at time of greatest velocity 
is found to be aLt frnWIW, 


fao that the whole mechanical energy of pulsation of the star is 

jyWM [ft I,* . (134 5) 

By (134 4) and (134 5) the tune of decay is 

, M 


} r nm~ 


L 


(134 6) 


The following numerical results are obtained for S Cephei* We have 

[flic - 05 
M . I 75 1 O'* gw 
L =- 2 80 1 0 3# ergs per see 
e = LjM = 160 ergs per gm per see 
Negative potential energy, tl — 8-65 10 14 ergs per gm 

* The y alueH of a and fi on which (134 3) depends only roughly fit S Cephei, 
but the formula is only intended to give the order of magnitude, probably the most 
serious inaccuracy is the use of n mean value for f 
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Heat content, K II (F - 1 55)* =■- 6 75 10 14 ergs per gm 

=- 134,000 years 1 supply of radiation 

Met hanieal energy of pulsation — 1 3 10 11 ergs per gm 
Dissipation of met hanieal energy =05 ergs per gm per sec 
Time of deeav — 8000 years 

Maintenance of the Pulsation 

135 II has sometimes been supposed that the pulsation is started by 
some accident — possibly the near approach of another star The frequent 
occurrence of Cepheids in star clusters where the stars are closer togethei 
might be hold to favour this -v lew But we see that a pulsation so originated 
would decay in about 8000 years According to present views tliib is so 
small a fraction of the life of the star, that we should rarely observe a star 
in this condition It would scarcely be possible to account for the observed 
abundance of Cepheids on this hypothesis 

The alternative hypothesis is that there are causes at work within the 
star tending to increase and maintain a pulsation If these are strongei 
than the dissipative causes discussed above, any infinitesimal pulsation 
will grow until either it reaches the natural limit explained in § 131, or 
it reaches an amplitude for which the dissipative forces balance the 
assisting forces If we are right in believing that for many of the observed 
Cepheids the amplitude reac lies the natural limit this view is supported 
Since it is only at a certain stage of the evolution of a star that ('uphold 
pulsation occurs, we must suppose that at this stage the maintaining cause 
is especially strong, but that during most of the lift* of a star (and in st.irs 
of small mass) it is too weak to overcome the dissipation 

The heat that is continually being liberated in the star is an abundant 
source fiom which tlie energy required to keep up the pulsation might 
be derived Thus in 8 Ceplici 1 (>() ergs per gm is liberated, and only 0 5 eigs 
per gm is required to maintain the pulsation But this heat can only be 
made available as mechanical work if the star behaves as a thermodynamn 
engiue, that is to say, excess heat must be added to matter when at a 
high temperature and withdrawn at a low temperature We require in 
fact, something eorresponduig to the valve-mechanism of a heat engine 

136 We first consider the obvious position for placing the “valve” 
viz at the point of entrance of the subatomic energy mto the engine 
On the steady supply e 0 there must then be superposed a periodic supply 
, representing positive supply at high temperature and negative supply 
or withdrawal of heat at low temperature Since the liberation of sub- 
atomic energy is likely to be stimulated by increased temperature and 

* A comparatively high T is adopted hero because the low value used for the 
pulsations refers onlv to differential changes of heat content at the temperature of 
the Cepheids 
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perhaps also by increased density, the requirement that e, shall have the 
^,une phase with 1\ is naturally fulfilled 

The mode of operation is easily realised At the time of greatest 
< i mipression heat is being generated m a star at more than (he average 
rate needed to replace loss, this strengthens the ensuing expansion At 
the time of greatest expansion there is a net loss of heat whu h diminishes 
the opposition to the ensuing compression 

The condition foi an exact balance just maintaining the pulsation is* 

dQ 

• £ ° £l + dt - 0 (13C ] ) 

Thus for a mean region we have bv (134 25) 

= - 2 2 LfjJr cos nt (136 2), 

which may be compared with 

Pi = — 3 5 [£,J. cos nt, T x — — 1 2 [£]„ cos nt 
The rate of liberation of subatomic energy must increase nearly pio- 
porhonately to the square of the temperature or to the tico-tlnrds power of the 
density in order to keep the pulsations going 

There seems to be no possible cause for decay of a mechanical pulsation 
other than the leakage of heat There are practically no viscous forces 
updating in a symmetrical pulsation It would seem that if e increases 
faster than 7' 2 pulsation must occur This condition of the star may be 
described as one of “over-stabilitv ’ In the usual kinds of instability a. slight, 
displacement provokes forces tending away from equilibrium, in over- 
stability it provnkes restoring forte-, so strong m> to overshoot the corre- 
sponding position on the other side of equilibrium and set • p an increasing 
o-< illation 

The limiting condition e, — 27\ is slightly modified according to the 
tallies chosen for j9 and I\ but no very substantial alteration is possible 
except m stars of small mass 1 think we can wifely say that if e increases as 
fast asp or as 7 13 every star of mass greater than Sinus will be sef pulsating 
The application of tins condition to non -pulsating stars is quife as 
interesting as its application to pulsating stars It gives an upper limit 
to the rate of variation of e with p and T m ordinary non-Cepheid stars, 
and limits the kind of method by which subatomic energy may be liberated 
For example, if the liberation depends on encounters of two agents 
(electrons and atomic nuclei) the number of such encounters per unit mass 
will be proportional to the density and picsumabfy the simultaneous 
increase of temperature will also stimulate the liberation of energy lint 
we see that this increase with density and temperature is too rapid to be 
admissible Our result seems to favour the view that the energy is liberated 
by spontaneous disintegration of single atoms and is not dependent on 

* More stnotlv the oondition is that the integral of T-\ 1 1, I dQ jdt ) over the 
whole star is zero, but it is sufficient for our purpose to considei an average region 
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the density , but in that case it is difficult to see how such emission coul<| 
be stimulated by temperature unless the temperature were very much 
higher than it is in the Ophcids We are on the horns of a dilemma, arn 
plausible theory that makes e dependent on the compression of a star make s 
it vary so rapidly as to set every star pulsatmg 

I think that there are other grounds that compel us to admit that 
e does depend on p or 7', and it is difficult to suppose that the variation is 
slow enough to avoid over-stability A suggestion which would meet the 
immediate difficulty is that the change of e is delayed- — that increase of 
p and T accelerates the formation of a source of energy which only yields 
up its energy after months or perhaps many years Then long continued 
changes would affect e, but for short-period pulsations e would be constant 
Jn that case we have to seek another source of maintenance of Cepheid 
pulsations 

137 We now consider another position of the “valve” — fantastic m 
an ordinary engine but not necessarily so in the star Suppose that tin 
cylinder of the engme leaks heat and that the leakage is made good bv a 
steady supply of heat The ordinary method of setting the engme going 
is to vary the supply of heat, increasing it during compression and diminish- 
ing it during expansion That is the first alternative we considered But it 
would come to the same thing if we varied the leak, stopping the leak 
during compression and increasing it during expansion To apply this 
method we must make the star more heat-tight when compressed than 
when expanded , in oilier w ords, the opacity must increase with c ompression 

The obvious objection anscs that according to oui formula (132 41) 

/i j =- - 0 (y' - ] ) - f } Pi . 

the opacity decreases with compression and the engine will not woik 
But this is not altogether unsatisfactory, in most stars the engine does 
not work, and it is right that our standard formulae should show this 
Suppose it possibl" that m the exceptional conditions occurring m the 
Cephcidta the law ol absorption is modified to 

k <r. pjT- 

Taknig as before / - 1 355, (!-£)= 385, we obtain fr 3 = 4 1 ] 4/1, and 
the values run — 
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Here the dissipation — T, rlQ is negative for the inner part of the star 
up to about g u — 2 5 and positive beyond, and it is touch and go whether 
the integrated dissipation is positive or negative 1 think that, if allowance 
were made for the increase of e towards the centre, an actual mtegnlion 
for tins example would show the dissipation to be negative, so that the 
pulsations would increase up to the natural limit 

This method of accounting for Cepheid variation seems hopeful because 
ii at the same time accounts for its rarity It definitely requites a deviation, 
but not a very extravagant deviation, from the state of things found m 
(he more typical stars 

A point of some importance has been urged hv S Shmjo and by J H 
Jeans in criticism of the pulsation-theorv of Ccpheids We have considered 
only the fundamental vibration of the gas sphere, but harmonies, with 
one or more nodes in the interim are also possible If these are excited 
the light-curves and velocity-curves of the Cepheuls will contain a number 
of incommensurable periods superposed No such harmonics have been 
observed To meet this criticism we ought to show that for reasonable 
values of the constants the fundamental pulsation is maintained and the 
harmonic pulsations are dissipated The lengthy' calculations necessary to 
investigate this have not been tackled* 

138 Up to a certain point the suggestion made in the last section can 
be supported The neeessaiy reversal of phase of the opacity-variation is 
brought about by reduction of the exponent in the absorption Jaw from 
\ to below 3 combined with a low value of y , low y iesults either from 
low r or high ( 1 — /3) 

A high value of 1 — fi corresponds to huge mass (Jopheid variation 
is not found in stars of low mass and the typical Ccpheids of types F and 
(f << re super-giants This is in favour of the theory' 

But m addition we must tiiicl some cause for the i educed exponent in 
the absorption law Even for high mass ii must be brought down to a 
value not much above 3 Lowering of I 1 is comparatively unimportant, 
though as a matter of fact any cause tending to reduce the exponent of 
the absorption law abnoimalJv would be likely at the same time to reduce T 

Consider a star say of mass 10 There is only one stage of its evolution 
at which it can be a Cepheid owing to the empirical luminosity-period 
relation (§ 123) Since the luminosity depends mainly on the mass, and 

* [Dr .T Woltjer lias shown me some interesting calculations ri luting to tin first 
overtone, which correspond to those in Table 2 It for the fundamental It appears 
♦hut l ho amplitude remains relatively small between the eentre and the firsl node 
and becomes very large between tho first and second nodes Whether we follow the 
theory of § 136 or § 137 the motor part of the star is near the centre and the dis- 
sipating part towards the ontwde It seems therefore that the dissipation is relatively 
greater for the overtones, so that their absence is accounted f or 1 
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the period depends mainly on the density, there is a particular dpnnh 
at which this star becomes a Cepheid. at higher or lower densities it ] s 
static The close agreement of all stars w ith the period-luminosity cun < 
(cheeked especially in the star clusters) shows that the range of densit\ 
is a rather narrow one, but 1 daresay the density may change in the ratio 
1 to ‘1 or 4 and the internal temperature by 50 per cent between the 
beginning and end of the Cepheid stage 

This suggests that the lowering of the exponent is a transitory fodtuie 
in the development of the star synehromsing with some important change 
in the internal condition The only kind of change tiiat we have been able 
to think of is a step in the ionisation of some element predominating m 1 lie 
constitution of the star If this is the explanation the step must almost 
certainly be the loss of the L electrons reducing the clement from a neon- 
like to a helmm-like ion This ionisation is rather sudden, and the tcmpeia- 
ture range required for its completion corresponds roughly to the probable 
duration of the Cepheid stage 

Undoubtedly there would be an abnormal change of absorption with 
temperature during this ionisation — that is to say, the reduction with tem- 
perature would be less than normal But so far as we can see it would not 
be great enough for our purpose There are extra electrons to be captured 
and captures o< < ur at the deeper levels now vacant ro that emission is 
increased and absorption must, keep pace w it Ji it But not much of this 
increase is reflected in the opacity coefficient, wdicn arc omit is taken 
of Itosseland’s correction The increased absorption is chiefly ol high 
frequency radiation forming an inconsiderable part of the whole 

It is evidently necessary that the predominant element should be m 
a critical stage of ionisation for all the Ceplieids, or at least all those winch 
seem to fall into continuous senes Since temperature is the mam factor in 
determining ionisation the Opheids should have nearly the same internal 
temperature There would be a slight increase of central temperature (to 
counteract the increased density) as we pass down the list in Table 25, 
but not nearly so much as is shown m that Table Various sources of 
systematic error may render the progression of 1\ with temperature m 
Table 25 rather unreliable and probably as there shown it is a little 
exaggerated But we do not feel able to make such changes m the data 
as would give the practically constant central temperature that the theory 
demands 

If the central temperature were strictly (onstant we should have 
by (!)0 2) 

M‘ (1 - P)K 

so that T l <x JI/ 4 ( 1 — p) 

Accordingly the effective temperature should increase slightly with 
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the mass The observed progression of spectral type with mass is m the 
opposite direction 

Our conclusion is that the suggestions in § 130 and § 137 both had to 
h ei ious difficulties On the whole, the difficulties of the former seem to bo 
ot the more fundamental kind, whereas the difficulties of the latter may 
perhaps be set down as numeric al nnshts natural to an eailj stage m the 
development of a complex theory 

Miscellaneous Problems. 

139 In the investigation of § 127 the square of the amplitude has 
been neglected In typical Ccplicids fj mac amount to ,< 2 and P, to nearly 
i so that the second order terms are quite considerable, these will give 
i ise to terms containing cos 2 nl 

For a treatment of the tlieoiy with retention of lei ms of the second 
order, reference may be made to Monthly NoUa <, 79, t> 183 The com- 
putations are there carried far enough to show that the complete formula 
foi will be of the form 

ft - cos n l ~ cos ini, 

w here a x and a, are both positive Hence the velocity of recession has the 
ni V — b t sin nl - b t sin 2 nt 

w it h b L and b, positive This represents a velocity -curve having the general 
characteristics of the obscivod velocity-curves of Opheuls viz a sharp 
decrease from maximum to minimum receding velocitj and a slower 
return to maximum with indications of a hump in the curv e The equivalent 
elliptic orbit has its penastron at in — 90 r 

The close similarity of the light -curve and velocity curve and the 
relation of phase between them has not as yet received adequate theorc tical 
explanation Tt is not that any opposition of theory and observation has 
been found, but the difficulty of the mathematics has hitherto proved too 
great an obstacle We have found that in the adiabatic region of the star 
the outward flow of radiation is greatest at the tune of maximum com- 
pression , this is true for the whole region (t) 133) or, at any rate, for the 
outer part of it (tj 137) But the greatest outward flow from the surfnee 
is observed to oecui simultaneously with maximum veluc ity of approach, 
that is to say, a quarter-period later Presumably the retardation occurs 
m the non-adiabatic region near the surface The leakage W'avc discussed 
in § 133 is 90 behind the adiabatic wave in phase, and it grows in mipoit- 
ance as we approach the surface It would, however, be too crude a de- 
duction to attribute the 90° retardation of flux to the leakage wave 
supplanting the adiabatic wave Undoubtedly there will be some re- 
tardation in the non-adiabatic region, but no definite prediction of the 
amount of retardation can yet be made 
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If the pulsation theory is correct there should be a binaden,,,.; M 
spectral lines by the Doppler effect os well as an average dn.pi, - , li( 

of them at tunes of maximum and minimum velocity -hk.- M 

points of the surface have different velocities in the line of oglu 
to the ‘ darkening at the lnnb” of a star the broadening of 1 1,. I _ N 
considerably less than would bo predicted for a disc of unilurin biigiu, l(>ls 
and perhaps we can scarcely expect the effect to be obsorvabh it j lils 
escaped detection hitherto*. 


LoxS'g-Period Variables 

140 Variables of this (lass have, with few exceptions, periods ranging 
fnm 100 to 500 days with a strong preference for periods neat ,j(i(, <| llu 
The light-range, is eoniparatively large, averaging about 4 8 magnitudes 
it is seldom, if ever, less than .‘1 magnitudes The stars are all of ty pe M 
o” of the closely allied rare type's S (ah comum type) and X (< arbon t\ p< ) 
Great changes in the spectrum occur between minimum and maximum and 
bright emission lines of hy'drogen and other elements appear The periodic ity 
is imperfect and the star may be some weeks behind or ahead of the pie- 
dictcd phase, the amplitude of the variation is not alivays the same in 
successive periods! 

There is giowmg evidence that long-period variation and Cepheid 
variahon are essentially the &amc phenomenon The very low density 
and temperature of the long-penod variables exaggerates and rendcis 
more erratic the effects of the same kind of pulsation as in the (Jepheids 
This is still a very speculative conclusion , but we shall consider the evidence 
pointing in this direction 

It has been shown by J’cttit and Nicholson! that the range of valid! ion 
in heat is very much less than the light-range For example % Cygni gn es 
1300 times as much light at maximum as at minimum, but only' I 7 times 
as much heat The following results were obtained from direct measure- 
ments of the heat received from o Ceti§- 

Near minimum, visual magnitude 8 !), bolometnc magnitude 1 5 

Near maximum, visual magnitude 4 5, bolometnc magnitude 0 2 

The heat range is generally about 1 magnitude, so that in this respect the 
vanation is quite similar to that of the (Jepheids 

* tor a detailed discussion see Shapley and Nicholson, Proc Nat Acad Sci 5, 
p 417 (1919) A cunous feature of the observations is that the lines at minimum 
light are much broader than at maximum although tho Doppler broadening should 
be the same at both tunes 

t Collected data are given bvT E B Phillips, Journal BAA 27, p 2 
t Mount Wilson Report, 1924, p 101 

Mount Wilson Report, 1922, p 238, we have applied a correction of - 0 m 3 
to reduce to the standard of bolometnc magnitude used in this book. 
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The unpunctuality of the variation is strongly suggestive of an mil 'nsie 
period rather than a forced oscillation ( aused by external agency J >r an 
extraneous cause could scarcely fail to be strictly periodic and all uongh 
the response of the stai might be irregular there Mould be no nnnvluti e 
deviation from a periodic ephemens But the long-period variables show 
little or no tendency to recover in phase after an irregularity, and the 
deviations pile up in the manner to be expo ted of an uncontrolled 
accumulation of accidental delays and aecelera' ions 

It lias been suggested that at the low surf ac ♦ temperature (indicated 
by the great difference between visual and bolometnc magnitude) the 
material cannot remain gaseous and that condensations will oeeui These 
might obstruct the regular flow of energy from the interior, which would 
be dammed back until u had sufficient strength to volatilise or to blow 
away the obstacle After this relief the clouds would form again, and the 
u hole piocess would be roughly periodic like the spirts from a kettle 
boiling over It is likely that something of this kind occurs and is a feature 
of flic variation absent 111 ordmary Cepheids, but it is doubtful whether 
it would in itself impose a periodicity It seems more likely that if no 
other cause of variation were present a balance would b<- readied between 
the amount of cloud formed and (he power of the obstiucted radiation to 
disperse it The alternative is that the period is pnmarily determined by 
the pulsation of the star as a whole and the abo^e mentioned skin effect 
is .1 consequence of this pulsation The catastrophic skin effect reacts on 
the internal conditions and causes irregularity m the period, that is to 
sty, in these extreme conditions of pulsation “the tail wags the dog” to 
some extent We may test the pulsation hypothesis by exai 'imn b whether 
t lie mean period is consistent with what we know of the infernal condition 
of these stars It is first neeessar\ to estimate the inass 

141 1 ^rom mean parallactic motions and mean cross motions the 

aierage absolute magnitude is found to range from - 0™ C to + 0 m 0 
<u lording to the diMsiou of type fiom d/1 to M 8* Continuation is 
obtained from the star X Ophiuchi which has a non-variable companion 
of type K 0 Using the spectroscopic parallax of the companion, the 
absolute magnitude of X Ophiuchi is + () ra 3 as compared with the iverage 
for its class (M C) of 1 0" 1 5 The heat measurements show that even at 
maximum the reduction to bolometnc magnitude, is targe, the effective 
1 "mperature being well below 3000 The absolute bolometnc magnitude 
is about — 3 m This refers to maximum and the mean rate of radiation 
may be taken to correspond to — 2 nl 5 Assuming an effective temperature 

* 1* W Merrill and (I Stromberg, A atrophy s Journ 59,]) 105 \V Cl\ lknberg 
buds the average absolute magnitude* — 0 m 7, Arlciv for Math , Ablr oih } ystk, 14, 
No 5, his result refers to the extreme maxima wheruas that of Merrill ami tstromberg 
refers to the mean maxima of the stars 
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2200° the mass by Table 14 is 14 0 But the conditions in such a stai .m 
so far from typical that there is risk in applying our theory, at any i.c 
the molecular weight in the interior may be greater than 2-1 owing 
the low temperature, and 1 - will be increased Probably 10 O is a 1, 
estimate of the mass of a typical long-ponod variable 

Lf ( us now consider what must be the radius of the star for a pulsatmi, 
period of .‘100 days We may take (ya)* =-0 4, then by (130 4) the mean 
density is 1 1 10 -7 Prom the mass and mean density the required radius e 
350,000,000 km =23 astronomical units 

Direct measurements of the angular diameter of o < Yti 'madi In 
F G Pease with the interferometer give a diameter 0" 06, or somewhat 
larger if allowance is made foi darkening at the limb Tile prohabli 
parallax according to the foregoing discussion of absolute magnitude i* 
0" 020 This gives a radius of at least 1 5 astronomical units Alternal i\ eh 
from the bolometrie magnitude at maximum combined with an efiectnc 
temperature 2200° (estimated from the heat-index) we obtain a radius of 
1 3 astiononiical units For such a rough calculation the agreement is as 
close as could be expected, and the dimensions are accordingly coiiMstcjj! 
with the hypothesis that the period of about 300 days is that of the natural 
pulsations of the star 

As regards spectral type the long-ponod variables fit on to the CepheuK 
in natural sequence In the (Jepheids the type reddens as the penod 
increases, so that a very red type is anticipated for a 300-day period 

Eclipsing Variables 

142 The adaptation of our theory of the inass-luminosit\ relation to 
calculations for eclipsing variables lias been illustrated by the example ot 
V Puppis, and eclipsing variables which have knowm orbits for both com- 
ponents have been used to check the theory Some further application^ 
may be noted here 

Theoretically it is possible to check the theory by stars with only one 
component observed spectroscopic ally , but it is difhcult to find an example 
with data accurate enough to hold out any hope of success 

The light-curve furnishes amougst other data the ratio J.JJj of the 
surface luminosities of the components Hence it the spectral type oi 
effective temperature of the primary is observed the effective temperatmi 
of the secondary can be found from Table 16 The light-curve gives also 
the ratio of the luminosities and this will suggest an approximation to the 
mass ratio M 2 jM 3 

Assume for trial an arbitrary value of , then we can work out 

L for each component in the manner explained for V Puppis (§ 105), 
firstly, from the calculated radius of each star, and secondly from the 
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calculated mass — thus obtaining a residual for each star If the theory is 
i orrect it should be possible to find a mass ratio w Inch makes both residuals 
vanish simultaneously If not, we vary the mass ratio until the t.. o 
residuals become equal, and their common value measures the discrepancy 
between theory and observation 

If is, 1 think, an accident that no suitable example f >r discussion 
presents itself* We desire to illustrate the method but have to use .in 
unsuitable star fi Persei (Algol) The photomef rn orbit of Algo) was obtained 
by J Stebbmsf by selenium photometry bu+ we shall (unpistihahly) treat 
(lie results as though they were visual ohsei valions 

The ratio of surface brightness of the primary to the faint hemisphere 
of the secondary is. J l jJ l = 20 or a different c of 3 m 25 Adopting J\ -13,000'’ 
for the effective temperature of the primary (observed type if 8) we find 
T 2 - '5350° by Table 10 

From Stebbins’s results the ratio of t lie radii is RJR X — I 14 Heneo 
the (hfferenee of bolometnc magnitude (redueed to standard T e for direct 
comparison with Table 14) is 

m„ — =* — 5 log 1 14 + 8 log (13000/5350) - 2™ 80 

We expect a star of t y pe B 8 to have a mass about 4 Examples of 
pairs of masses in Table 14 with magnitude difference 2 m 80 are 5 07, 2 20 
and .1 44, 1 50, the mass ratios being 0 39, 0 43 respectively Hence we 
adopt provisionally — 0 41 

The observational data give 

a, - 1,700,000 km 

h< nee the above ratio gi\ es 

a — a x e = 5,850,000 km 

Combining this with the period 2 807 (lavs we fiml the mass of the system 

M 1 + M t - 0 97, 

so that ilf, = 0 60, M 2 = 0 28 

The photometric data also give R 1 — 0 2 la, R 2 0 24a, so that 
i?i - 1,230,000, R 2 = 1,400 000 

We can now calculate the bolometnc magnitude from the ill’s and 
Its respectively, but it is clear that there will be a hopeless chseoi dance 
since the masses are much too small We cannot therefore pursue the 
< alculation further 

Since much interest has been taken in the dimensions of the system of 
fi Persei on account of its celebrated historv we may gne the conclusions 

* Excellent photometric orbitH are known for a number of eclipsing \ariables 
(enumerated in Table 28 A below), but only two besides /f Persei have spietrograplue 
orbits and for them tho orbits of both component- lia\c been measured 

t Astrophys Journ 32, p 185 


14 
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of the radiative theory on this point The dimensions that have usually 
been given are very improbable on general grounds We now abandon 
the hopeless task of utilising the light measurements of the famt com- 
ponent, and without tenting t ho theory apply it to the bright component 
alone After some trials a mass ratio — 5M t is found to fit satisfactorily 

This gives „ = ba s ^ 10,200,000 km , 

whence = 4 30, M 2 = 0 86, 

i?, = 2,140,000 km , B 2 = 2,450,000 km 
The absolute magnitude of the bright star predicted from the mass is 
then - 1'" 21 and from the radius and effective temperature is’— l m 14 
The absolute visual magnitude would be — 0® 45, and the parallax 0" 028 
Keferiing to Table 23 we notice that the mass 4 3 is just right for a B K 
star on the main senes — a fact which increases our confidence in the result 
The famt component is a giant as in most eclipsing variables* 


Reflection Effects 

143 Tn a number of eclipsing variables the components are so close 
that the reflection by the faint component of the light of the bright 
component is conspicuous in the light-curve , superposed on the eclipse 
effects there is a bnghtemng of the star as the faint component changes 
from “new ’ to ‘ full” Another cause of continuous variation is the 
spheroidal form of the stars, but this can be disentangled from the reflec- 
tion effect by the difference of phase It is usual to investigate and allow 

* [When tins was sent <o pr<ss I was unaware that a trustworthy determination 
of the dimensions of the Algol system had been made b\ an interest mg new ohsc r\n 
tionul method (D J1 McLaughlin, Astrophy* Jonm 60, p 22) whit h gives the radius 
—2,180,000 Urn During the progress of Hit* eclipse different portions of the djsi 
lemnin unobseured so that difft mil ml radial velocities between portions of flu disc 
can be measured, hr nee the equatorial speed of rotation is found Multiplying b\ 
tilt 1 rotation period (winch can be assumed to be the same as the revolution p< nod 
when thi < omponents are so (Jose together) we obtain the cm mnfr n nor of the star 
and hence J1 X m found Ah the differential velocity amounted to 35 km per sec th< 
determination is presumably satisfactory indeed it ih probable Unit the radius oJ 
Algol is now more accurately known than that of any othoi Htar except tlic sun 
McLaughlin determined from this the mass ratio Af 1 /Af t —50 in agreement with 
our result above 

Jt has also transpired that our failure to detei niuu the correct mass ratio from 
tho light of the faint star is not the fault either of t he phot ojm trie data or of the moss- 
luminosity relation The Algol syslem contains a third distant component with 
period 1 885 years Light lb coming from this at tho time of deepest eclipse, and 
this has been falsely attributed to the faint hemisphere of the secondary Tiie miw* 
ratio 0 41 detorminod above is presumably the ratio of the tertiary to tho primary 
and the secondary may well be extremely faint aB the value MJM Z —6 would require 

This ih a rather striking confirmation of tlio theory by a star which at first seemed 
unfavourable to it ] 
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for both effects when the light-curve is analysed and interpreted by the 
method of Russell and Shapley 

For the moment we pass over the difficulty of translating a light -curve 
into a heat-curve, and suppose that the reflection effect can be detei iimicd 
m energy units The theory is then very simple A star necexnunly n -emits 
/lie radiation incident on it 

The solution for (he interior ot a star is d< termined bv the differential 
equations together with a boundary condition, and we have seen (§ 93) 
that the latter is expressed with sufficient at cuiac y in the form ' p (J and 
p u both become less than 10® dyne's pei si) cm ” The incident light from 
the 1 companion star may contribute a radiation pressure of about 1 dyne 
per sq cm at the boundary This gentle pat on the surface does not alter 
the boundary condition within the limits of accuracy required Con- 
sequently the solution for the intenor is unaltered m particular, the 
ordinary radiation L streams out from the interior unmodified 

Accordingly, if we draw a sphere surrounding the star, there must be a 
net flow L outwards across the sphere If a quantity L r from another stas- 
is flowing into the sphere, the gross outward flow must be L i L r Thus 
the radiation from the star is increased bv precisely the amount of the 
radiation incident on it It is convenient to speak of the extia radiation 
as reflected, although the actual process is absorption with re-emission 
In this sense a star is a perfect reflector of heat 

It is probable that in these close binaries the components keep the 
same hemispheres turned towards each other The state is then steady and 
the re-emission occurs from the hemisphere that is receiving the radiation 
A relative rotation would introduce a lag between the linden •<“ and the 
l e-emission, time being needed for the new lv-exposcd surfat e to be heated 
up to the temperature required for the extia emission, but 1 do not think 
that the lag w'ould be appreciable, since the changed conditions affect 
onlv a thin outer shell which lias small heat capauly 

144 The foregoing conclusion may be dated in the form that the heat- 
ulbedo of a star is 1 It is interesting to examine whether the obscived 
H flection coefficients are m agreement with this result* 

Let L lt L 2 be the ordinary heat emissions of the two stais iS'j »S’ 2 , and 
let L r be the additional emission of the sc< ond stai due to reflection Let 
It j, Jt 2 be the radii and a the distance between fh> centres The radiation 
of (S'j intercepted by rS' 2 is approximately 

ttB 2 * LJ+tm* . ( 1441 ) 

if lija is not too large Since this falls oil one hemisphere onh it has 
sometimes been assumed that (for albedo ]) S 2 is brightened at full phase 

* It would bo inappropriate here to give a full discussion of t lit peoineti leal 
pioblem Details will bo found in Monthly Notices, 86, p 320 
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in the ratio L 2 + ^L i R i i jo t L z This, however, is not true A globe 
illuminated from without does not present a uniformly bright disc, and 
the formula ( 144-1) tells us nothing about the brightness as seen in a 
specified direction Allowing for this, the simple geometrical theory gives 

thc raho L, + lInRS/a* L t (144-2) 

In addition there is a small effect due to "darkening at thc limb ’ 
which affects both the ordinary emission and the re-enns&ion (§ 227) 
At full phase the reflected radiation has an advantage, since it comes 
mainly from the centre of the disc and avoids the darkening This is found 
to increase the albedo m the ratio j; , the increased brightness for the 
observer who sees the full phase being at the expense of reduced brightness 
in other directions 

Since- R 2 ia is often rather large it is well to retain higher powers A 
more accurate expression for thc increase is then 

^ 1 Zyj (sin 2 <j> + (2 f cos 3 — 3 cos <f>) (144 3), 

where sin <j> = RJa 

It may be added that the variation of this added brightness w-ith phase 
is proportional to * (sin i/i - ifi cos <//), the phase-angle >/> being reckoned 

7 r 

from zero at "new” The observed reflection coefficients have been cal- 
c ulated on thc assumption that the variation is proportional to ] (1 — cos ifi) 
It so happens that this introduces no error in the reflection coefficient, but 
it makes an appreciable difference in the calculation of the ellipsoidal 
elongation of the stars Determinations of the elongation of the stars 
under each other’s attraction must ultimately yield important information 
for the development of our theory , but at present the treatment is too 
crude for our purposes 

145 Results for those variables in which the reflection effect has been 
thoroughly studied are collected m Table 28 a 

The- type given is that of the brighter component, the type of the 
fainter can be estimated from thc ratio of thc surface luminosities 
by reference to Table 10 (w-here J is measured in magnitudes) The umf 
of heat intensity used for L 1 and L r is the maximum for the system, 
i.e L } + L t + L r = 1 The calculated value of L r is found from (144 3), 
and the observed value is taken directly from the published discussions of 
the photometric data, the probable error assigned by the investigator is 
given in the last column (The L’s in the table refer to the light or heat 
m the direction towards the observer, and seen by him except m so far as 
the eclipse interferes ) No 9 depends on selenium photometry , the others 
depend on visual observations 
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For 6 stars the agreement of L, is excellent , 4 give large positive re- 
siduals and 1 a negative residual It is difficult to base auv conclusion 
on the table without examining the strength of the determination foi i.ieh 
star in detail The probable errors refer only to L r (obs ) but L, (cale ) is 
also subject to uncertainty arising in the determination of lt 2 ;a Jn some 
cases the circumstances of the eclipse are more favourable fc r a determina- 
tion of the elements than m others We discuss below the question w liether 
the calculated and observed values ought to agree without further cor- 
rection. tentatively we are inclined to flunk that they should agree nearly, 
and we .must hope that tlie 5 outstanding residuals will be reduced when 
unproved data are obtained 


Table 28 a 


Reflection Effect m Eclipsing Variables 


Xu 

| Star 

1 

Typ" 

rjf. 

It ,1a 

ltja 

/, , 

l, | 

Oali ) | 

Lr 

(obs ) 

C-0 

PE 

1 

1 SZ lli r 


4 4 

318 

I .1.11 

800 

1 078 

0.10 

1 048 

_ 

1) 

rtvp 

.t 

1 1 3 > 

1 1!M 

,108 

8.18 

000 

041 

| 1 020 

1 000 

) 

1 t\ e,is 

n 9 

0 <J 

270 

•102 

840 

1 008 

074 

000 

, 008 

4 

HZ (’us 

! t 

12 2 

, 25.1 

288 

1 002 

004 

1 003 

I 1 001 

i 008 

') 

KT I’er 


1 48 

1 .100 

200 

I 811.1 

1 0.77 

1 022 

! t 071 

x 009 | 

u 

Z 111,. 

— 

12 8 

2118 

26 1 

1 011 

071 

040 

| + 01.1 

4 OOfi | 

7 

RS Vul 

It 8 

7 0 

201 

202 

804 | 

048 , 

078 

030 



1! CMu 

F 

112 

247 1 

210 | 

0.14 

041. 

01.7 

1 0.11 

— 

M , 

d Her 

It 8 

11 fi 

210 | 

270 1 

8*1-7 1 

041 

045 

002 

— 

HI | 

7 Cam 

A F 

20 0 

210 | 

227 I 

07.7 ; 

041 

041 

000 

- 

1 1 

RV Opli 

A 1 

12 2 

127 1 

200 i 

825 

027 

(> 8 , 

000 

1 000 


In this comparison we have made no disc intimation between heat 
reflection and light reflection If a residual such as that m No 5 is not 
due to observational error, it signifies thaf the sec ondan in reflecting 
the heat of the primary reduces its luminous efficiency to less f han 50 per 
cent But in typical eclipsing variables wt expect an increase rather than 
a dec rease of luminous efficiency The primary is usually of type B or A 
mi that the original effic lency corresponds to a temperature above 10 000° , 
it is reflected from a star of lower surface brightness corresponding (as 
judged from J x jJ t ) to a temperature near G00U 1 Not unless the tempera- 
f uro of re-emission is below 4500” is there a (cm ol luminous efficiency 
Moreover, even if the temperature is below 4500° there is a compensating 
gain, since the original radiation is now emitted at a higher temperature 
We should expect the residuals C-0 to be m general negative as m No 7 , 
<he puzzling thing about No 7 is that it is the solitary exception and not 
the general rule 

I think the fact that we have only one important negative residual 
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must be taken to indicate that the incident light is re-emitted without 
much change of quality -that it never really mixes with the ordinan 
radiation Take as a typical ease T 1 - 12,000°, T 2 — 0,000° The high 
frequenc v ladiation of S, will be able to do things in the atmosphere of <S\ 
which the latter’s own radiation cannot do and it will do them vigorous] \ 
because it finds \irgin material It is for this reason absorbed rapidly in 
the uppei atmosphere of — more rapidly than in the atmosphere of A'j 
because the umditions are further from theiinodynanncal equilibrium 
By keeping its mechanism of absorption and emission distinct from that 
of the geneial ladiation of <S' 2 and by the great departure from conditions 
of thermodynamical equilibrium it seems likely that the reflected radiation 
mil, to a large extent, preserve its original constitution 

This seems to be confirmed by' spectroscopic observations In many 
'ases the spectrum of the faint component is measured for radial velocil \ 
Sometimes it is explicitly stated that the two spectra aie nearly the same 
more often no remark is made — a silence which is equally significant, 
since a cliffeicnce of type corresponding to the known values of J x J , 
ivould scarcely pass w ithout c omment 

We may suggest further that the spectrum of the hemisphere of S, 
turned touanls a < omponent *S', at higher temperaluie is likely to appioxi 
mate to the spectrum of even when the retlec ted ladiation is relatively 
weak The reflected radiation has the strategic advantage of attacking 
the material of from the outside, so that the conditions caused by it 
imprint their spectrum last of all on the radiation flowing out from S, 
and the lines cannot be blurred out by subsequent exponent es of the 
ladiation 

These suggestions however require a more detailed consideration than 
1 have been able to give, and I am by T no means confident that they will 
be found tenable 

The star TV Uussiopeiae is among those treated m Table* lb It appeals 
from Table 28 a that it is well behaved as regards reflection effect and (lit 
circumstance-, seem to be favourable for a more intensive treatment 
Using the most recent data, viz Blaskett’s orbits (Pub Dorn Obs Vietoua 
2, p 141) and McDiarimd’s photometric solution ( Pnncelov Pub No 7) 
we have 

■= 1 74, -- 1-02, RJa = 279, RJa =- -306, 

Hy = 2 45 x 7? 0 , R 2 =- 2 08 x R a , J l jJ i - 13 6, 

7j = 10,r>00, 7’j = 5,200, 

the former temperature being estimated from the observed type B ft and 
the latter from J 1 /J 2 The results are- 

Bol Mag (from R) Bol Mag (from M) Residual 
S x + 0 34 + ] 86 + 1 52 

S t + 3 18 + 4 58 + ] 40 
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The agreement is not good, but there seems to bo a simple explanation 
of this The illuminated hemisphere is twice as bright as the dark hemi- 
sphere so that the spectroscopic measurements of the second, in do not 
refer to the centre of the disc Haskett does not note any difTetenc e of 
type, so that the* lines which he measured could presumably only hi 
produced in the illuminated hennsphcie Since JL = 30(m the displace- 
ment may well amount to 08a and the radius of the relative orbit is to 
be increased in the ratio 100 to 92 This gives 



M 

Bol Muc (from Ji) I' 

ol M.if! (hum M) 

Residual 

S\ • 

2 30 

+ 0 10 

+ (181 

i 0 65 


1 20 

+ J 00 

+ J 91 

f 091 


and the accordance is now toleiable The faults which remain are probably 
due to the roughness of the data (photometric and spectrographic) for the 
secondary To reduce the residual for S l to zero ue must further increase 
jl/i/(l/j and the revises! value ol M 1 will then be u!»on f 3 0 The puriiaiy 
then falls oil the central line of the main senes and the secondary is a 
giant star as in ft l’crsei 

We have had two instances where, by expurgating the less reliable 
data and trusting to the radiative theory , the primary has been brought 
on to the line of the mam series and I believe that othei example s confirm 
tins, though less definitely We might perhaps take tin nsk of assuming 
in the treatment of eclipsing variables that one of the conditions to he 
fulfilled is that the central temperatuie ot the pi unary is 40,000,000' Jf 
it is true that eclipsing binaries (i e very close binaries) are only formed 
liv stais of this J, class, the fact must have some fundamental signiheane e> 
which we cannot yet understand 
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THE COEFFICIENT OF OPACITY 

146 Results reached in the present Chapter have been used in an- 
ticipation from § 89 onwards We must therefore return and take up the 
problem of the absorption inefficient as it presented itself in § 88, , At that 
stage we were occupied with our first astronomical result of importance 
viz that for the series of giant stars from type M to type A the opacity 
is nearly < onstant although the internal temperature increases twelvefold 
between the beginning and end of the senes This suggested (but, as we 
now see, wrongly) that the opacity might tend to a constant value at high 
temperatures and so be the same for all stars Actually, however, the 
constancy of the opacity was a statistical result applying to groups of 
stars presumed to be of the same average mass, and there was no test 
whether the constancy continued for stars of a different mass 

The radiation in the main interior of a star consist" of X rays, and 
comparison is invited with measurements of absorption of X rays made 
in the laboratory In § 105 we have found the absorption coefficient nl 
the centre of Capella to be 49 c « s units This is of the general order of 
magnitude of the measured coefficients of most elements for hard X rays, 
for example, it agrees with the coefficient tor iron foi wave-length about 
0 8 A It must, however, be noted that the radiation at the centre of 
OapelJa is of much greater wave-length, the maximum intensity being at 
3 2 A 

According to laboratory determinations k increases very rapidly with 
the wave-length Subject to certain discontinuities it varies as A 3 This 
brings about a double discrepancy with astronomical observation, first h, 
it makes the laboratory coefficients much greater than the astronomical 
coefficient for the same wave-length* , sec ondly, it is at variance with the 
astronomical result that stars differing widely in temperature show little 
change of L 

It is clear that there is something which invalidates the direct com- 
parison of astronomical and terrestrial determmations That which stands 
in the way of the comparison is lomxahov, strong in the stars, but almost 
absent in terrestnal experiments 

* The difference is evm wider than would at first appear, for the companion 
would more fairly be made at an average temperature of Capella (to which the 
astronomical coefficient must be supposed to refer) instead of with values extra- 
polated for the central temperature 



THE COEFFICIENT OF OPACITY 


217 


147 There can be little doubt that the principal process oi absorption 
m the stars is the photoelectric effect A quantum of radiation is absorbed 
and its energy is employed in removing an electron from the atom and 
endowing it with kinetic energy Other processes of absorption are known, 
but these contribute relatively little to the stellar opacity Ionisation 
reduces the absorption because it leaves fewer electrons capable of per- 
forming the photoelectric process The decrease may also be described — 
but perhaps less accurately — as a saturation effect , the atoms cannot deal 
efficiently with a very large quantit> of radiation which remove's their 
electrons, faster than they can be replaced The ionisation is the sign of 
overwork We said less accurately because ionisation can also be caused 
bv collisions of atoms and electrons, so that in certain circumstances the 
decrease of the coefficient might occur without implying great intensity 
of the- radiation , but, on the other hand, the principle of detailed balancing 
m thermodynamical equilibrium permits us to deal with the photoelectric 
effect and its converse as if these were the only processes occurring m the 
stellar interior, so that the small absorption coefficient in the stars is 
directly attributable to the intensity of the radiation 

The practical effect of ionisation on the absorption coefficient will be 
seen from the following numerical results which have been calculated for 
iron at the temperature and density of the centre of Capella* If X rays 
of similar wave-length but of ordinary laboratory intensity were directed 
on non in a terrestrial experiment they would be very strongly absorbed 
The absorption is mainly performed by the L group of 8 electrons As 
each quantum i* absorbed, an L "leetron is evpelled, but m terrestrial 
experiments the L group is completed again by the falling m of an outer 
electron or by capture of a wandering electron before the atom's turn for 
.mother absorption The coefficient of absorption bv the L plot Irons alone 
is found experimentally to be 2950 cos units Now let the intensity of 
the X rays be raised to the actual strength m Capella The L elec trims will 
be wrenched away almost immediately they take thou places sc that they 
.ire not usually present in the atom At any moment only 1 out of 1200 
places for L electrons is tilled, that is to say, instead of each atom having 
eight L electrons, only I atom m 150 has even a solitary L electron The 
T absorption coefficient has therefore only i 7 i,y of its laboiatory value 
and is reduced to 2 5 Actually more absorption in Capella is performed 
bv the two K electrons In the laboratory these do lelativelyr little work, 
because most of the radiation lias a frequency too loyy to operate <he 
A' mechanism, the laboratory absorption coefficient is 8 3 But in 
Capella about 70 per cent of the K electrons aie m then places at any 

* Monthly Notices, 84, p 111 Comsqjoiiclinp results for other rfeinc nts ore also 
given 
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moment so that this coefficient is reduced to 5 9 Thus we obtain t he 
comparison 


Absolution c oeiln lent clue to L electrons 

K „ 

Total 


Laboratory 

2950 
8 3 


2958 


Capclla 

25 

5j) 

8 4 


148 fn the stars tJie absorption is equal to the emission of radiation, 
so that we may, if we prefer, proceed by calculating the emission The 
converse process to the expulsion of an electron is the capture of an electron , 
and the capture accordingly gives the emission corresponding to the 
absorption which we have been discussing Tins cannot be studied directly 
by laboratoi v experiment because it is not possible in terrestrial conditions 
to obtain ions with vacant places for capture in the K and L groups hut 
the problem can be studied theoretically Here again we shall have two 
coefficients to consider first, the ideal coefficient of emission when all the 
ions have then full capturing power, seeond, the coefficient as reduced b^ 
lack of ionisation In proportion as the places for electrons are filled up so 
the chance of capture is diminished 

The ideal (or laboratory) absoiption coefficient and the ideal emission 
coefficient (not realised in the laboratory or the stars) arc each reduced, 
the one by ionisation and the other by lack of ionisation The ionisation 
in fact, readies the value required to bring them to a balance and Un- 
ionisation formula (47 1) was obtained from this balance as expressed bv 
Einstein’s equation 

rile ideal absorption coefficient is independent of the density Each 
complete atom is an absoilung mechanism which works independently of 
other atoms and it makes no difference whether a given muss of material 
occupies a laige thickness or a small 

The ideal emission coefficient is approxnnafelv pioportional to the 
density, or more nc-arl\ to p/p A Htnppc-d ion emits by capturing electrons, 
and, other things being equal, the number of captures by it will be pro- 
portional to the number of free electrons m given volume The total nunibei 
of particles per cu cm is equal to p/p (p being here measured in grams) 
fn stellar conditions the number of ions is small compared to the number of 
free elec trons so that the number of free electrons per cu cm is nearly 
equal to pjp 

Thus we approach the problem ot stellar opacity with the idea that it 
is likely to be (a) independent of density, (b) proportional to density, 
according as we begin with absorption or emission Whichever lme we 
follow- there will be a modification when account is taken of the effect of 
density on ionisation It is a question of expediency and not of principle 
which end we should begin from, depending on which of the two ideal 
coefficients undergoes least modification 
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149 Preliminary calculations show that, whereas in all cases the ideal 
absorption coefficient is enormously modified the modification of the 
emission coefficient is small in most stars, and in any case it can be lift 
to be attended to m a second approximation At first sight it seems that 
the figures given for iron in § 147 are m contradiction to this since it 
appears that 70 per cent of the K electrons are in their pieces and only 
30 per cent of the ideal K emission for iron is operative Hut the calcula- 
tion of § 147 referred to the true absorption coefficient and we now' have 
in mind the astronomical opantv (fc 77), which is less dependent on the 
K processes* However we do not insist lieie that the modification of the 
emission coefficient is negligible but that it is small in comparison w r ith the 
modification of the absorption coefficient b\ a factor Accordingly, 

tin 1 stellar opacity will approximate to the law' k x p/p. and not to k 
independent of p 

\ow consider the effect of ternperaf lire The number of clef ti oils which 

in given time encounter a part i< ulanon, besides being proportional to the 

elei tron-densit v will be proportional to their mean velocity V and there 

foie to T 1 Further, granting an encounter, the chance of rapture will 

depend cm the speed of the electron Presumably fast electrons will be 

more elusive than slow ones w'e therefore set the chance of capture 

pmportional to y_ r 

* » 

oi to T~- r We c ail only determine a by following up some special theory 
of capture, so foi the present we leave it indefinite When a capture 
occ urs the emission of energy is equa I to the difference between the energy 
of the free electron and the negative energy of the level winch it will 
occupy in the atom The free* energy is proportional to T and the energy 
of the level is presumably rougliH proportional to 7'f Combining these 
temperature factors the emission per ion will be proportional to 

P rn - Jr 

1 9 

l l 

and the absorption pel ion is the same To obtain 1 wc must divide the 
absorbed energy bv the total enc-igv traversing the material, wdncli is 
proportional to T 4 Hence iflC/>>7Ij4j , (1491) 

The astronomical result that k is nearh constant for a senes of stars 
of constant mass requires that approximately k- must be a function of 

* In § 79 we showed that it was not important to consider frequencies greater 
than lit Till Hence in a star in which the ntotns are ionised down to an energy- 
level - 7 HT tliero will be no appreciable modification of the ideal emission < oethcient 

f Alternatively, the captures chiefly contributing to t he opacity are those yielding 
radiation of frequency 2 5BT/h to 7 h’TIh (§ 79) The corresponding quantum is 
therefore proportional to T 
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p/p.T 3 , since tins combination of density and temperature depends onl\ 
on the mass Comparing with (149 1) we obi am x — 1 and 

k x p/fiT 3 

We decided that owing to the uncertainties of observation an additional 
factor J ^ or T ^ was admissible, so that the variation of k is between 
pip.T' and pjp. T‘ Tins corresponds to (149 1) with values of x between 
0 and 2 

Jfixpeinneuts by E Rutherford on the capture of electrons by a 
particles have been shown by him to correspond to a probability, of capture 
varying as the inverse fifth power of the velocity The law x - fl is f.u 
outside the above limits and could not be reconciled with the uniformity 
of magnitude of giant stars We must infer that Rutherford’s experiments 
relate to a diderent process of capture It has been shown by Fowler 
thar they are radiationless captures analogous to the capture of comets 
by the combined efforts of the sun and a planet Captures of this kind 
no doubt occur in the stars, but by the principle of detailed balancing 
they do not affect our study of the absorption problem, since they are not 
accompanied by radiation 

150 It is interesting that we should be able to get so far with the 
determination of the law of opacity without having come to grips with 
the problem of the mechanism of capture or expulsion of electrons We 
might perhaps narrow the limits a little more because it is scarcely con- 
ceivable that x should be less than 1 The choice bet weep exponents 3 anil 
i , or even between ! and l , does not make a great difleienee m practical 
calculations ot t he luminosities of the stars But there' are certain theoretical 
considerations which make it important to decide on which side ot 3 
the exponent really falls One illustration of this has already arisen in 
considering Ceplieid pulsations the' pulsations can maintain themseUes 
automatically when the exponent is a little less than 3 (§ 137) This is m 
itself an argument against an exponent as low as 2 5 for ordinary (non- 
pulsatmg) stars, but if the normal exponent were, say, 3 there would be 
less difficulty in admitting the slightly lower value required m the ( Vphcids 
Another problem for which the value 3 is critical will arise in § 211 

Sine e the value x - 2 is given by what is now considered to be the best 
physical theorv of electron-capture we have adopted lex p/p.T- But the 
theory is scarcely an adequate guide and it is desirable to sec whether there 
is observational support for the odd hall-power of T We obtained good 
agreement between theory and observation by using it in Fig 2, but it is 
necessary to consider how far this agreement depends on the power of T 
Most of the stars represented belong to the mam series, which is charac- 
terised by constant internal temperature (§ 122), these afford no scope 
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for testing a variation of k with T There remain CapelJa and the (Vpheida 
which are not on the main senes G'apella lias an internal temperature 
i of that of the mam senes If tlie exponent is 3 instead of 31 we have 
assigned to the main senes half its proper opacity compared mth Capella 
and have therefore predicted a magnitude 0 m 75 too briglil Till sun. 
Sinus and a Centaun are actually 0 m 3 tamter than the origin- 1 prediction, 
so that thev lie about half-way between the results for the two assumptions 
It seems then scarcely possible to decide from the observations w hethcr 
pipT or pjpT i is nearer to the true law , but pjpT- seems to be definitely 
ruled out, . and there is eonsiderable probability that the 1 exponent is above 
rather than below 3 


The Target for Electron-Capture. 

151 We first make some inimerKal calculations as to the number of 
captures and expulsions concerned in the stellar absorption and emission 
Consider the conditions at the centre- ot Capella as given in § 13 

r = 7 2 10 6 , p = 0 0547, p = 2 1 

The value of ak, found from the mass and absolute magnitude is 133, 
w Inch for a -- 2 5 gives , ... 


This is strictly the opacity coefficient and not the absorption coefficient, 
but we shall not here trouble about the difference The emission per gm 
per second is (74 5) _ 3 25 10 * ergs (15! 1) 

lly (40 93) the average energy of a quantum of radiation at temperature 
T is 2 10RT, where It is Boltzmann’s constant The average quantum 

ls thuR 2 67 10 » ergs (151 2). 

Hence by division the number of quanta emitted per gm per sec is 

1 22 10 34 (151 3). 

A correcting factor may be necessary since the average quantum concerned 
in k may not be equal to the average quantum presenl in the radiation, but 
this will not affect the order of magnitude 

The number of hydrogen atoms in a gram is 6 02 10 33 , hence the number 
of particles of average weight 2 lu is 

2 87 10 33 . 


Allowing about 1 ion to every 
of free electrons per gm 


20 free electrons, this makes the number 
2 74 10“ (161 4) 


By (151-3) and (1514) each free electron is responsible for the emission of 
4-45 10 10 quanta per second .. (151 5) 
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Each emisMon results from a capture, so that each free electron is captured 
4 45 10 lu times per second The reciprocal of this gives the time of free 

P a <h* 2 25 10- 11 secs . . . (151-0) 

The average speed of an electron at the temperature 7 2 10" is 

V = 1 07 10" cm per sec . . (151 7) 

Multiplying by the time of free path, the length of free path is 

A - 0375 cm . (151-8) 

Here again an averaging factor will slightly modify the lesult since the 
slower moving electrons arc- likely to be the more easily capture’d 

The “free path ’ m the sense of the theory of gases, l e from collision 
to collision is much less than 0375 cm The electron hits a large numbei 
of atoms bc'foic it meets one in such a way as to be captured — or at least 
it hits what would have been the atom if the atom had not been reduced to 
small dimensions by ionisation We introduce the idea of a target in the 
atom, i e a sphere of size such that the probability of capture is equal to 
the probability of hitting i lie sphei e Tins representation is primarily 
intended to be statistical and leaves open the question whether capture 
is actually determined by hitting such a target If a is the radius of the 
target and A the number of targets per cu cm it is shown m the theory 
of gases that , 

the paths being treated as rectilinear 

We have A = pjAn * (151 92), 

where A is the atomic weight and n the mass of a hydrogen atom For 
noil („4 = 50) at the density of the centre of (’a pella, this gives 

A = 5 88 10 s " (15193), 

so that by (151 91) and (151 8) 

a = 1 20 10- 10 cm (151 94) 

Tins is a little less than the radius of the K ring m iron, which at the 
eeutie of (\ipella is all that is left of the system of satellite electrons Hut 
there is no special importance to be attached to this coincidence In 
(151 91) the paths are treated as rectilinear so that the taiget is the apparent 
target aimed at be the electrons Owing to the attraction of the nucleus, 
the true taujrt, or target actually hit, may be much smaller 

* At hrst sight tins mukos no allowance for the time spent m the captured stati , 
but this is compensated, because if each electron Bpont one-tenth of its tune m a 
c apt iired state the number of electrons concerned in the emission would be ten-mnths 
ol the number (151 4) free at a given moment 
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152 It seems natural to assume that the target is an actual sphere 
round the centre of the atom which the electron track must intersect as 
the condition for capture This idea is the basis of the theory of nuclear 
capture investigated in § 170 But there arc certain c oiisideiatjojis which 
weigh strongly against this assumption The fiequency of the X lay 
euuttcd when an electron changes its \elocity is presumably dependent 
on the abruptness of the stoppage Electron,-, aimed to pass within a 
distance cr of the nucleus sutler an extremely lapid change of velocity as 
they swing round at pencentron It app< ars that the corresponding 
X rays would have a frequenc y much greater than the range 2 r>RTjh to 
iRT/h to which the stellar opacity corresponds it is now generally 
believed that radiation from those close penetrating electrons is inhibited , 
but it is not very important for us to decide here whethei that is so or 
not If we are right in concluding that they would yield radiation of 
frequency considerably above iRl'jh, then clearly 1 hew* are not! he captures 
calculated in the last section as responsible for the astronomical opacity 
To give radiation in the required frequency range the stoppage of the 
electron must be not too abrupt and not too slow* This points to a target 
of annular section 

The theory of emission and absoiption, which seems to be in close 
accordance with laboratory experiment and expresses the most modem 
ideas on the subject, is due to H A Kramers* We regard this as likely 
to be correct, at least in its main essentials There are some subtleties m 
Kramers’ theory, vital foi its application to terrestrial experiments but 
only of subsidiary importance in the determination of stellar opacity 
\s simplified for stellar applications, Kramers’ tlieoiy rcslly amounts to 
Ibis we may calculate the stellai opacity just as ij all elections ladiatcn 
ucconhng to the laws of the classical elertiomaijnelic theory 

For this reason we take as our first pioblcm the determination of stellar 
opacity according to classical theory This is not a preliminary exercise, 
it is the quickest route to the formulae which we accept as definitive 
Afterwards Kramers' theory will he invoked to explain why so antiquated 
a pi ocedure is justified not w lthstanding the advent of the quantum theory*, 
and to mtioduce those subtleties which arc* needed m order to check the 
theory by laboratory experiment 

Classical Theory of Emission 

153 According to the electromagnetic theory an accelerated electron 
radiates energy If F is the acceleration, the energy radiated in time dt is 

l e ]r hit (153-1) 

3 c 3 


Phil May 46, p 836 (1923) 
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Consider an electron with initial velocity V which would, if undisturbed 
pass at a distant e tr from a nucleus of atomic number Z Under the atti<u 
tion of the nucleus it will describe an orbit which will be a hyperbola 
unless the appioach is so close as to make it necessary to allow for chang 
of mass with velocity 

The Tceeleiation will be 


r -= f! = Ze 2 jm 

(153 2) 

Let the equation of the hyperbola bo 

^ — 1 + € COS d 

r 

(153-3). 

it h is the constant of areas 

2 1, L' 

r 2 cr \ 

(It 

(153 4), 

and by the usual astronomical equation 

<r 2 F 2 - h 1 = fj.1 

(153 5) 


Also by the well-known propel ty that a (the perpendicular from the foe us 
on th< asymptote) is equal to the minor axis of the hyperbola 

e 2 — 1 — / 2 /ct 2 -- o 2 K 4 //i 2 (loll (i), 

and if 2tfi is the angle between the asymptotes 

tan <f> - 1) - a I 2 fi (1153 7) 

By (153 3) and (153 4) 

2 - e -T>dt-' 2e ^ dt 
3 c 1 3 c J r' 

\ e c '£ h U + ecosfl) 2 ^ (153 75) 

Hence the total radiation during the encounter is 
„ 2 e 2 u 2 

O-irytL , + 

=- 3 {{^ - 4>) (sec 2 4> t 2) + 3 tan <f>) (153 8), 

where e has been replaced by its value sec <j> 

Jor not too large values of <jV 2 , <f> is a small angle, that is to say, the 
orbits are practically parabolas The result then reduces to 
_ 2«V ! _ 27t<V 

v c s / 2 /( ' rWl' 1 ( ' 


154 As a slight digression we may notice that if Q is greater than 
lm V 2 the electron loses more than its free energy and must be captured 
Thus there is an apparent target for capture with radius a given by 

, T/2 2nZ i e la 

l mV ~ 
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Or, writing b - e‘ 2 /mc' 2 — 2 81 10 13 cm , thin reduces to 

a -It (4ir)' 7j- (</!’)• (154 1) 

ji'„i iron at tjie centre of Capella tins gives 

<r — 3 0 10 ,u cm 

, i bout three times the target radius and nine times the targe* area found 
fiom the observations (151 94) r J hus the crude classical ihiuiy gives an 
emission coefficient nine times too high -to sav nothing of the additional 
emission by electrons which are not captured 


155 ‘It turns out that much of the classical radiation is of high 
frequency beyond the range chiefly concerned in the astronomical opacity 
It is therefore not sufficient to determine the total amount of emission, 
we must find its distribution in Irequenej -in fact we must appl\ a sped ro- 
se ope to it 

For this purpose F is first resohed into two rectangular components 
1\, F„ along the* major and nunoi axes of the orbit Each component is 
ixpiessed as a Fourici integral, viz 


l 1 , — I A t COs (2ttvI) dv, 1\ - j A u Mil [1-nvt) dv, 

' » () 

wliere A t and A„ <ue functions of v The encigy of the xadiated wave being 
piopoitional to F i (153 1) its amplitude is proportional to F, the Fourier 
analysis accordingly separates out the amplitude corresponding to periodic 
components of T of frequency v to v + dv The energy radiated between 
v and v -r dv will be proportional to {A/ -4 A „“) dv 

The analvsis is difficult, but it has been carried out by Kramers* with 
tlie following result -the classical radiation of frequency between v and 
v \- dv emitted during an em ouiiter is| 


Q.dv 


4t tW<*_ 
r i m i a l V i 


I\y) dv 


(105 1), 


where y = 2TrvCT J F J w i /Z 2 i’ 4 

and P is a certain function posses, smg the propci tics 

P (y ) dy J 


/; 


Xp (r) dy y 

« v 


4 

7T V '3 


(155 2) 


(155 31) 


(155 32) 


The function P, of which a rough graph i« given ui Kramers’ paper, is 
zero at y — 0, rises to a maximum of about 2 3 near y — ] 5, and then falls 
more slowly, reaching 0 5 near y - 0 


* Phil Mag 46, p 845 

f This ib tin* result for parabolic orbits which is the important practical case 
Kramers also gives a result for rectangular hyperbolas 
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By (155 31) we find 

Q = f Q,dv 
Jo 


277 Z 4 U° 


in agreement with (153 0) 

Suppose that n electrons encounter normally a thin sheet of material 
containing s nuclei per sq cm To pass at a distance between a and cr -f da 
from a nucleus an electron must strike one of s annuli covering a total area 
,s 2-nada per sq cm Thus the number of encounters made within these 
limits is ns 2nado and the total radiation from them in the frequency 

range dv is by (155 1) ferW „ , do 

nsdv . „ , P (y) — . 
e 3 m a K a cr 


T his must now be integrated for all values of o By (155 2) 


dy _ 


=£- ‘i da - 
y a 


Hence i he radiation of frequency v to v + dv is 

, 8t r 3 W .dy 

nsdv . . ,t. P (y) - 

AchiPV 1 'n y 

327 t > Zh* 


= nsdv 


by (155-32) 


3V3 c 3 m 2 V 2 


(166-41) 


(165 42) 


The striking feature of this result is that it is independent of v If 
we used a spectroscope which spread out the spectrum proportionately 
to v the spectrum of the radiation would be of uniform intensity 

The result (155 1) refers to orbits which can be treated as parabolic 
Orbits of higher eccentricity have also been investigated by Kramers, and 
the correcting factor to (155 42) can be approximately determined when 
it is necessary to take account of the hyperbolic eccentricity Using 
(153 6) we can write (155 2) in the form 

y = 2m> (e* - 1)' mV3 (155 51). 


For material at temperature T the mean value of mV 2 is 3 BT, so that 
= ill (f) HT ^ ^ ( 165 52 )’ 


For a temperature of 20 million degrees c/V = 11 The values of hv/BT 
which are concerned in the stellar opacity are m the neighbourhood of 4 
We may take Z — 20 for average material With these values 

y = 2 («• — 1)5 
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The range of y which contributes chiefly to the integral in (155 41) is in 
the neighbourhood of y = I and the corresponding eccentricity is e — 1 27 
It thus appears that in astronomical applications we shall be conctvned 
with orbits which are beginning to be appreciably hyperbolic but not to 
such an extent as to require any large correcting factor 


156 In the material of a star the direction of motion ot an electron 
makes no difierence to the probability of an encounter, we may therefore 
simplify the calculation by considering them to be all moving in the same 
direction normal to a certain surface A column of electrons of height 
V cm will pass through each sq cm per second and the number n of 
electrons in a volume V cu cm is 


(156 1), 


fj.ii (1 + /) 

where / is the ratio of the number of ions to the number of electrons (We 
can usually neglect / ) The number of ions in a thickness dx will be per 
sq cm 

(150 2), 


a = dx f 
Art 


(156-3) 


w-here A is the atomic weight Inserting these values of n and a in (155 42) 
we obtain the emission per second from a volume dx Setting dx — Ijp, 
the emission per gram per second is 

p 32tt 2 2V_ 
n^p-A (1 + /) 3 chnPV V 
The contributions of electrons with diflerent speeds V are additive, hence 
m (156 3) we mv&t use the mean value of 1/F By Maxwell’s law if F„ is 
the arithmetic mean Bpeed, the harmonic mean speed is {ttV^ Hence in 
a star the omission per gram per second of radiation between v and v ■+ dv 
is Qdv, where 128n . Z2 6 

v-,i*nA (i+/)3VJcwr, 1 h 

So far as the chemical constitution is concerned this is propoitional to 
Z l jA which is roughly proportional to Z 


157 Wecannow calculate the opacity Inequation (77 15) the emission 
there represented by (lj is now equal to Qdv Hence (77 15) becomes 

Qdv — ck, I (v) dv, 

so that k, = . (157-1). 

cl ( v ) 


*'By (77 4) the coefficient of opacity k 2 is given by 




[8/ (v) 
dT 


dv 


c d 
: 2QdT 


'{/ {v)Ydv-^Hy)dv ... 


.(157 15) 
(157-2) 


15-2 
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By Planck’s Law 

, , v . GVrfv CB tr f* x 3 dx 

7 M &« e 1 — 1’ 
(IW*- IP (e -- !)«' 


where x 

hv/RT. Hence (157 2) becomes 



1 c 7 CR 3 T 3 r x e dx 

I * x 3 dx 


A- 2 2Q 4 IP 

1 

H 

O 

1 

We have 

1 ' x s dx 1 ” 

I x 3 e~ 2x + x 3 e~ 3:r + 

II p — 1 'ii 


= (i«, 


where 

a -=- I- 4 |- 2 -4 -r 3-" + 

= 1 0823, 


r t 'tl r 1 ' 

(x<i e - tr < 2x*e- 3x 

'« (p J - 1) J Jo ( 

! 3j; 6 c - 41 -1- 


-2’ * 



(167 3 ) 


) rf.c 


so that 


- = J?_ ^ or 7’a 

X- 2 256 « 2 HQ ’ 


(157 4 ) 


(157 5 ) 


) (/.e 


whore /3 = 2 7 (2~ 7 4- 2 3~ 7 -f 3 4-" + ) ■=- 1 151 

Also by Stefan’s Law 

oT* ~ f/(y) dv -= (iaCR , T 4 /h* t 

r «/' 4 
GuA 4 

Hence (157 3) gives 

so that k^acT 4 - (7 ■HRTjh) Q 

By comparing this with the simple formula (74 5) 
emission = IcacT*, 

which takes no account of the variation of k with frequency, we can see 
the effect of Rosseland’s correction It is as though the spectrum of 
uniform intensity Q were limited to a frequency range 

Si/ = 7 44 RT/h . . (157 6) 

The emission and absorption in a range of this extent gives us a partial 
absorption coefficient which is equal to the full opacity coefficient 

158 Inserting the value of Q from (156 4) in (157 5) we now have 
(1 f/) _ ? 44 12877 Z 2 e 8 RT 

p 3 y"3 A 11 *am t c 4 h V 0 

If u 0 (= ( fiR/mn )-) is the arithmetic mean speed of an electron at 1° 
absolute 

17 _ 

M-q 


V 0 = u a Tb 



Hence 


where b = 
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pK T 1 - (1 +f) = ? 44 128* Z 2 Re* 

p 3 \/3 A n^arnWhUn 

= 7 44 12877 Mf>2c 

3 \/3 A u-au^ he' 

e 2 /mc 2 = | x conventional radius of electron 
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(158 I) 


= 0 668 


Rb 2 c Z 2 
H l au^ A 


(158 2), 


since hcje 2 is 861 (a pure number) 

Neglecting possible variations m the small correction / and assuming 
uniform chemical composition (Z-/A ) we obtain the law 


pi' 2 T= 'p = ( oust 


which is the law of opacity adopted in our investigations The constant, 
however, is not in good agreement with the value derived from Capclla 
For iron at the centre of Capella 


Z = 26, A = 56, (i = 2 1, p = 0547 T = 7 20 10 °, / = 05, 
we find by (158 2) = 4 05, 


as compared with the astronomical lesult I — 53 

At a later stage we shall have to discuss this discrepancy which amounts 
to a factor 10 


Kramers' Theory of Emission. 


159 It must now be explained why the results obtained according to 
(lie classical theory of emission are expected to be valid although the 
theory itself is not accepted 

According to the quantum theory any transfer of energy between 
matter and radiation must occur in quanta An electron accelerated under 
the attraction of the nucleus must, if it radiates at all, radiate a quantum 
Consider electrons with initial velocity 1' and let v„ be a frequency 
such that j... _ _ (159 1 ) 


A quantum of frequency less than v B contains less than the free energy 
of an electron , hence the electron radiating it will remain free But an 
electron radiating a quantum of frequency greater than i » 0 will be left 
with negative energy, that is to say, it is captured Hence the spectrum 
of the radiation is divided into two stretches — 


(a) Frequencies from 0 to v 0 due to electrons which are not captured, 
but are switched into new hyperbolic orbits of less energy 
(P) Frequencies greater than v 0 due to capture of electrons 
We discuss first the spectrum (a) Out of a large number of electrons 
encountering ions some will radiate quanta of one frequency, some of 
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another, and some perhaps will escape without radiatmg It is in aecoid 
ance with the general idea of the Correspondence Principle that tlx 
statistical average of these quantum radiations will amount to the radiation 
given by the ( lassie al theory To put it another way, the Fourier terms in 
the classical radiation are interpreted, not as representing actual radiation 
of that frequency from an accelerated electron, but as jirobabilitics ot 
radiation of that frequency With a large number of electrons it make* 
no diffoience whether each electron radiates u^.of a quantum or has a 
T7 j mi (hance of radiating a whole quantum , so the classical theory should 
give the total radiation of a large number of electrons correctly , 

Turning to the spectrum (/?), the new point arises that the electron 
after capture must be in one of the quantised orbits within the atom, so 
that its final negative energy must have one of a discrete senes of values 
Thus the electrons can emit only frequencies forming a discrete senes 
v k > v l- .given by 


hv K ~ lm V 2 + ipK , — \m V 2 4- <ji L , Jiv M = \mV 2 + iftu, (169 2), 

where — iji K , — ifi L , — i/) M , . . , are the energies of the K, L, M, , orbits 

in which it can find a resting-place 

Thus the quantum theory picdicts a line spectrum w'hilst the classical 
theory predicts a continuous spectrum 

In discussing the theory of “weights of states” in § 48 we have seen 
that as the periodicity becomes more perfect the weight of each unit cell 
becomes more and more strongly concentrated into the single quantised 
orbit contained in that cell We are scarcely going beyend this principle 
if we suppose that the captured electrons which in the absence of periodicity 
would have been distributed ovei the cell, are, when periodicity is present 
to be found concentrated oil the quantised orbit which has drained the 
weight of the cell If the electron had been captured bv a very c omplic ated 
system in which the orbits had little or no periodicity so that no quantisa- 
tion occurred, we should have had no reason to anticipate a breakdown of, 
the treatment adopted for spectrum a It is therefore likely that we maj 
apply the same principle to speetrum /J, but with the addition that the 
classical radiation corresponding to each < ell is heaped up into a single line 
corresponding to the quantised orbit in that cell 

If it is a question of capture of an electron by an isolated nucleus, the 
dividing lines of the cells are presumably as follows If xi (— — <^) is the 
energy m a one-quantum orbit the energy in an w-quantum orbit is 
Xi/n 2 Hence 


the K line corresponds to the stretch XiKl ) 2 to Xi Id)* 
” ^ ” » Xi/Cs ") 2 .. Xi/(ir ) 2 




(159 3), 
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and so on We have no great confidence that the proper limits are precisely 
at the half-way mark — more especially as regards the firbt limit for the 
K line, but fortunately this uncertainty docs not matter much in astio- 
nomical applications 

If this view is right the classical radiation will cease altogether at a 
frequency v x given by 

hv 1 = 

since beyond this it is not heaped up into anj line If, however, the two 
K orbits are already occupied captures at the if level arc impossible, and 
the K line cannot be emitted The guillotine then falls at 

Jiv x = ImV* -f «/>!/(])*, 

or rather (since the simple theory of the hydrogen atom no longer applies 
strictly) at some pomt about half-way between the K and L lines which 
cannot be very definitely specified If the eight L orbits are occupied the 
limit c, is between the L and M lines Presumably if so me of the L orbits 
are occupied the stretch of spectrum corresponding to L is emitted but 
with proportionately reduced intensity 

Having duly placed the guillotine-frequency v, according to the 
ionisation, Kramers’ theory asserts that the total emission is equal to the 
classical radiation up to frequency Vj, but between v 0 and v, it is emitted 
in line spectrum instead of continuous spectrum 

When we are dealing with electrons having a Maxwellian distribution 
of velocities the varying value of the initial energy In? I 2 spreads the Imes 
into hands Thus the Maxwellian spread of the initial energies to a Jaigc 
extent undoes the quantum concentration of the final i nergies When, 
moreover, we have to do with a mixture of elements having their spectral 
lines m different place's there can be very little trace left of coneentiation 
to particular values of v It appeals then that in the end the classical 
continuous spectrum is re-established practically unchanged, all that 
remains of Kramers’ modifications is the “guillotine ’ cutting off the 
radiation beyond a frequency v 1 determined by the state of ionisation of 
the atoms — or determined by a half-quantum orbit if they are completely 
ionised 

Even the guillotine will not concern us in astronomy if it is placed 
beyond the range of frequencies contributing sensibly to the opacity If it 
is not placed so high it will reduce the opacity and consequently increase 
the discordance between theoiy and observation reached in § 158 It will 
be found that for Capella v x is so high that theie is very little correction 
required , but there are other stars (including the sun) which should suffer 
a considerable reduction of opacity 

Apart from the guillotine effect the astionomical results obtained from 
the classical theory in § 158 equally represent Kramers’ theory 
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160 We shall now try to calculate the reduction of the coefficient of 
opa< lty when the guillotine is placed at too low a frequency to be neg- 
lected 

We have agreed that the emission consists of the classical spectrum 
Qdv extending from hv 0 to 

hv - \ [mV - -+ $ (160-1), 

where in an ordinary mixture of elements ip may generally be taken to 
represent the average energy-level down to which the atoms are ionised* 
We < ould substitute BT for bn I' 2 since this is its mean value allowing for 
the greater frequency of capture of the slower electrons This approxima- 
tion gives the emission and absorption quantitatively, qualitatively there 
is a certain amount of shifting of the frequencies, but in a mixture of 
elements this (am els out to a large extent and for most purposes it is a 
fair approximation qualitatively But if we use this representation to 
calculate the opacity, its qualitative defect becomes conspicuous It 
loaves a region of the spectrum perfectly transparent , and if any region is 
transparent the mean opacity of the whole is zero There is, of course, no 
danger in actual stars of very high transparency for any frequency, even 
if Kramers’ absorption left a window, electron -scattering would prevent 
the transparency exceeding a moderate limit However, by treating 
Kramers absorption a little more carefully we can avoid introducing this 
spunous high transparency 

If X "= 2 ml' 1 , the number of free electrons with energy between y and 
X + rty is proportional to e x ^ ,n V t/y Remembering that , the emission per 
electron in a range dv is proportional to 1 /V, the emission from electrons 
between y and y I r/y is proportional to e */ /fr dy This gives the relative 
intensity of the partial spectrum contributed by electrons of energy y, and 
in accordance with the previous discussion w r c take it to extend with this 
uniform intensity up to frequency (y • *p)jh and there terminate The 
total intensity at (y | <p)jh is obtained bv integrating over those partial 
spectra which extend up to or beyond this frequency, the result is pro- 
portional to 

[ e ^ JlT d x 

X 

or to e xlltI Hence, instead of taking the spectrum to continue with 
uniform intensity Q to RT |- </i and there terminate abruptly, we must 
take it to have uniform intensity Q up to <p and aftenvards to have 
intensity Qe'dHi at ip I y This gives the same total intensity 

It is easily seen that all Kramers’ lines give rise to bands starting 

* This muy be modified when there is ionisation of tho K electrons, but in the 
chief stellar applications a low position of the guillotine accompanies low ionisation 
so that the modification docs not arise 
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abruptly and shaded off according to this law on the high-frequency side 
ft cannot be pretended that the continuous representation now proposed 
gives a very accurate summation of these effects for individual lines But 
it serves the mam purpose of avoidmg a failure of the representation at 
v ery high frequencies which would have led to our integrals diverging 
Introducing this modification into the investigation of f 157 we have 
in place of (157 15) 


1 

k-i 




r 


e h(v J (y) 


S/ (v) 
3 T 


dv] - r 

J 0 


87 M A, 

87’ 

(160 2), 


where v x is the frequency corresponding to ifi From this it is deduced that 
the opacity is decreased in the ratio 


x. j * 

| x 7 e~ 3x (1 — e~ x )~ 3 dx -i e~ T ‘ x 7 e~ z (1 — e~ x )~ 3 dx 

0 hr, '« 

w here x l -- i/i/RT 

The reducing factors calculated from (160 3) are— 


x 7 e~ 2x ( I — e~ T )~ 3 dx 
. (lbO 3), 


Table 29 
0 udlMme- Factors 
i/i/RT Flu tor 

8 1 025 

0 1 33 

4 4 51 

. 2 30 8 

When xft < GUT the guillotine begins to have a serious e fleet on the opacity 
and the luminosity of the star should be multiplied by the factor here 
given 

An alternative (but very crude) way ot allowing for the guillotine is to 
suppose that the opacity is cut down so as to be proportional to the weight 
of the region of the spectrum which survives, l e a spectrum oecupying 
a domain of only half the total weigh 1 is considered equivalent to a 
spectrum of half the intensity occup>ing the whole domain By Table 8 
the factors for the above 4 values of i/i/RT are then 1 10, 1 36, 2 4?. 11 9 
Tins procedure involves an incongruous mixture of harmonic and arith- 
metic means but it confiitns the rapidly increasing factor found by the 
other method which is possibly more accurate 

It may be stated at once that the obsei vational evidence does not 
support these factors (§ 170) Stars for which ifilRT is small appear to 
agree with the uncorrected la w l' ac pjT- There is perhaps a small reduction 
of opacity, but it is not at all comparable with the large reductions 
here predicted This is not altogether suipnsing Whilst Kramers' theory 
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undoubtedly contains a great deal of truth, the details are as yet somewhat 
tentative, and, moreover, in its present form, it accounts for only a small 
part of the stellar opacity 

Comparison with Laboratory Experiments 

161 If Kramers’ theory were merely a speculation as to the mannei 
in which classical laws pass over into quantum laws, it would not greatly 
disturb us to find astronomical results partly discordant with it But tin- 
theory has been compared with laboratory experiments and found satis- 
factory, so that astronomical conflict with Kramers’ theory is 'virtually 
a conflict with laboratory experiment 

In an X rav tube a stream of electrons, all with the same velocity I’ 
acquired under a known fall of potential, falls on the material of the anti- 
-.athodt In tins ease the atoms have their full complement of electrons 
so that there is no opportunity for capture, and only spectrum a can be 
omitted Within the anticathode the electrons gradually lose their energy 
chieflv by other dissipative causes and only to a small extent by the radia- 
tion of spectrum a The total spectrum is therefore due to electrons with 
all velocities from 0 to V We can measure the radiation J t dv corre- 
sponding to an initial velocity I', and (J v + A./,) dv corresponding to an 
initial velocity V + AV, then (A J,)dv represents the spectrum emitted 
by the electrons whilst their velocity falls from V h AT to V — after which 
fill they are m a position to radiate ./, just as if they wore first entering 
the antic athode* Hence the spectrum due to electrons of the same 
velcx ity 1’ is of intensity Q, Iv, where 

Q, = AJ y d d yAV . ( 1611 ), 

and Q t should be given bv (166 42) provided that s represents the uumbei 
of atoms per sq cm in a thickness of antieathode such that the average 
electron velocity diminishes by AJ r in traversing it 

The best experimental determinations of J t appear to be those of 
H Kulenkampff'f' Hue correction has been made for the absorption by 
the antieathode of the radiation emitted within it Deriving Q, by (16M), 
these experiments show that the spectrum Q t is of uniform intensity up 
to e 0 and ceases abruptly at v 0 Further, dJJdv„ is proportional to Z and 
independent of v 0 , so that d.JJdV is proportional to ZV According to the 
Thomson- Whiddington law the decrease of velocity A l 7 in a sheet contain- 
ing a constant number of atoms s, is proportional to Z/V 3 , hence by 

* This is only true because the proportion of electrons concerned in radiating 
spectrum a is small , the eleetrons radiating A ,7, have their velocities suddenly 
reduced bv a large amount and can take tittle part in the further radiation J„ 
t Ann d Physik, 68, p 548 (1922) 
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(161 1) Q„ is proportional to (ZV) x (ZjV 3 ) =- Z 2 /l’ 2 m agreement with 
(155 42) Kramers’ result is thus confirmed in every detail 

It remains to test the absolute value of Q This is more difficult mice 
it depends on absolute instead of differential experiments According to 
a direct comparison the experiments give about twice as much radiation 
as the theory , but as Kramers points out they are not strict!; comparable 
and the actual agreement is probably closer In any case the experimental 
confirmation of this part of Kramers’ thcon is so close as to constitute 
a remarkable triumph for the theory 

162 'One doubtful point remains which may conceivably have astro- 
nomical importance In addition to the radiation here described Kulen- 
kampff found a considerable emission at or very near to the limiting 
frequency v 0 , that is to say, J v does not rise uniformly from zero value 
at v„ but starts almost abruptly at a finite value This radiation, which he 
calls spectrum J3, must be emitted by electrons which just lose their whole 
energy Presumably they may be considered as captured in high quantum 
orbits, if so, the atoms capturing them become negative)} charged* 
But there is no provision for the corresponding radiation in either spectrum 
ci or spectrum j3 of the classical theory! It may be that capture in ordinary 
orbits being blocked, the spectrum j8 heaps itself up at the limit but 
this is not in accordance with Kramers’ ideas The slight reference to 
spectrum B in Kramers’ paper (loc ett p 870) does not seem to elucidate 
the phenomenon We cannot foresee what will happen to this radiation 
when we are dealing with ions instead of complete atoms so it is impossible 
to say what part (if any) it will play in stellar opacity 

163 The spectrum betw ecu v a and v 1 is not emitted under laboratory 
conditions, and the theoretical predictions cannot l>e tested direct!} But 
since coefficients of emission and absorption are connected by Einstein’s 
relation (38 4) we may make equivalent tests on the corresponding ab- 
sorption spectrum Consider the emission and absorption of a ’me which 
replaces a stretch of continuous spectrum of extent ffa in cneigy units 
or 'h in frequency units (cf (159 3)) Here i//, — — Xj is the negative 
energy of a 1 -quantum orbit To calculate the emission for this line dv 
must be replaced by f<p h di m (155 42) Considei a cubic centimetre of 
material containing ,s fully -ionised atoms and n’ free electrons of velocity 
V to V + dV In unit time v'V electrons will traveisc ihe cube- centimetre 
so that the emission per cu cm per second is by (155 42) 

sn'Vfi/i] 3 27t 2 ZV 6 
Ji 3 -\/3 c 3 m 2 V 2 

* It is known from positive rav experiments that atoms can become negatively 
charged 

t The part of spectrum /8 assignable to the high quantum orbits is extremely small. 
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Dividing this b\ the energy of ti quantum hv wc obtain the number of 
captures perse, one! ( Z *e™f .... .. 

sn :V3f 3 h*mVv • 1 ‘ ' ( 63 ‘ 1 )- 

wlieie we have inserted the value fa — 2ir' i mZ 2 e i jh 2 from (42 62) 

An ionised atom and a free eleetron will be regarded as a system in 
state 2 m the aigumcnt of § 36 The total number of such systems in the 
cubif centimetre is sn', i e there are sn' combinations each having a certain 
chance of transformation to a system in state 1 Hence the coefficient 
b 2 j giving the probability of a single system returning to state 1 in unit time 
by the capture process is 64lr4 z*e w f 

6ai= 3v/3 cWmVv . (163-2) 

Uy (40 63) the atomic absorption coefficient is 

a . Qi _ K 
q 1 8ttv 2 dv 


(163-2) 


Also by (45 6) 


4wFW, 


since dxdydz is here 1 en cm Again, for a change of V 


Hence 


ltdv = mVdV 
m 2 r 2 F . 


^ 327t 4 e™mf 
3V3 q,c l h e 

whore A - ijv — the wave-length of the radiation absorbed 
Inserting numerical values we have 


(163 3), 


a — 0052 - Z , X l 
<h 


(163 4) 


The propoitionality of a to Z* A J agrees with a well-known experimental 
law so that this prediction is confirmed in a highly satisfa.tory manner 
To evaluate further the numerical coefficient, consider, for example, the 
ionisation of a K electron -Since the system in slate 2 consists of a fully- 
ionised atom and a free electron, our calculation of a applies to an atom 
in state l containing just 1 electron in a K orbit As an approximation 
we shall neglect the interference of the electrons with one another and 
suppose that eacli K electron in a complete atom gives the absorption 
coefficient (163 4) We have y, - 2 and by (159 3) / -- (J)- 2 - (g) 2 = \; , 
including a factor 2 to allow for the two K electrons m each atom the 


result is 


a h - 0 0185Z 4 A 3 


(163 5) 
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Similarly for the L absorption, q t - 6, / = (j)-a - (J>)-* =- , oxcept 

m very light elements the result must be multiplied bv 8 on account of 
the 8 L electrons in each atom Hen re 

«c 0 002ttZ 4 A s . (163(5) 

These formulae apply to wave-lengths short enough to elTeet the K 
and L ionisations respectively, there aie abrupt absorption edges at the 
hunts where the K and L ionisations suddenly cease 

The experimental value ot the constant for ct K is about 0 020, and foi 
tt L about 0 003, so that the agreement of the theory is entirely sausfactorj 
It wilj be seen that the stellai opac it \ can be predicted ficmi laboratory 
data without appeal to Kramers’ theory or any other them j ot absorption 
The laws a K -- 0202 4 A 4 , a L <)<)3Z 4 A J were discovered empiric ally before 
any theory was suggested To apply them to stellar absorption we have to 
discover first what proportion of the K and L electrons are retamed- -how 
much of the absorption indicated by these laws is still in working order in 
the stellar conditions, but that is found by the ionisation formula which 
rests on general thermodvnannes and lias no reference to Kramers’ oi 
any other theory of the absorption processes The small additional absorp- 
tion corresponding to spectrum a can also he calculated from laboratory 
measurements of the c out unions X ra\ spectrum 

Evidently these experimental laws will give piactieally the same value 
of the stellar opacity as the theoretical law s with w hu h they approximately 
agree They will lead to the result k x pfoj.T- but with values of L approxi- 
mately of those found in the stars 

164 The question may be raised whether the materip’ ot a star may 
not have a refractive index for the radiation traversing it, which should 
he taken into account in the calculations As the ( rude macioseopic con- 
c eptions of refractive index and dielectric constant are liable to be mis- 
leading, it may be well first to insist on two points (1) the speed of 
propagation of radiant energy is c whatever the refractive index of the 
material, (2) the density of the radiant energy m thermodynamic equi- 
librium is given by Stefan’s and Planck’s Laws whatever the dielectric 
constant of the material The macros cope formulae appear to contradict 
these statements, because (by a fiction which is -omet lines convenient) 
they include energy of polarisation of the atoms and molecules m the 
radiant energy 

Clearly we must not combine a macroscopic theory of wave propagation 
with a microscopic theory of absorption , and the investigation is more or 
less at a deadlock because the quantum theory of refraction, polarisation, 
etc is scarcely far enough advanced to help us 

It is unlikely that there can be much effect on the absorption coefficient 
from this cause In any case, the change of refractive index will ceteris 
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paribus be proportional to the density, so that it will give rise to differences 
between dense and rarefied stars, hence the discrepant factor 10 which 
affects dense and diffuse stars alike cannot be accounted for in this way 

Other sources of Opacity. 

165 'Phe success of the correspondence principle as applied in Kramers’ 
theory seems to be greater than we could have expected The general idea 
of the principle is that the results of the classical and the quantum theory 
will converge , but, for example, in dealing with K absorption from a 1- 
quantiim orbit we are as far as possible from the convergence point and it 
is fortunate that the difference is no greater The discussion has shown 
that the use of Kramers’ theory (or of the classical theory) to calculate 
astronomical opacity is practically equivalent to using the laws ascertained 
bv terrestrial experiment Consequently, the discordance found in § 158 
is a matter of very serious concern 

It is not as though any wide extrapolation were required in applying 
experimental results to the interior of a star The approximate treatment 
of the electron orbits as parabolic is as satisfactory in the stars as m 
laboratory conditions* The mam point of difference is that in the stars 
the outer part of the electron system is missing and this may conceivably 
make some difference to the ease of expelling an inner electron by radia- 
tion We should also like to know more about Kulenkampff’s spectrum B 
Poes it remain at frequency v 0 when the atoms are ionised, or docs it 
move on to correspond with the last occupied level ? 

• 

166 We must consider whether there are any further sources of 
absorption responsible for an appreciable part of the stellar opacity This 
brings us to the question of line absorption due to excitation of the atoms 
Itosseland, in pointing out the distinction betw r ecn opacity and absorption, 
suggested that this could be disregarded since fine absorption lines can 
have no appreciable effect on opacity We dare not trust to this because, 
as J Woltjerf has urged, the lines may be broadened in the stellar interior 
and effectively screen the whole spectrum As before, we attack this 
problem by calculating emission rather than absorption 

If we are dealing with a large number of excited electrons, a certain 
proportion will relapse and emit quanta within a given time, so that there 
will be an average rate of emission of energy per excited electron Not 
very much is known about this emission for deep-lying electrons, since 
experimental values have only been obtained for the outermost electrons. 
But according to the general principles of the quantum theory the emission 

* Some further discussion of the applicability of Kramers’ formulae to stellar 
conditions will be found in Monthly Notices, 84 , p 115 
t Bull Astr. Inst Netherlands, No 82 
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should not exceed that given by the classical theory Presumably the 
classical emission is guillotined at a frequency determined by the occupied 
orbits below the excited electron or by the half-quantum limit ]ust as the 
( lassical radiation from a free electron is guillotined There should be no 
discontinuity in behaviour between electrons in high quantum orbits and 
tree electrons Indeed, Kramers’ theory of radiation fron electrons in 
hyperbolic orbits seems to have been a generalisation of the ideas originally 
developed in connection with elliptic orbits 

Consider first circular orbits and let the energy of the orbit be — t/i, 
then the acceleration is p _ 4tj, s /Zehn, 


and by (153 1) the classical radiation per second is 

320 * 

3Z i ehn?c i 


. .(166 I) 


Consider electrons normally in an %-quantum erbit excited mto an n- 
quantutn orbit, the energies of the orbits will be - (njv^ <ji, -<l> respec- 
tively, and by Boltzmann’s Law the proportion of excited electrons will he 


where ® - B */®i* 1 

Let x measure the ionisation of the w, electrons so that (1 - x) is the 
proportion retained Then the number of n, electrons excited into n -orbits 

l lcrgm 18 PV-*) e -*l*r . .(166 2), 


where p - 2 for JC electrons, 8 for L electrons, etc We have neglected 
weight-factors 

The emission per gm per see is obtained by multiplying (166 1) and 
(166 2) Equating this to the absorption kacT\ we liave 


v (l - x) 32 R'T* , 
kacT* = - A ~- mi(i - V e 


. (166 3), 


whore y = The function y^ has a maximum value 4 69 at y = 4 

(Tf the energy emission is in the midst of the range of frequency which 
contributes most to the opacity y will be near 4 ) Hence 


k < 4 69 


32.fi 4 p( i-x) 
3nm 2 c i e 2 a 6 , Z 2 A 


. (166 4) 


p (1 — x) 

< 9340000 

For K electrons excited into 2-quantum orbits, p =• 2, 9 =- 3, and hence 
k < 230,000 (1 - x)/ZM 

When the atomic number is below 20 the K ionisation is nearly com- 
plete (in Capella and stars of the mam series) and (1 - x) is small lor 
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elements above 20, Z l A is greater than 16,000, so that k is less than 14 
Remembering that we are dealing with an extreme upper limit, that sonic 
at least of the classical radiation is likely to be guillotined, and that no( 
all the maltc-r will be of the atomic number giving greatest efficiency, the 
actual value of k will probably be considerably smaller Moreover, this 
limit 14 applies to all stars, and is tlieiefore to be compared not only with 
the ustionoimcal opacity a t at the centre of Capclla but with much highei 
opacities in the sun and Ixmcger l>0 

If w'e took account of weight tactors the limit would be mereased a 
little but not so much as we might be inclined to suppose The selection 
principle gives onlv a small number of n-orbils from wluclT'a clncc ( 
transition can be made to a particular iq- orbit, and we need not take 
account of excited electrons unable to make the required transition 

The classical radiation in an elliptic orbit is greater than m the com 
spondmg eire ular orbit, being proportional (ef (153 75)) to 

( I _ £ i)-i j iT (1 _ € < „„ Of 1 18 -- 2tt ( 1 + $«*)/( 1 - c 2 ) 

I (i 

Tims the classical radiation in a 2 1 orbit is 40 time's that in a 2 2 cu hit 
Rut there is no need to multiply our upper limit for 1 by this factor, 
because we know that the actual emission from these' elliptic orbits is not 
faster than from eireulai orbits The evidence for this has been given m 
§ 51 The fact is that the enhanced classical emission in the elliptic 
oi bit occurs during the quick passage round penccnfron and is of too 
high frequency to be connected with any possible transition of the 
electron 

For heavier (dements there muj be line absorption due to L electrons 
excited into 3-quantum orbits Them p — 8 , 9 — } , so that the limit of 
k is 133 times higher This, however, must be whittled dow r n for several 
reasons If all the 8 L electrons are to be present Z must be at least 50 
so that the divisor Z'*A is increased in the ratio ](> Also the greatei pail 
of the classical radiation ih now associated with a fall to the K level and 
does not concern the transition under consideration Moreover, it hoc ‘ ms 
unlikely that elements above' Z — 50 will be abundant Thus, so far as 
we can judge', line absorption by L electrons is likely to be weaker if 
anything than that by K electrons 

It has been pointed out to me by J Woltjer that the foregoing argument 
is insufficient to exc lude the possibility of large emission from electrons 
excited into orbits oi high quantum number By tho selection principle 
transitions to a (1, 1) orbit can be made from (4, 2), (5, 2), (6, 2), . orbits 
Since these are bighlv eccentric their classical emission is large, and al- 
though we anticipate that most of this enussion will be irrelevant to the 
transitions concerned, we cannot deal with it by the foregoing calculation 
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of upper limits. We shall therefore attempt to calculate more closely the 
line emission from electrons in high quantum orbits 

By the correspondence principlo there is continuity between tiee 
electrons and electrons ni high quantum orbits, Krameis' theory of 
emission from free electrons can therefore be pushed bcvond the zero 
mark so as to include electrons of small negative energy The investigation 
of § 155 refers stnctly to parabolic orbits, but we may use it toi eccentricities 
rather less than 1 as we have already used it for eccentricities rather 
gieater than 1 By (155 1) and (155 2) is given as a function of the 
angular momentum rriaV In quantised oi bits the angular momentum is 
given by the second quantum nutnbei n\ so that we have the equivalence 

maV -= n'h/2n (160 5) 

Consider a particular orbit ( n , n', n") The number of electrons per atom 
in this state is r 

where —Kjn 2 is the energy and B is expressed in terms of the density rr„ 
of the free electrons by (46 2), viz 


B 


m 3 

h 3 


(ar)». 


The period of the orbit is n 3 hl2K Hence the number of pencentron 
passages per atom per second is 


2 K 
v 3 h 


( /r- \ 


a e K l" Jtr 

\2irmRT) 0 


(166 6) 


Keeping n' fixed we sum this for the values of v belonging to the high 
quantum orbits under consideration, say from n„ to cc, wdiere n 0 " n' 
Replacing the summation by integiatiun, the number of ‘ encounters” 
(i e perihehon passages) becomes 


BT 

h 


Id 

\2irmRT 


( 


a 0 (e h i">‘ ,n ’ - 


1 ) 


To each value of v' there correspond («' r 1 ) values of n" We replace 
(«' + 1) by n' (thereby introducing an erior nut greater than a factor 2) 
and write the number of encounters per atom per second for all orbits in 
a range n' to n' f dn' equal to 


RT 

h 


( h 2 

\2nmRT 



h/n.’in 


- 1 ) n'dn' 


By (165-1) and (166 6) the corresponding emission per atom is 


dQ.= 


16tt *Z 2 e 8 RT 
<^n'% 3 h 


( h L 

\2 irmRT 



»'i<r-l)„'dn'P(y)...(m 7) 
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By (155 2) and (11.6 5) 


(In' do 1 dy 
n' a 3 y ’ 

so that treating eP l"' H 1 as constant and integrating from n‘ = 0 to co , vve 
obtain by (165 32) 


32-7T 2 ( m 1 Z 2 e e o 0 


gh/Ho’IiT _ ]) 


3^/3 \2nliT c'm* 

The harmonic mean velocity V of the free electrons is {\-nRT jm)^ , so that 


this becomes 


_ lfwH Z-e 6 a 0 , Kj „^ r | , 
3V3r 3 «HF ( J 


.(160 8) 


Comparing with (155 42), where n — tr 0 J', we find the ratio of thd emission 
from the bound electrons to the emission from the free electrons is 


| ( e A _ J ) i ( e *. w ] ) ( 1 66 9) 

where - ip 0 is the energy of an n 0 quantum orbit 

We apply this to the electrons in orbits of quantum number 4 or 
greater Then throughout the integration w 0 is 4 or greater, and ip 0 corre- 
sponds to the energy of the N group or higher groups of electrons At 
10,000,000° liT corresponds to 14 3 A, and by Table 30 the factor e*‘l UT 
must be practically umty even for the heaviest elements Hence it appears 
that Kramers’ absorption is increased by a veiy small fraction when 
we take mto account the hne absorption due to excitation into mbits 
beyond « — 3 It is true that we have rather diminished the result by 
substituting v' for n' 1, but on the other hand, we have probably 
exaggerated it considerably by integrating from n' -= 0 and by neglecting 
the shielding of the nucleus for the distant orbits , 

For the lighter elements up to about Z - 30 the 3-quantum orbits can 
be included without altering the cone lusion For heavier elements the 
3-quantum orbits should bo examined separately, but I think it is not 
difficult to convince oneself that these do not add very much to the 
emission 

It appears therefore that line absorption cannot be responsible for any 
large part of the observed stellar opacity 

It is instructive to look at the problem from another point of view 
also We found (151 5) that m Capella each free electron was responsible 
for the emission of 4 5 10 10 quanta per second If now we propose to 
transfer the duty to bound electrons, we must recall that whereas about 
20 free electrons are allowed to each ion an allowance of 1 excited electron 
per ion is excessive So that each excited electron must emit 10 12 quanta 
per second, or rather must emit its quantum m 10 _ 12 sec and make room 
for another to take its place m the steady average This is between 1000 
and 10 000 times shorter life than that of electrons excited in optical 
orbits, and I believe it is contrary to the views generally held by physicists 
to admit anything like so great a speedmg up at X ray levels 
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167 I have considered elsewhere* the emission and absorption of 
ladiation at encounters of free electrons with one another For ( ’apella 
the absorption coefficient due to this process was found to be Ic 038, 
so that the contribution is negligible My investigation, howev er, did not 
take account of the interference of the waves from the two accelerated 
electrons Rosseland has pointed out that this interference reduces the 
emission almost to zero The algebraic sum of the accelerations of the two 
charges is zero, and it is well known m classical theory that this is the 
condition for the absence of radiation 

Scattering of radiation by the free elections must, be included in the 
opacity It is shown in (53 5) that the contribution from tin-, souice is 
only 0 2 

Complex processes such as the simultaneous encounter of three bodies 
(ions or electrons) could be considered , but these would give an absorption 
varying ,as the square of the density, and cannot constitute an important 
part of the astronomical absorption which is found to be proportional to 
the first power of the density 

The possible radiation from ions encountering one another will not be 
important The velocities of the ions are comparatively small, their high 
< barges ward off collisions, and they can scarcely come close enough to 
disturb the remnants of their electron systems 

It seems that we cannot discover any other important source of 
absorption to supplement that of which Kramers’ theory chums to be a 
lull treatment 


Effect of Chemical Constitution 

168 Denote the opacity calculated from the observed mass and 
luminosity by /•„ and the opacity calculated by Kramers' theory by Jc, 
As the comparison stands at present l a — 10/, By combining (158 2), 
(87 1) and (90 1) we obtain 


k, 

K 


= 0 0443 


b* Z 1 L J3 _ 1 

Guvo A M (l- 0)* (i - J) Ti 


(108 1 ), 


where a has been taken as 2 5m the numerical factoi 

By taking an clement heavier than iron the fa< tor Z' i l A is increased 
It' might seem that the discrepancy between and k a could be partly 
accounted for by supposing that the stnrs art composed mainly of the 
heaviest elements This hypothesis turns out to be useless because the 
assumption of heavier elements involves consequential changes m ft w'hich 
neutralise the improvement 

For example, if Capella w'ere made of gold Z l jA would be 2 0 tunes 
greater than for iron But the molecular weight for completely ionised 


* Monthly Notices, 84, p 117 
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gold is 2-46 In Capclla gold would retain at least the 10 inner elec i r. , 
and perhaps some of the M electrons as well , this raises /x to at least j s 
Changing p. from 2 1 to 2 8 increases I - 0 from 0 28 to 0 41 and redin e 
flU ) _ flji from 0 2 to 3 5 This precisely cancels the increase in Z‘‘ A * 

169 There is one wav in which X, and /*„ can be reconciled by ,n. 
assumed chemical composition of the star, namely, by mixing a tonsidu 
able pioportion of hydiogc-n with a heavier element, say, iron Hjcliogen 
alone would be comparatively transparent to stellar radiation, since its A 
line is of comparatively low frequency The actual k t would be .much less 
than the value given by (158 2 ), since the guillotine cuts off most of the 
classical radiation capable of affecting the opacity But a mixture ot 
hvehogen and non may be more opaque than either element separately 
Suppose tnat we have a mixture containing 15 hydrogen atoms 
(A 1 , Z 1) to 1 iron atom (A = 5b, Z - 26) The hydrogen atoms will 
bo ionised, and the iron atom (in Capelin) will have lost 24 electrons, 
hence the weight 71 corresponds to 16 ions and 3!) electrons We have 

p - ti = 1 29, ./ = ft = 0-41 

In applying (158 2) A should be taken as 71 instead of 56, since the number 
of iron ions per gram is now 1 pin , and the hydrogen ions are ineffeetiv e 
We must also recalculate T with the new value of /x We find that (1 - fj) 
is now 0 100 and the central temperature' of Capella is reduced in the ratio 
1-30 

By these changes in (158 2 ) the absorption of the iron is increased m 

the ratio 2 38 so that , , , „ 

k t = 1 1*8 

The absorption by the hydrogen ions is negligible The chief function of 
the hydrogen is to lower the molecular weight, but m addition it nearly 
pays for its own inactivity by providing more numerous electrons for the 
iron to capture 

The astronomical coefficient is reduced m proportion to 1 — /S, and 
now becomes ^ 1 8 7 

which is m good enough agreement with k, 

For any star of small mass such as the sun the above mixture would 
increase k t /k a 37 times, so that the original discordance would be very 
much over-corrected About half the quantity of hydrogen (7 atoms to 
1 iron atom) is needed m order to obtain the same agreement as for Capella 
It may be urged that this would be m keeping with the view that the stars 

* The adopted molecular weight 2 1 was not intended to correspond strictly 
to iron but to allow for some admixture of lighter elements, so that by taking 
Z*jA for iron we have rather minimised tho discrepancy 
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0 f ,,mall mass are older stars, and the hydrogen has been gradually used 
to form heavier elements 

Hydrogen is the only element which can make these changes , admixture 
of helium would give very little increase of k t jl a 

Some writers have thought that hydrogen is unable to remain in the 
interior of a star and necessarily rises to the surface This would be fatal 
to the foregoing suggestion It seems, however that theie is no such 
reparation of the hydrogen (§195) 

1 was formerly attracted to the view that stars, especially in the giant 
s' age, contain a largo proportion of hydrogm — the idea being that the 
stars are the main, if not the only, seat of the manufacture of the higher 
elements from protons and electrons, the star’b heat being incidentally 
provided by the process But the low molecular weight involved is out 
of keeping with the general trend of astronomical evidence it upsets 
altogether the relation which we have found between the masses of the 
stars and the critical values of 1 — /3 And it leaves room for haphazard 
fluctuations depending on how much hydrogen is left which seems contrary 
to the general unifornnt j of the mass-luminosity diagram I would much 
[liefer to find some other explanation of the discordance between k, and k a 


The Theory of Nvclear Capture 

170 Before Kramers’ theory of electron capture was put forward 
1 had proposed a .theory of nuclear capture The interest of this theory is 
that it gives full agreement with astronomical observatioi That almost 
automatically brings if into conflict with laboratory experiment, since we 
have seen that the discordance really lies between the two classes of 
observation A brief account of this theory may be given here, although 
1 do not think it can be accepted 

We return to the apparent target for iron at the centre of Capella 
< 151 94 ) < 7-1 20 10 -10 cm , 

and follow up the first idea that this is an actual sphere at the centre of 
the atom The electron tracks which if undisturbed would have just grazed 
the apparent target will curve towards the nucleus and envelope a much 
smaller true target 

Smce these tracks approach close to the nucleus it is necessary to take 
account of change of mass with velocity Let an electron of initial mass 
w and velocity V be aimed at the edge of the apparent target so that its 
angular momentum is mV a Let the pencentron distance be a and the 
mass and velocity there be m! , V' Then a' will be the radius of the true 
target 
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Conservation of angular momentum gives 

maV = m'a'V' (170 11) 


Conservation of energy gives 

m'c* = me 2 + Ze*/< j . (170 12), 

since Ze 1 , a is tho loss of potential energy The law of change of mass with 
velocity gives rft2 (] _ ytj c i) = m '2 (i _ V' 2 jc 2 ) (170 13) 

Eliminating m' and V' between these three equations we obtain 

ct 2 = <t' 2 + Zb {Zb h 2a') C 2 /F 2 1170 2), 

where b — e 2 /mc- Preliminary trials show that a' is very small compared 
with a so that a" 1 can be neglected Hence 


1 + 


2a' 

Zb 


(V a 2 

U Zb ] 


(170 3) 


Tnseiting numerical values this gives 


1 + 


2a' 

Zb 


= 0 84 


Formally this makes a' negative, but allowing a reasonable margin 
for the errors of the data the actual < onclusion is that 2 o' /Zb is, say less 
than 1, or a' is less than 3 10~ 12 cm Thus it suggests itself that the tine 
target is the nucleus which has a radius of the order 10 12 cm , or perhaps 
a fairly full hit on the nucleus may be necessary corresponding to a' 0 
The precise value of a' (if of nuclear dimensions) makes little cliffcrem e 
to a, so we shall take a' = 0 Then by (170 3) 


a - 


Zbc 

V 


(170 4) 


Hence by (151-91) 


A t tNo 2 


1 1 Au V s 

77 p Z'ty 2 C 2 

The total distance travelled by all the free electrons per gram per second is 

V 

yn (1 +/) 

Hence dividing by A, the number of captures is 

77 Z 2 b 2 c 2 p 

Ap.i/ 2 V (l+f) 

Multiplying (170 5) by the average energy of a quantum 2 1RT we obtain 
the total emission, which is equal to the absorption kacT * per gm per sec 
Also V must be replaced by its harmonic mean value \tt F 0 =- *771*0 yi The 


(170 5) 


10-8 


Rb*c Z 2 
ahiUQ A " 


(170 6) 
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which agrees precisely with the result of Kramers’ theory (158 2) except 
that the numerical coefficient is 10 8 instead of 0 608 Thus the nuclear 
theory of capture gives an absorption 16 2 times greater For example, at 
the centre of Capella the result is k =■ 80 which is satisfactorily close to 
the astronomical value 53 The nuclear theory predicts the absolute 
brightness of Capella to within half a magnitude and sinci it also gives 
the recognised law k <x p/T’- the agreement foi other stars will be equally 
good 

As already stated it appears to be impossible to accept the nuclear 
theory lq spite of this agreement It is, however nistrui tivc to find an 
entirely different theory leading to the same formula for stellar absorp- 
tion as Kramers’ theory, except for a purely numerical factor It serves 
to emphasize the very general basis of an absorption law approximatmg 
to p/T' 

171* The case for the hypothesis of nuclear capture is that, although 
Kramers’ theory is presumed to be right so far as it goes, it apparent Ij 
needs supplementing, since it leaves ", of the absorption unaccounted 
for -if our figures are correct Now Kianiers never refers to those electron 
hacks which are interrupted bv a collision with the nucleus His target 
is an annulus as we go inwards from the annulus and the orbits become 
sharper and sharper the frequency of capture becomes rarer, his theorj 
gives good reason for this decline But it is possible that there might be 
a recrudescence of capture when the tracks strike the nucleus and so 
introduce a state of things not discussed by him Acc aiding to merhameal 
ideas an electron would not rebound wi(h perfect elastic itj from a cushion 
composed of 8b protons and electrons (the iron nui lens) The kinetic 
energy at the impact is so enormous that the loss of part of it would 
leave the electron with negative total eneigy and so unable to escape 
Unfortunately for the theory, mechanical ideas are not to be trusted, and 
according to quantum ideas capture is less probable Our impression is 
that the impact would be of such brief duration that theie would not be 
enough low frequency radiation to effect capture, the > lassical radiation 
would he on the wiong side of the guillotine 

Wc have assumed m the calculation that the energy emitted on capture 
is the mean quantum of the stellar radiation 2 HIT This will not be exact , 
but we are bound to assume that the emission is in this region, for other- 
wise Rosseland’s argument (§ 77) shows that the corresponding absorption 
would not be equivalent to opacity Tins means that the captures are 
required at the K level in light elements and at the L level in heavy 
elements. We at once encounter the difficulty that owing to the thermo- 
dynamical relation between absorption and emission coefficients there 
would have to be a corresponding K and L absorption in un ionised 
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atoms Laboratory experiments show no such additional absorption 
beyond that given by Kramers’ theory 

This last difficulty could be met by supposing that the loss of energy 
at the nuclear collision is slight and the electron is first captured in a high 
quantum orbit Then (if it is not at once* ionised away) it will drop to the 
lowest vacant level, this second stop giving the mam emission of energy 
By this devit e laboratory tests are eluded, because m the emission and m 
the converse absorption the electron requires an intermediate resting-place 
which is not afforded in the un-iomsed atoms of laboratory experiment 
But whilst this suggestion seems not unreasonable when we thinV only of 
the emission, it bee omes, I think, entirely incredible when we consider the 
reverse steps in the absorption 

The last remark reveals the essentially weak point in the idea of capture 
by collision with the nucleus — that its plausibility does not survive re- 
versal To suppose that when absorbing the electron retraces its steps — 
descends to the nucleus and then bounds off into a hyperbolic orbit — is 
not particularly plausible Again, the exact formula for emission on a 
nuclear capture theory must involve the radius of the nucleus, but it. 
seems impossible that this can play any part in the corresponding absorp- 
tion 

172 A summary of the position reached with regard to the coefficient 
of absorption divides itself into two parts, (1) the law fcx p/p.T\ and 
(2) the absolute value of k 

(1) The law k x p/pT^ or something sufficiently near to it for most 
stellar applications is given by — 

(a) The most general theoretical considerations of absorption and 
emission coupled with the observed approximate constancy of brightness 
from type M to type A in the giant senes 

( b ) Kramers’ theory, or equivalently the classical theory of emission 

(c) Laboratory data as to absorption of X rays coupled with the 
thermodynamic theory of ionisation 

(d) The theory of nuclear capture 

(e) The observed agreement of the luminosities of stars with the 
mass-luminosity curve based on this law 

We do not lay overmuch stress on the half-power of T, nor exclude 
corrections varying with the level of ionisation of the atoms, but the 
‘‘guillotine corrections” suggested by Kramers’ theory seem to be 
definitely too large 

(2) The predicted opacity from ( b ) or (c) is only T r (l of the observed 
opacity of the stars , and no satisfactory explanation of the discordance 
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can be given Other sources of opacity have been examined without 
success The field of inquiry is narrowed down to sources of emission of 
frequency between 2 5 BT/h and 7 RTjh By assuming that the shirs 
contain a large proportion of hydrogen the discrepancy would be removed 
but this hypothesis would be in disagreement with earlier conclusions as 
to the intensity of radiation pressure Other changes of chemical constitu- 
tion make no important difference 

At present the only suggestion of a possible reconciliation lies m the 
mysterious emission of Kulenkampff’s spectrum B, which is not accounted 
for by Kramers’ theory We may also aw ait developments of the new 
quantum mechanics of Heisenberg 
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TON] NATION DIFFUSION, ROTATION 
Ionisation 

173 The determination of the degree of ionisation of the atoms under 
the c onditions of temperature and density found in the stars is important 
m connection with the following applications — 

(a) We denve from it the molecular weight p. which is required for 
uearlj' all numerical calculations Accuracy is important smee /a is often 
raised <o a rather high power in the formulae We have to find — 

(1) What is the most probable value of p for the stars in general 1 
(The standard value adopted by us is 2 I ) 

(2) What is the magnitude of the differential effects (more par- 
ticularly as affecting the mass -luminosity relation) caused by differences 
of fi between different stars ’ 

(3) What is the change of p between the centre and the outer parts 
of a star’ 

(b) A knowledge of the ionisation is required m connection with theories 

of absorption, since each ionisation destroys an absorbing mechanism in 
particular, it determines the “guillotine” correction to the opacity on 
Kramers’ tlieorv • 

(r) It determines the energy of ionisation of a star and hence the ratio 
of specific heats y. which is important in the study of the pulsations of 
Cepheids 

Another subject appropriately treated m connection with ionisation 
is the determination of the deviation of stellar material from the laws of 
a perfec t gas 

The results generally depend appreciably on the chemical constitution 
of a star The dependence on the chemical element is of two kinds, viz a 
progressive change from the light to the heavy elements, and exceptional 
phenomena for a small group of consecutive elements winch are m a critical 
stage of their K or L ionisation at the temperature and density chosen 
It mav be expected that the latter effects will be largely smoothed out 
in any reasonable mixture of elements 

In discussing numerical results we have in mind as the most likely 
constitution of the material a predominance of elements in the neighbour- 
hood of iron with some admixture of lighter non-metallic elements , we do 
not think it necessary to allow for more than ten per cent of elements 
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above Z = 50 Of course, we give some attention to the changes required 
if this assumed composition is considerably in error 


174 The fundamental formula for determining the degree of ionisation 
of an element at given temperature and density is (47 1) Since a large 
number of possible stages of ionisation and degrees of excitat on may have 
to be considered simultaneously the application of the formula may become 
very complicated in practice We give first a simplified discussion which 
may, or may not, be accurate enough for actual computation, hut will m 
any case exhibit some of the more essential features of the problem 

The ‘senes of terms on the right-hand side of (47 1) i orresponds to 
atoms with successive degrees of excitation We shall here suppose that 
excitation is rare and that only the first term corresponding to unexcited 
atoms need be considered Further, we drop the weight factors q Consider 

the pth ionisation and let i/i ( y) be the energy required to remove the 

pth electron 'Then the ratio of the number of atoms .nth p — 1 electrons 
missing to the number with p electrons missing is bv (47 1) 



w here a is the number of free electrons per unit volume so that 


" p - epm , 

(2nmR) u pT 


log 


r 0 4343<£ , , p 

t = nr 


8 3925 


(174 2), 


pn (1 +/) 

Neglecting as usual the small correction j, we have 

1 - r 
r 

_ = ,>rr ' + ,, 

pi 

the logarithms being to the base 10 

For example, if T — 10 7 , p = 02, p = 2, 
conditions corresponding roughly to the centre of Capella, we have by 
(l74 2) * = 0 1, 05, 09, 

for $ = ] 1 1RT, 9 5 RT, 7 3 RT, 

and A 1 22 A, 1 51 A, 1 90 A, 

where the wave-length A con esponds to the energy i /> according to the 
quantum relation ^, = hc/X .. (174 3) 

For brevity we often speak of an energy A, i e describe the quantity of 
energy by the wave-length of the radiation having a quantum of this 
amount 
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This is an example of conditions giving a rather clean ionisation since 
the ionisations in progress are mostly confined to a narrow range of energy 
A - 1 2 to 1 9 A The removal of electrons from deeper energy levels has 
scarcely begun and removal from higher levels is nearly complete Only 
those electrons, if any, at an energy level within these limits require 
detailed < moderation How tins affects the atoms of different elements 
will be seen from Table 30 For titanium (Z — 22) the last K electron is 
detached at A - l 9, so that for titanium and lighter elements the final 
ionisation is very far advanced and the ions are mostly bare nuclei After 
titanium there will be a short sequence of elements in critical condition 
asregards K ionisation and retaining mostly 1 or 2 A electrons , the. sequence 
ends at zinc (Z 30) for which the first K ionisation requires 1 3 A so that 
r is not much more than J, Then follows a much longer sequence 
Z - 31-45 for which the range A - 1 2-1 9 falls in the gap between 
the K and L ionisations, these will be practically all helium-like ions 
retaining two K but no L electrons For rhodium (Z - 45) the last L 
ionisation is complete Elements from 45 to 73 are in various stages of 
L ionisation , for tantalum (Z = 73) the first L ionisation is only com- 
plete Here we reach the gap between L and M ionisation and the ions 
are neon-like retaining 10 electrons The heaviest elements may retain 
two or three M electrons* 


Table 30 

Energy Levels Wave-lengths in Angstroms 


z 

Elem 

K 

h’ 

6, 

1/ 

V, 

\r 

X. 

• 1 

Z + l. 1, 3 

13 

A1 

7 95 

5 39 

175 

30 

_ 





Si 

P 

.s 

17 

Cl 

4 18 

3 15 

62 0 

16 2 

- 

— 

— 

A 

K 

(’ll 

21 

Sc 

2 75 

2 07 

30 4 

10 1 

- 

— 

— 

Ti 

V 

(V 

25 

Mn 

1 89 

1 46 

19 05 

6 89 



— 

Ko 

Co 

Ni 

29 

Cu 

1 38 

1 08 

13 05 

5 00 

— 

— 


Zn 

Oa 

(1c 

33 

As 

1 04 

84 

— 

3 79 

— 

i 

— 

Se 

Hr 

Ki 

37 

Rb 

814 

W>6 

— 

2 97 

— 

_ 

— 

Sr 

Y 

Zi 

41 

Nb 

650 

542 

5 22 

2 40 

61 1 

8 5 


Mo 

- 

Ku 

45 

Rh 

533 

450 

4 13 

1 97 

41 0 

— 

— 

Pd 

Ag 

C<1 

49 

In 

443 


3 30 

1 65 

— 

— 

— 

Sn 

Sb 

Te 

63 

1 

373 

- 

271 

1 40 

21 6 

4 44 

— 

X 

(.’s 

Bit 

67 

La 

319 

— 

2 25 

1 20 

14 8 

3 71 

— 

Ce 

Pr 

\d 

61 


274 


1 91 

1 04 

11 9 

3 15 

— 

8m 

Eu 

(id 

66 

Tb 

238 

— 

1 64 

92 

6 96 

2 71 

— 

Ps 

Ho 

Er 

69 

I'm 

208 


1 43 


8 40 

2 35 

— 

Yl> 

Lu 

Hf 

73 

Ta 

184 

- 

1 25 

— 

7 14 

2 07 

415 

W 


Os 

77 

Ir 

163 


1 10 

— 

0 08 

1 83 

— 

Pt 

Aii 

UK 

81 

T1 

143 

- 

98 

— 

5 16 

1 63 

96 

Pb 

_ 


83 

Bi 

136 

— 

92 

- 

4 76 

1 54 

70 0 

Po 

— 

Nt 

62 

U 

107 

.07 

72 

45 

3 49 

1 22 

33 0 

- 

- 

- 


* Those conclusions being based on a firet approximation are subject to revision 
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Tabic 30 gives the energy levels, as far as possible, for every fourth 
element The columns K , L x , M x , K x * are observed values obtained either 
from measurements of the absorpt ion edges or from the terms of the sp^clml 
series, in a few cases where the element itself has not been measured (he 
value given is an interpolation betw'een the elements next before and after 
These values are considered to give the energy of remo\ al of tl e first electron 
of the group, though there may be an appreciable difference between the 
energy of removal from a complete atom and from an ion ivith the outer 
groups missing The columns K', L' , SI' aie the theoretical energies of 
removal of the last electron of the group calculated from (42 02) For 
calculation of IJ the two K electrons are considered to conn icle with the 
nucleus, and for calculating SI' the ten inner electrons are considered to 
coincide with the nucleus For reference the intermediate elements are 
named in the last column and values for them can readily ho interpolated 

175 We denote the values of ip and A which eoricupond to x — 0 5 by 
i/ij and Aj When there is not too much overlapping of the different stages 
of ionisation we ma_v take the atoms to he all ionised down to the energy 
level <p x . Even if there is overlapping this is generally the best average 
level to adopt But it is quite possible for ip x to be negative, that is to say, 
no ionisation is as much as half completed , nevertheless if T is large a 
great number of successive ionisations may be partially accomplished so 
that there is on the w hole a fair amount of ionisation 

The cleanness of the ionisation depends on ipJMT If this is large a 
small percentage change of ip will make a big change 1 in x It is when the 
conditions are such that ipi/RT is less than 2 or 3 that we nay expect 
most trouble from overlappmg Moreover, when ip x /RT is large, excitcu 
atoms are rare and our neglect of them m this discussion is justifiable. 
To excite a K or L electron to a higner orbit more than halt the energy of 
ionisation is required, so that by Boltzmann’s Law the proportion of 
excited systems is of the order If >P < *Pi the excitation is fore- 

stalled by ionisation, and if ip > <p x the proportion of excited atoms is 
small provided that ipi/RT is large 

176 We now examine what value of the molecular weight corresponds 
to the ionisation found at the centre of Capella Roughly, the elements 
up to Z — 22 retain no electrons, from 30-50 thev retain 2 electrons and 
from 50-70 from 2 to 10 electrons This gives the following results for 
typical elements— 


Element 

C 

0 

Al 

Ti 

IV 


Zr 

4g 

Ha 

Sill 

Ta Ph 

Z 

6 

8 

13 

22 

20 

33 

40 

47 

56 

62 

73 82 

P 

1 7 

1 8 

1 9 

2 1 

2 2 

2 3 

23 

2 3 

26 

2 7 

2 9 2 9 

* The 

suffix 

1 indicates 

the 

uppermost 

Iovel 

of a 

group — correspon ding 


greatest A. 
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The adoption of a mean value must necessarily be a matter of judgment. 
Having regard to the rarity of the elements heavier than Ag and the 
cosmical abundance of Fe and some lighter elements we have adopted 2 1 
We do not think this is likely to be m error by as much as 0 2. 

177 We next seek to obtain an idea of the variation of ^ m stars of 
different mass and spectral type Since 

yx7' 3 _ 3K (1 - 0) 

P ~ afi ’ 

we have from (174 2) 

0 4343&/J22 7 = 14 1182 - log 0/(1 - 0) - ] log T. 

For stars of the mam senes the central temperature is approximately 
40 million degrees We shall calculate the ionisation conditions at a point, 
where the temperature is 26 million degrees in accordance with § 94. 
Making use of Table 23 the results are — 

Table 31 A 


Ionisation m Stars of the Main Series. 


1-0 

Mass 

7, 

+JBT 

mm 

Examples 

002 

182 

mm 

0 09 

8 0 

Faintest red dwarfs 

004 

258 


1 40 

3 0 

Krueger 00 

015 

612 

KBS 

2 72 

20 




0300 

3 90 

1 4 

Sun 

10 

1 58 

8200 

4 71 

1 2 

l*i oevon 

18 

2 5b 

10500 

5 40 

1 0 

Sinus 

no 

4 58 

] noo 

ft 07 

0 9 

1 

GO 

11 40 

17500 

0 02 

0 8 

j- va lipsmg variables 

80 

00 0 

20000 

8 21 

0 7 

Plabkilt’b star 


Table 31 b contains some examples of giant stars also calculated for 
a point where the temperature is § of the central temperature 

Table 31 B 

Ionisation in Giant Stars 


1-13 

Maw 


10-* T 

283 

4 18 

ca 

BO 

283 

4 18 

ESI 

Qfl 

50 

11 46 


wm 

50 

11 40 

3000 

1 55 

75 

50 15 


0 02 


tjitr 

K 

Examples 

8 17 

2 9 

Capelin 

0 49 



0 84 

3 9 

(Ypheids 

11 10 

8 3 


13 03 

11 9 

Betelgeuse 


The stars given under the hcadmg “Examples” do not accurately 
correspond to the data of mass and T, but will call to mind the kind of 
star to which the tabulated results relate 








IONISATION, DIFFUSION, ROTATION 


255 


178 With these results before us we can consider two questions w hich 
have been reserved from our earlier work for discussion here 

(1) How far are we justified m adopting a constant molecular -aught 
for all stars 9 

(2) Is the opacity appreciably reduced by the “guillotine” (§ 160) so 
as to tall below that given by the approximate law k <x f.;T used m our 
discussions 9 


The molecular weight depends on the degrt e of ionisation and therefore 
mainly on A,. although some attention should be paid to jJi'T which 
determiribs the cleanness of the ionisation We are chiefly interested in 
those stars for which a comparison of theory and observation has been 
made in Fig 2, so that the more extreme values of A, in Table 31 do not 
concern us For all comparison stais A, falls within the range 0 8-4 0 A, 
whilst the most accurate comparisons are covered by the range 1-3 A 
For "elements of atomic number about 50-60 the L ionisation falls in 
this range and, for example, iodine (Z — 53 A - 127) might perhaps lose 
the eight L electrons in passmg from Capella to Sinus thereby reducing 
its molecular weight from 2 89 to 2 44 A long senes of elements below 
50 will be unaffected, and then we come to a few elements in the neighbour- 
hood of titanium (Z — 22, A = 48) which lose their two K electrons, the 
molecular weight for titanium will change from 2 28 to 2 08 between Capella 
and Sinus The lighter elements will be fully ionised m both stars Since 
the change amounts to (t 2-0 4 for a few of the elements only, and is much 
smaller for the majority it seems clear that the difference of molecular 
weight between the vanous stars used m our coinpansors is unlikely to 
e\< eed 0 1 


The effect of a change A/x in the adopted molecular weight on the pre- 
dicted bolometnc magnitude m of a slai can be calculated fiom (84 4) and 
(99 2) We find 




9/3+ 8 
4 — 3/3 


log,, 


A/i 


Table 32 gives the increase of brightness (— Am) for an increase of 0 1 in 
tlie molecular weight — 


Table 32 


Effect of Increase of 0 1 in the Molecultu II eight 


1 B 

Mass 

- Aw 

l-p 


J 



m 



m 

0 0 

0 0 

0 35 

0 .! 

4 

0 1(> 

0 05 

1 0 

0 30 

04 

7 ] 

0 13 

0 1 

1 (> 

0 25 

0 0 

19 0 

0 0!) 

0 2 

28 

0 20 

0 8 

00 6 

0 00 
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We conclude that the effect on the brightness of the stars of the 
difference of molecular weight arising from differences of internal condition 
is inconsiderable, amounting at the outside to ^ or f Tl of a magnitude* 

We can also find from Table 32 the effect of an error of 0 1 m the 
adopted average molecular weight for all stars Since the comparisons aie 
differed ial with respect to Capella we have in that case to subtract 0 m 1(, 
from the column — A m 

179 The reduction of opacity caused by the “guillotine” (according 
to Kramers' theory) depends on , the corresponding reduction 

factors have been found in § ICO For Capella = 8 and there is no 

appreciable effect Hut foi the* sun i/iJJiT 4 and the opacity is reduced 
in the ratio 4 this w ould make it 1 ,n <i brighter The guillotine correction 
would accordingly upset the good accordance between theory and observ a- 
tion For Krueger 60 the brightness would he increased by 4 or 5 mag- 
nitudes, it is true that this star is somewhat brighter than the ‘original 
predic non, but this may be accounted for in another way and the guillotine 
correction is much too large 

If the guillotine correction had been applied in Pig 2 the accordance 
of theory and observation would have been far from satisfactory 

The values of ^ jRT in Tables 31 A and 31 b have been calc ulated in 
a very provisional way and it may perhaps be suggested that more 
accurate computation would remove this difficulty I do not think this 
is so, the more obvious corrections needed for a second approximation 
tend to reduce the values of fa jRT 

This seems to affect very seriously the position of Kramers’ theorj of 
absorption as applied to the stars An absorption law approximating to 
pjT- is suggested (as we have seen) by extremely general considerations, 
and the fac t that the stars seem to obey it cannot be regarded as favouring 
Kramers’ theory in particular When we turn to the features more especially 
characteristic of his theory we meet with failure, the absolute constant 
m the formula is considerably too small, and the peculiar modification 
caused by the cutting off of high frequency radiation seems to be decisively 
contradicted 

180 The foregoing discussion aimed at a general survey of the problem 
without attempting high accuracy. It may be supplemented by the 
numerical results of Fowler and Guggenheim f who have made extensive 
calculations for typical stars and typical elements takmg into account 
many refinements of the theory of ionisation 

* Some reservation should be made in the case of stars of mass less than half 
that of the sun owing to the low value of fa/RT, 

f Monthly Notices, 85, p 939 (1925) 
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The chief points in which they improyc on otir mule discussion aie ns 

follows — 

(a) The weight factoi c/ in the ionisation lonmil.i has been attended 
to, and the formulae have been adapted to treat symmetric nl gioups of 
electrons The reason for the latter inodilic at ion is that at the pth ionisa- 
tion it is usually not one particular electron which is maik- .l down as the 
next to be detached but one of a symmetrica! group 

(b) A so-called “electrostatic (Direction is mtiochic ed In (174 1) 0 
represents the energy re(|inred to detach the election in the actual circum- 
stances of the atom m the star But we usually prefer to legurd ijt as a 
constant of the atom determined by experiment and theory In that ease 
an electrostatic correction must he applied on account of the disturbance 
of the ion by I lie ions and elections around it the ion tends to sun mind 
itself with negative charge since it lepels other positive charges from its 
v lnmtv; Tins shields the outer part of the hold of the m,c leus and therefore 
less work is done in removing a bound electron to infinity 

(c) Attention is paid to the careful c ah illation of sue i essive ionisation 
potentials, following the method of l) U Hartiee Bv X ray expmments 
we can only find the ionisation potentials foi removing an electron from 
an orbit in a complete atom , this must be supplemented by theory to 
obtain the ionisation potential of an ion from which the outer electrons 
have already been reuiovx'd The following table for mm* giving the 
energy of removal of the pth electron in volts and m Angstroms will show 
the nature of the results- - 

Table 311 


iS'ccrccsvicc Ionisation PotoiUaln foi Iron 


/' 

\ oils 


V 

\ (As 

A 


tolls 

A 

2ti 

0150 

1 35 

19 

1350 

9 10 

12 

*100 

41 1 

25 

8050 

1 41 

18 

1250 

q so 

1 1 

280 

44 1 

24 

2010 

h 1 5 

17 

1150 

10 72 

10 

250 

49 5 

21 

1880 

b 57 

10 

480 

25 8 

0 

220 

50 1 

22 

1 7*10 

7 15 

15 

435 

28 4 

8 

150 

82 

21 

1590 

7 77 

14 

390 

51 7 

7 2 

( 80 ) 

(150) 

20 

1 400 

8 20 

n 

3.50 

.15 I 

l 

8 15 

1 520 


(rl) Due account is taken of overlapping of siu < essive ionisations 
( e ) The terms representing excited states of the atom are included* 


* Hartree, Proc Camb Phil Hoc 22, p 473 (1924) Similar tables for oxvgen 
and silver are there given Tables for zinc and bromine are given in Fowler und 
(Juggenhenn’s paper 

t Mr Fowler informs me that the treatment of excitation is incomplete and be 
hopes to improve it When account is taken of atoms with more than one excited 
electron the moleoular woight m stars of small moss will probably be increased 

E 
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Table 34 contains Fowler and Guggenheim’s results for a typical star 
at various distances from the centre The star chosen is of maBS 2 13 anti 
mean density 002, that is to say, a rather faint giant star of about type (1 
The first column gives the distance from the centre in terms of Emden’s 
unit B/(i 9 

Table 34 


Variation of Molervlar Weight in a Star 


1 



Molecular weight for 


r* in-* 

P 

_ 

()VVE< T1 

Iron 

»Silver 

! c» 

(> 5*1 

1085 

I 95 

2 33 

2 87 

, i 

.) (>4 

0078 

- 

2 33 

— 

> 

1 84 

0215 

J 9.1 

2 34 

2 94 

i : 

2 37 

0050 

1 92 

2 53 

3 37 

1 i 

1 38 

0010 

1 95 

3 16 

4D 

| Main ries 

26 4 

0 95 

1 97 

2 18 

2 40 


It will be noticed that p is rather higher than appeared from the crude 
calculation Iron even at the centre of the star retains 3 electrons, whereas 
we have previously allowed it 1 \ electrons, this is a rather large difference 
since there is a big gap m ionisation potential between the second and 
third electrons Oxygen retains J of an elec Iron against ml on the crude 
theory These changes are mainly due to the collections (a) to (e) and not 
to the difference in the temperature and density 

Judging fiorn these figures the formula p oc 7 1- * used in § 13 (see also 
§ 94) will, it anything, ovcreorrect the variation of molecular weight 
within a star 

In the last line of the tabic cce give the mean molecular weight (l e at 
a place where 7' is ^ the central temperature) for a star of the same mass 
which has reached the main senes Tt happens that both Ag and Fe are 
critical elements for this change, and most elements would have shown a 
much smaller difference There appears to be no reason to amend out 
former conclusion that the range of mean molecular weight between Capelin 
and Sinus-Sun conditions is not likely to exceed 0 I 

Table 35 extends the comparison to stars of different mass on the mam 
series Of particular interest are the results for stars of small mass We 
felt some hesitation in applying the crude theory to these owing to the 
la< k of cleanness m the ionisation 

The increasing overlapping of the ionisation is exhibited in the last 
columns of the table, which shows the percentages of iron atoms retaining 
respectively 1, 2, 3, 4 electrons The change of p is remarkably small, 
but that is partly because the elements chosen are not in a critical state 
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m this range. (They had just completed their critical range m passinc 
from Capella to the first star of the Table.) b 

Fowler and Guggenheim comment on the vciy small effect of change 
of density on the ionisation, and give other examples of this For Fe at 
5 6 10 6 degrees a change of density from 0 5 to 0 0004 alters p only 2 p' C r 
cent This is an extreme case The other extreme is represented by lir 
which undergoes L ionisation m this range, and p. increases 25 pel cent 
The slightness of dependence on density (i e electron density) justifies us 
in calculating the molecular weight for any element independently of 
other elements which may be present, for the degree of ionisation of the 
other elements affects the electron density by a factor wine J, i b evidently 
unimportant 


Table 35. 

Average molecular weight in stars of the il/«’ c Senei 
T= 20 3r> 10“ 


M 

P 

MolcruJai wemht for 

Ele< iroiH tv tin nod hv Iron 
(pi m iitagiH) 



OxjRCIl 

Iron 

Sll v t*r 

1 

, 

.1 

4 

2 n 

C. 05 

1 97 

2 IS 

2 40 

57 

37 



1 27 

]•> 2 

1 OH 

2 21 

2 40 

40 

48 

10 



0 75 

J8 4 

2 00 

2 24 

2 40 

21 

55 

22 

_ 

0 54 

71 (i 


2 25 

2 40 

15 

30 

.11 

_ 

(1 .10 

150 

2 00 

2 20 

2 40 

10 

14 

18 

<) 

0 22 

39a‘ 

2 14 

2 >s 

2 40 

0 

11 

11 

7 5 


181 Before leaving the subject of molecular w eight refcieuce should 
be made to “the correction tor excluded volumes” This is treated l>v 
Fowler and Guggenheim as a deviation from the laws .if a perfect gas and 
discussed in that connection ill then pa jut, but it is convenient here to 
amalgamate it with the molecular weight Whilst the electrons and un- 
excited ions can be treated as of infinitesimal \ olume in all stars except 
white dwarfs, the* volume of the excited ions should be taken into account 
Finite size of the atoms has the effect of increasing P few given p and T 
(in accordance with Van der Waals’ ci|uation) tins is equivalent to a 
decrease of the molecular weight or to an addition to the number of 
independent molecules It is found that the volumes of the excited atoms 
have an effect oil the pressure equivalent to the addition of phantom 
molecules in the proportion of ^ of a molecule per atom (or aceonling to 
another, perhaps better, theory \ a molecule per atom) This constant 
limit- is practically reached in all stars Since it does not vary fiom star 
to star it can conveniently be taken account of m the molecular weight 
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This treatment is specially appropriate in the present discussion because 
Fowler and Guggenheim have slightly increased the molecular weights 
found in our crude theory, and we can now reduce them again Under 
sufficiently similar conditions they make the oxygen atom retain | of an 
electron against 0 according to us We lose J of a free electron but gam 
f of a phantom molecule, so there is not much change Iron retains 
3 elections against 1 ! the- loss of I f free electrons is partly balanced bv 
the j of a molecule gained 

\\ c have thus the satisfac tion of taking account of this subtle correction, 
whilst alt ci mg our original estimate of molecular weight less than at first 
seemed necessary 

This collection for “excluded volume” has a theoretical interest 
her a use it amends our hrst judgment that the volumes of stollai atoms are 
rougnh one millionth of those of teirestnal atoms This is true of the 
normal atoms but a considerable pioportion contain excited electrons 
and tin total volume of lliese brings up the average, although not to an 
extent sufficient to affect stellar problems appreciably But since the 
excitation is highly variable with temperature and density, tins temporan 
volume docs not behave like the constant b in Van der Waals’ equation 
It is alwavs on the verge of importance but eludes any attempt to enbani e 
its importance by itself diminishing It varies m such a way that the 
perfect gas law p ac pT is obeyed 


Deviations from a Perfect Gas 


182 Before investigating deviations from the gas laws in stellar 
material we shall review the theory of these deviations m tenestnal gases 
If X, T , Z arc the components of force acting on a molecule of mass rn 
the equations of motion are 


m 


(ty 

dt 2 


— X, etc 


Hence 


so that 


m 



= \m 



mx 


d 2 x 

dt 2 


_ l. 
— 2 


<P 


d 2 

m dt 2 * 


2 . 


xX, 


i mV 2 = \m df2 (**•+ V 2 + z 2 ) - \ (xX d yY + zZ) 


Summing over all the molecules m unit volume 

1 d 2 T 

ZlmV 2 = 4 dt 2 ~ {xX + yY + zZ) (182 ' 1) ’ 


where / is the moment of inertia of the molecules about the ongin, and 
— ( xX 4- yY + zZ) is called the m rial. 
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If the volume is enclosed by actual walls I remains constant on the 
average, so that £ j wF » _ _ ^ {xX + yY zZ) .... (182 2), 

but we must include in (A - , Y, Z) the forces on the molecules when they 
are reflected from the walls, viz the external pressure if the vails are 
fictitious, we replace each escaping molecule by a molecule entering at the 
same spot so that 7 is kept constant the transfer of momentum involved 
in these replacements is still represented by the pressure at the boundary 
The pressures on the 6 faces of a centimetre cube give a contribution 
— ‘•ij> to Z (xX |- yY -i zZ) The remaining part of the expression is easily 
shown fo amount to ZZrRj, where ft,* is the force (positive if repulsive) 
between two molecules at a distance r and the summation extends over 
each pair of molecules (counted once) Hence (182 2) becomes 

p = f ZJmF 2 + \ZY.tR x . . (182 3). 

Consider molecules which repel one another, and let <f> be the potential 
of the field of force so that )iuj> is the potential energy of a molecule If 
<t„ is the number of molecules per < u cm in regions where <f> is zero, the 
number at any other point is (40 1) 

a = r ( 27 ^7’) / 4 *V*dV (182 41) 

= <r«e «*♦/«' (182 42) 

From (182 41) wc also see that the mean value ol \m I '* is independent of 
t/i and equal to )RT Hence bv (182 3) 

p - a'RT + \ZZrtt, . (182 43), 

where cr' is the actual number of molecules per cu cm 

Suppose that the molecules are rigid and of diameter d so that the 
centres of two molecules cannot approach within distance d We may 
regard them as kept apart by a repulsive force of enormous intensity at 
distance d with </> increasing from 0 to oc m an infinitesimal range at the 
v alue » d 

Let us calculate the contribution of one rigid molecule to the vinal 
The average number of other molecules within a distance r to r + dr is 
n 47i r 2 dr and for these R x r = (— nid<f>/di)r Hence u-ing (182 42) the 
( ontnbution to ZZf?,/ is 

- 4t rr*dr a Q e mr ^ .(182 44), 

so that the first summation cf R x r gives 

— 477C7 0 m [ r*e~"‘*d ir d<f> 

0 

= 4na tl d 3 RT, 

since d<f> only differs from zero at r - d 

* The suffix is used to distinguish it from Boltzmann’s constant 
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Multiplying by the whole number of molecules a and dividing by 2, 
since each pair of molecules has then been ( ounted twice over, we have 
SEri?! = 2 tto ' o n d 3 RT , 

and by (182 43) p = a'RT (1 4 3Wa 0 ) . .(182 45) 

Now :;-r/V is the constant b of Van der Waals’ equation and is equal 
to \ the volume effectively occupied by the molecules, i e such that the 
centre of no other molecule can he withm it 

Since <f> is lnlinite m a volume 2b and zero elsewhere, a — 0 in a volume 
2b and a - <j b elsewhere by (182 42) lienee it would appear that _ 

o’ - u 0 (l-2 b). 

But this is not a fair way of using the equation The formula (182 42) 

rejects every molecule which would come within distance d of another 

molecule, and since every molecule ir tested in this way in turn both the 

interfeiing molecules are rejected instead of only one The correct result 

is thus > , , 

a — cr 0 (J 0) 

Hence (182 45) becomes 

p = o’RT (1 4- bo 0 /o') - a'RT ( 1 4- b/( 1 - b)), 
or p (1 - 6) = a'RT . (182 5), 

which is the usual formula for excluded volume It breaks down when 
the square of b is not negligible, so that interferences of more than 2 
molecules have to be considered 

For extended fields of repulsive force we have to return to equation 
(182 44) A repulsion always increases the pressure for given temperature 
and density just as the finite volume of the molecules docs, and this 
deviation is the ordinary characteristic of an imperfect gas 

183 We might hastily suppose that the foregomg treatment w'ould 
also apply to molecules attracting instead of repelling one unother, the 
necessary changes of sign being made But attractive forces introduce 
a new consideration We have to replace (182 41) by 


m 

\2ttRT 


a 0 e ' ‘ 1 >"WtT 4irV 2 dV. 


(183 1), 


-C.G 

where V t) is given by jsiK,' — riufi, 

<f> now being negative* The reason for the lower limit is that when V < F 0 
the total energy of the molecule is negative, it is bound to other molecules 
and the combined system has to be regarded as a single molecule according 
to the theory of gases 

* The convention as to the sign of the potential here followed is that the sign is 
positive for a field of repulsive force — as in eloctrostatics It will be remembered 
that gravitation potential follows the opposite convention. 
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Owing to the limit, of the integral it is no longer true that 

a a B e 

This amendment is especially important when w e consider fiee electrons 
under attractive forccR due to an ion li if, is the elccti i< potential the 
potential energy - e<p replaces nnf, in (183 1) Wntmg 

jt 2 = eifif RT . . (183 2), 

t 2 = In, V 2 jR7\ 

4 

(183 1) reduces to a- , o n e*' e r t l dt 

V” is 

- <7 0 ^jr-| e <'dtj (183 3) 

Table 30 shows the course of oia a acc ending to this formula compared 
with the uneorrected Boltzmann formula a/a 0 - 

Table 30 

Distnbuhov Density of Free Elections 


! ul>IHT 

"/"o 


0 

100 

1 00 

1 

1 ,12 

1 05 

1 

i I % 

2 72 

2 

1 91 

7 ,W 

3 

2 24 

20 09 

I 

2 51 

54 00 


For large values of t (183 3) approximates to er/<7„ - 'ixj^ir, so that 
neai a nucleus a becomes minute like orf-, but the number of electrons 
near the nucleus will be finite Tim concentration ot free electrons round 
a nucleus is remarkably small compared with expectations based on 
Boltzmann's formula 

By continuing the mtegial below its low ot limit 1’ 0 we should obtain 
the captured elections acconling to the classical theory, and it might be 
suggested that Boltzmann’s formula will give the density of free and 
captured electrons together Up to a certain point this is true (by the 
Correspondence Principle), but the quantum theory and classical theory 
afterwards part company, and the enormous et ncontration at the nucleus 
given by Boltzmann’s formula is wholly fictitious 

184 We turn now to the ionised gas m a star Here the forces between 
the molecules are the electrostatic attractions and repulsions of their 
charges These arc mverse-sejuare forces and for them SSrif, is equal to 
the potential energy Hence by (182 43) 

p = NRT + $17 ... 


(184-1) 
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where X is the number of ions and free electrons per eu cm and U is the 
electrostatic energy per eu ( m 

The problem of determining U when it is sufficiently small compared 
with y has been treated bv S Rosseland* following the theory developed 
by Debye and Huckelt for ionised solutions Consider material consistmg 
of positn t ions of charge Ze with the requisite number of free electrons 
to make it neutral Let be the number of ions and a 0 the number of 
electrons per cu cm at regions where the potential is zero, then at a 
place where the potential is </r Boltzmann’s formula gives the respective 
densities y c yn 7 > aaf c*iitT m 

if i/r is positive the first expression is correct, but the second needs amend- 
ment as explained m jj 183 However, for the present we leave it uncor- 
iect"<* The average charge density is accordingly 

p - Ze s 0 e -Z'WT - e a B e'*l ftr . (184 21 ) 

We sei <t 0 — Zs a , the correct ecpiation for neutrality of the material is 
o' — Z s , but the t wo equations aie the same to a fairly high approximation 
Expanding the exponentials in (184 21) and neglecting the* square of 
Zvt/j/RT, we have 


P Zes a (1 - Ze^RT) - Zes 0 (1 -| rf/RT) 
- Z (Z 4 1) e\i/>/RT 
Hence by Poisson’s equation 




4 nZ {Z -u I ) 
RT 




(184 22) 
(184 23) 

(184 3) 


It is to be remarked that (184 3) is only true of a time average since 
the Boltzmann formula refers to probabilities or time averages Furthei 
it is obtained from two relations between p and ift, one of which is exponential 
and the othei linear, so that an averaging factor will be introduced The 
effect of the fluctuations requires fuller investigation but it seems probable 
that the averaging factor is not important 

Let us apply ( 1 84 3) to the time average of the field around a parfic ular 
ion The average field will he symmetrical about the ion, so we must take 
the w'ell-known symmetric a I solution of (184 3) 


where 


>l> - 


(ler yT 


r 


4t t&Z (Z + \ ) s 0 

V ' RT 


(184 41), 
(184 42) 


The charge within a sphere of radius > is then 


(H 


yr) e~ 


(184 43) 


Monthly Notices, 84, p 720. 


t Phys Zeits 24, p 1 (1923) 
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This is itself responsible for a potential at r 

,, C (1 4 yr]e-v 
r 

Hence the material outside r produces a potential 


265 


. .(184 41) 


ifi — Cye~' ,r 

at r, and therefore at all points within r By Q84 43) 
tfi — ft = _ e'yt(\ •» yr) 


(184 45), 
(184 40), 


and the mutual potential 
accordingly 


energy of the charges inside and outside r is 
- f ,2 y/(l+ yr) (184 47) 


185 If we take i very small e' becomes the cliarge 7e of the positive 
ion Then by (184 47) the potential energy of the ion due to the matter 
around it becomes m the limit 

- Z 2 e*i/ (185 1) 

Similarly the energy of an electron in the held around it is 

- e*y 

Hence (neglecting the difference between x B and a') 

2 U - s 0 (- Z‘e\y) | <7 0 (- e 2 y) 

= — s„Z (Z l)e 2 y (185 2), 


the factor 2 being required because the mutual energy of two charges is 
ascribed to both charges in turn Inserting the value of y 


V = - 


fnZ 3 (Z - I) J fVV 

{ RT " " J 


(185-3) 


We shall presently eiitiusc the inconsistency of taking r very small 
although a previous approximation (neglecting the square of Zeifi/RT) 
tequired that r should be moderately large Meanwhile we can consider 
the results of using tins value of l J in (184 J) 


Since *<, oc p, 

V oc p'lT'- cc P T (p/T 3 )^ 


Since 

have 


\U is the increment of pi ensure A/> clue to c-lei trostatic forces, we 


A p 
Po 


ac 



(185 4), 


and therefore depends on the mass of the star onlv and not on the density , 
moreover, it is constant throughout the star Tins property of the electro- 
static forces was noted m § 1 1 5 
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This change of p a m a constant ratio is equivalent to multiplying the 
molecular weight by a factor constant in any one star and for all stars of 
the same mass We adopt a fii titious molecular weight p such that 

5R rp 

Po + Ap = —,pT, 

P 


so that 


P = pa 
p pa + Ap 


(185-5) 


We (an then perform all astronomical calculations according to the usual 
theory using this lictitious value of the molecular weight* 

• 

186 Table 37 contains numerical results calculated by Fowler and 
Guggenheim on the basis of equation (185 3) The results although 
calculated primarily for stars of the mam series (chosen as in Table 35 j 
aie applicable to all stars of the same mass, and to all parts of the interior 
of these stars For leasons which we shall presently develop we do nol 
accept Table 37 as definitive 


Table 37. 


Eleitroitalu Conectwii to the Pressun ( fir^t theory) 


M.i*n 

IN iu ntape dec Tease of p„ 

Iron 


Silier 

() 

Fe 

* 

w - a i/ 1 

- Slit 

ll-ilU 

- Aw 






111 


ni 

2 n 

08 

5 0 

11 4 

1 99 

0 20 



1 27 

1 3 

7 2 

17 4 

1 143 1 

0 36 

0 974 

0 93 

0 75 

1 ') 

11 2 

27 4 

0 027 

0 72 

— 


(1 54 

— 

14 9 

34 4 

0 421 

0 95 

0 288 

2 52 

0 36 

‘1 ’> 

21 9 

55 0 

0 218 

1 51 


— 

0 J2 

7 2 

U 4 

87 5 

0 120 

2 01 

- 

— 


The last four columns are obtained from Fowler and Guggenheim’s 
figures as follows In conjunction with (185 5) the last line shows that 
for a certain value of T"p (corresponding to a perfect gas of mass 0 22 
aud gnen explicitly m Table 35) the molecular weight m an Fe star is 
effectively increased from 2 1 1 to 2 1 1 /() 055 - 3 22 With the new value of 
P we find 1 — /3 by (87 1) and a corrected mass M + AM by- (84 6) The 
value ot 1 - /J corresponding to M AM and to /i- 2 11 is also found 
by (84 (>) The increase of brightness — Am of a star of mass M } AM 
due to change from the perfect gas (p ■= 2 1 1) to the act uni state (p =■ 3 22) 
is then found, since L re (1 — fi) 1 p ■ by (99 2) The correction indicated 
in the footnote changes this to La: (1 - fi )- p~*°. 

* An exception should be made for the absorption coefficient, the true value of 
p still occurring in the law k or pjpT - 1 This rould be sot right by multiplying the 
final luminosities by pip' I have attended to this correction m Tables 37 and 38 
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Note that there is an increase of brightness, the material being a super 
perfect gas 


187 111 (184 22) the (tensity of the ions has been set equal 10 
#o (1 - Zf+IBT), 

which becomes negative for large values of ifi When we < oint to examine 
the figures w r e find that this nonsensical minus quantity of ions is responsible 
for a great part of the electrostatic energy < ilculated in (18.7 3) Clearly 
it will be a better approximation (though still imperfect ) if we sweep 
away tlus'absurd negative density and adopt zero density when 

Ze^/IiT > 1 

Let r„ be the value of r tor which the potential i/i n is given by 

Zeifig'KT — 1 (187 1) 

Outside v,, w'e leave the previous approximation undisturbed Inside r 0 
we set the density of the ions zero- as an improve ment on the previous 
approximation wln< li makes it negative We further suppose the negative 
electrons to have unifoi m density a a — Z s 0 The pisldit ation for neglecting 
(he concentration of the negative electrons about the ions is that ill the 
previous approximation when the concentration 1 i ei/i/RT was adopted, 
this merely changed Z to Z I 1 in (184 23) so that the contribution to U 
was quite unimportant Reference to Table 3<> show's that the actual 
concentration of the elec tions is less than 1 p e<ji,RT, and the contribution 
to U is even smaller 

Accordingly the charge within r a is 
Ze - \nr u \Zc e„' 

T(1 i yr„) e~ vr ° by (184 43) 

=" •PaTg (1 -> yr 0 ) by (184 41) 

R I r " (1 -r ?//„) % (187 1) 


We use the results of the previous discussion which are valid for i ^ r 0 
Ll>1 z - yr„ a — Z 1 e i y/RT, b y 3 / 1 ^ ( ,S7 2 ) 

Then we luive the follow mg t ubic for s 


st3 

b 



(187 3) 


After solving for z, we find the charge of the negative electrons inside r„ 

— ' 7 Tr\Ze — - Zez*,b (187 4) 

These form a uniform spliencal distribution and the potential at their 
centre is _ ]Z ez*jbr u - - i Zez’yjb (187 5) 
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To this must be added the potential within r 0 due to charges outside r 0 
which by (184 4b) is 

- e 0 'y/0 + y r o) = - RTzjZe =- - Zeyz/a (187-6) 

Hence the potential energy of the ion is 



instead of the value — Z 2 e*y m the previous approximation (185 1). 


188 Foi an example, take the star in the fifth line of Table.37 which 
coi responds to the values (Table 35) 

p = 150, T = 26 36 10®, 

We have tor iron s 0 = p/Aii = 1 68 10 24 

For Z 24 (iron retaining its two K electrons) we find from (184 42) 

y - 8 93 10 s , 

and by (187 2) a = 32 4, b = 101 3 

The solution of ^ 3 + Wi = 1 

is 2 = 3 65 Hy (187 4) the charge of the negative electrons inside r a is 

- 0 480£e 

The number of electrons inside r„ is 1 1 ] The potential at the centre is 
then found from (187 5) and (187 6) to be , 

— 0 1 98 Zey from the electrons inside r„ 

— 0 112 Zey from the matter outside r 0 . 

The total — 0-31Zey gives a potential cnergv of the ion 

- 0 31 ZWy, 

or less than one-third of the result of the previous approximation Ac- 
cordingly the 21 9 per cent reduction of pressuie given m Fowler and 
Guggenheim’s table now becomes 6 8 per cent and we must proceed to 
calculate the new values of M + A M and the 1 ummosity of the star with 
this value 

We notice that r„ = zjy = 4 1 ] 0~ 9 cm 

This is about 20 times the radius of the Fe ion with two electrons, so that 
the finite size of the ion is not a complicating consideration 

In Table 38 we give the results for tins and three other masses 
Improvement of the approximation may still further reduce these 
corrections, because the formulae still exaggerate the power of the ion 
to keep away other ions from its neighbourhood , but we think that the 



IONISATION, DIFFUSION, ROTATION 2(19 

most glaring faults have been removed The corrections are already reduced 
to the verge of observability If the correction.-, in Table- 38 aie applied 
to the masa-hinimosity curve they improve the accordance ot theory and 
observation for the faint stars to an appreciable extent but the main 
< oncluaion is that deviations from the lavs of a perfect gas are not 
sufficient even m the smallest stars to aflect the lunnnosit\ 1 \ moie than 
about half a magnitude 

Table 38 

Electrostatic Correction to the Pie^ire (nrtprored I hew g) 

(Iron stars ) 


1/ + X 1/ 

A HI 

- ±/>< l|)( T ( Flit » 


rn 


] 04 

0 17 

.t .1 

0 70 

0 24 

4 ' 

0 ‘12 

0 42 

(> 8 

0 207 

0 .78 

80 


Energy of J animation 

189 From a table of ionisation potentials such as that given for iron 
in Table 33 we can obtain the energt of ionisation of an atom stripped 
to a given level Summing over the atoms in different binges of ionisation 
the total ionisation energy / per cii cm at given T and p can be 
calculated 

Knowledge of / is chiefly important m connection with the theory of 
the pulsations of Cepheid variables Fortunately in these stais the ionisa- 
tion is very clean, ^,/FT being about !0 (Table 31 u) There will generally 
be not more than one degree of ionisation in progress and excitation will 
be rare, so that the calculation is simplified Energy of excitation if 
appreciable should be estimated and added to / w’hic h is intended to demote 
the whole internal energy of the matter As the Cepheids are very massive 
stars the electrostatic energy (considered in §jj 184—188) is insignificant 

The total energy' per unit volume is 

E = l‘ 3i pT + aT* + I . (189 11), 

Z /A 

and the total pressure P = ^ pT + \aT* . (189 12) 

Hence when we have- sufficiently tabulated / and p. as functions of p and 
T we can find dE and dP m the forms 

dE = c^dT + Cjdp, dP = c 3 dT + c t dp .. (189 2) 
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It was pointed out by Fowler that we must take account of the variation 
of p as well as of /, because the change of I is due almost entirely to 
liberation of additional free electrons and these take up kinetic energy ot 
amount toinpaiable to their energy of ionisation besides exercising ad 
ditional pressure 

The adiabatic condition is 

d(EV) + PdV = 0, 

or d (E/p) -f Pd (1/p) = 0 . (189 3) 

I?y eliminating dE and dT between (189 2) and (189 3) we find dP m terms 
of dp and lienc e determine the coefficient y m the equation 



T1 c < alculation is numeric al and the resulting value of y applies only to 
smafi variations from the particular values of p and T under discusbion 
A valuable series of calculations of y has been made by Fowler and 
Guggenheim We give a selection from their results, but for convenience 
of comparison with the theory of Cepheids in Chapter vm we have con- 
verted their y into corresponding values of F by (12!) 6) A star composed 
of ideal undissociating material with a ratio of specific heats V (together 
with the necessary radiant energy) would pulsate in the same way as the 
actual star 


Table 3!) 
Value* of r 


Star 


](H'5 V 

P 

0(h| 

| Fe (20) 

Zn ( M' 

Hr ( ,n ) 

Ag (47) 

YOph 

Centre 

4 24 

0029 

1 75 

1 01 

_ 

_ 

1 51 


Mean 

2 82 

0009 

1 09 

1 01 

1 .10 

1 28 

1 49 

t) Aqu 

Centro 

0 00 

on 

1 75 

1 08 

— 

— 

1 405 

" 

Mean 

4 00 

0047 

1 81 

1 08 

1 02 

1 253 

1 57 

KT Aur 

Ceu tie 

8 70 

0057 

1 71 

1 475 





1 3.15 

” 

Mean 

7 85 

0208 

1 71 

1 00 

— 

-- 

1 41 

HU Ur 

( 'outre 

183 

1 18 

1 72 

1 .1,| 

— 


1 0.5 

* 

Moan 

12 2 

372 

1 70 

I 50 

— 

— 

1 58 

(limit 

Centre 

0 59 

1085 

1 70 

1 68 

1 04 

1 57 

1 50 


2 = 1 

5 04 

0078 

- 

1 05 

— 


_ 

,, 

2 2 

.1 84 

0215 

1 08 

1 49 

1 38 

1 33 

1 54 

* 

z =■ 3 

2 .17 

0050 

1 70 

1 31 

1 15 

1 50 

1 39 

” 

s 4 

1 38 

0010 

1 00 

1 295 

1 50 


< 1 33 


190 It will be seen that some values of T, particularly those for oxygen, 
are slightly above 1 This has no physical significance It arises because 
Fowler and Guggenheim’s results were calculated for a star composed 
wholly of oxygen and therefore with molecular weight rather below 2, 
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which WC have replaced by undissoeiating material of standard molecular 
weight 2 11* 

It will be remembered that it is the excess of T above 1 that is of • l, J0 f 
significance At first sight the results appear entirely irregular Under 
ordinary circumstances T is not much ditlerent from ; , but for any 
element the value drops when T and p are such that the ate ns aie m the 
midst of their L ionisation and it may even fall below { Another dip occurs 
at the K ionisation but it is not so deep The low value for silver m the 
last example corresponds to the M ionisation 

If either of the first two stars m the table were composed wholly of 
bromine they would probably be unstable, smc el’< | in a mean region 
at least Ordinarily, if a stai is suddenly compressed its temperature and 
pressure rise so much as to piovide a restoring force, but in the bromine 
star the rise of temperature is insufficient because most of the energy of 
contraction is used m tearing the L elections from the atom and there is 
not much energy left over The bromine star would collapse still fuither 
until the L electrons were finally got rid of, after that it would become 
stable at a much higher density 

The first example shows that zinc and biomme can be m this critical 
state simultaneously Fowler and Guggenheim estimate that not more 
than 8 consecutive elements can be in the critical condition of L ionisation 
simultaneously, fiuther, the critical condition will not extend throughout 
the whole star 

Naturally the examples m the table have to some extent been selec fed 
to show the more peculiar features so that a simple mean of all the values 
of T there given would not nccessanlv be a suitable estimate ol the likelv 
aveiage value So far as wo can judge, a reasonable nuxtuic of elements 
would, m general, give a value well over 15 It is cone eivablo, however, 
find a range of eight consecutive elements might include the greater part 
of the mass of stellai material, in that case we might obtain low resultant 
values of F in stars of appiopnato temperature and density 

The stais for which wo particularly wish to know F — the Ccpheicls — 
are not necessarily unsclected av erage stars The theory of the maintenance 
of pulsations has rather suggested that the Cepheid phenomenon may be 
a symptom of unusually low F 15ut if so, w'e ougfif to obtain tilt senes 
of Cepheids bv keeping one preponderant element or group of elements 
in a critical stage of ionisation 'Fable 3') is scare elv extensive enough to 
test this but it gives no sign of persistence oi low values ol F for any 
element in all four Uepheids The question can be settled bv leferencc to 
the general ionisation formulae The middle 1 of the Z# ionisation of an element 
w'iU occur at a temperature which is nearly constant but increase’s a little 

* This was done because our putnari purpose is lo obtain the most likelv value 
of T for use ui invest lgations in wlucli p — 2 11 iuis alieudy been adopted 
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with increasing density the actual change of temperature shown in 
Table 25 is much too rapid 

It it is considered that this sufficiently disproves the association ol 
exceptional values of T with the Cepheids we may presumably adopt for 
them a value about I *5 This brings the Cepheids as nearly as possible 
on to tin theoretic al niass-luimnosity curve (p 153) We do not, howeter, 
attach importance to the lucky agreement 

Electric ('harge in the Interior 

191 In a gas maintained at uniform temperature in a gravitational 
held the niolet ules sort themselves out to some extent, the lighter molet ides 
preponderating at the top and the heavier at the bottom This is an 
immediate t onsequeiK e of the Maxwell-BoltKinann distribution law (4(i I) 
If time aie two sorts of molecules of masses w } »i 2 the numbers m a, 
\eloi ltv range dvdrihc and volume <h <ly <lz are 

A t e '(« t * u)-*v ti'ffuflrdu'ilrdi/'h) 

A t e d (« " 1 *„/•■/ rluilrdivdxdydz) ' ' 

where <f> is the gravitation potential Integrating for all velocities the 
densities are 

■>, - (inltl’jwA- A 1 e m '*! ItT , » 2 - {2irET/m i )- A i e‘" rl ‘l ltT (191 2), 
so that ,>f, /.■>., changes with <f> according to the law 

s il s i « e °"' (191 3) 

If m 1 > m. t this diminishes as we go upwards to smaller values of <f> 

In ionised material the electrons are far lighter than the ions and tend 
to rise to the top in accordance with (191 3) But this separation is stopped 
almost before it has begun, because the muiutcst inequality creates a 
large electrostatic field which stops any further diffusion 

Let 0 be the potential of the field set up to prevent the separation , 
m, — e, the mass and charge of the electron, A, Ze the mass and charge 
of the ion Then the potential energies (gravitational and electrical) are* 

— nuf> — ei l>, — A<f> | Zei/i, 

and as in (191 2) the densities vary proportionately to 

e 0n* e flAb-Zr<l,)IRT t 

The ratio of these densities must remain sensibly constant since not more 
than the minutest separation of the charges can occur Hence 
nuf) + ei/i = A<f> — Zeip, 

so that e + = A Z~ + y (191-4). 

* The convention as to sign is opposite for gravitational and electrical potentials 
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The average molecular weight p, (m grams) is 
M - M 4- Zm)/(Z f 1) 

Hence *P ^ W <p . (1915), 

or very nearly i/r = jj,<pje 

The density <r of the volume charge can now be found since 
4 to = - V’ty ^ W 4,r ? QI / i i 

so that cr — Gpp/e (191 6) 

Setting fi = 2 2/7 — 3 7 10 24 gm , the charge is 5 10 10“ iJ electrostatic 
units per gram This corresponds to a defit icncv of 1 electron in every 
million tons of matter Our provisional assumption that there is no ap- 
preciable separation of the charges is thus venhed The charge per gram 
is independent of everything except the molecular weight, and is a 
practically universal property of hot material at uniform temperatun * 

The theory can be applied to the stars although their temperatures 
are not uniform, provided that the effects of thermal diffusion (§ 194) can 
be neglected This would at any rate, not alter the order of magnitude 

Applying the result to the sun, the total charge is L 01 10 12 electro- 
static units The potential near the surface is 1 1 ti units or 4370 volts and 
the electric force near the surface is 0 3.10 -8 volts per cm The electric 
force, which varies in proportion to gravity m the interior, is absurdly 
weak, but it stops any diffusion of the electrons outwards 

From (191 5) we obtain 

m<p + ei/i = A<p — Zfi/i — fuf> (191 7), 

so that the resultant force on every particle, whether ion or electron, is 
the same, viz p.d<p/!h The acceleration of the electron is, of course, 
enormously greater than th acceleration of the ion under the same 
mechanical force '* 

If radiation pressure is considerable a cmrection is needed Since the 
effect is as though gravitation wore reduced in the ratio /3 (so far as the 
ions are concerned) wo take account of it l>v writing /?</> for <f> Thus 

ip = fificple . (191 8), 

and cr is reduced in the same ratio. 

192 Consider next material containing two kinds of ions A 1 , 2 , and 
A 2 , Z 2 If ,< 1; * 2 are then densities (number per cu cm ) at zero potential, 
the densities at other points will be 

Sl eUit z.e+yiiT' s ^ e u.,i.-z ^ )/«/, 

* The first investigation of this volume charge opprars to ha\e been made by 
A Pannekoek, Bull Astr Inst Netherlands, Ho 10(1922) 


i8 
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and the density of the electrons will be 

(s, A + s t ZJ e (m * H ‘+)/* 1 '. 

By differentiation ne find the density gradients at <f>, ifi = 0 to be 


rf.Sj 

c/z 


IrK/z z ’ c cfe)’ ctc 


RT' 


(192 1), 


and the gradient of the total charge density is 

eZ \ »i ( A H 


RT 


A - p7j < ( t'\ i (a "r eZ 

A 'dz pZ \b) ' RT { A ‘dz~ eZ 'dz) 


* dz 2 dz t 
_ e (A«, + Z t s t ) ( 

RT ( 

Since the resultant charge is insignificant this must vanish, the condition 


d<f> 


^ im dz + \lt) 


gives 


tty 


dz 


A s i M i m ) t A *2 (-c4a “ m ) d<j> 

AMA \ 1) | A>x(Ah 1) r/z 
I Ajh (A i f ) gi -I A'Sj (A_ J l) gz _ 

i AMA i i)4 AMA i i) \ 

when' p, , p 2 are the average molecular weights for the two kinds of ion 
ylj I Zjm A. Z,m 

fl Ail’ ^ AM 

We can write (192 2) in (lie form 

d)> d<f> 

Uh - in) 


t i“ 22 '’ 


(192 25) 


dz 


dz 


(192 8), 


where p„ is a mc'an between p x and p 2 , each ion being weighted proportion- 
ately to Z (Z ) 1) This is not quite the same weighting as m the average 1 
molecular weight ot the material p, the weighting being then proportional 
to (Z \ 1) Evidently p (l > p 
Renee by (192 1) and (192 3) 


dsj 

dz 


ftqi {A A (po — W)} 


cty 

c/z 


(192 35), 


or 


<1 (log Sj) 1 _ ^ 

c/z jj/pKA + !)mi- Amo}^ • 

by (192 25) 

If .v is the number of free elec Irons, we find by sotting A , - 
in (192-35) 

d (log s) = p d<f> 

„ dz RT dz 

Hence by (102 4) and (192-5) 


(192 4) 

m, Z t — l 
(192 5) 


dz ( lo 8 s) 1) (px - p„) f . (192 6) 

It can easily be shown that this formula applies, however many sorts of 
ions may be present, p 0 being the properly weighted mean for them all 
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Neglecting thermal diffusion wo apply (192 0) to a star Then bj (58 3) 

<f> = im'/fj. (102 7), 

radiation pressure being neglected for the present snu e we ha\ e not taken 
account of it in (192 (!) We have been reckoning fi in gr«ms but it is 
convenient at this stage to pass to the usual reckoning in terms of the 
hydrogen atom , accordingly 91 replac os R in ( 1 92 5) Th< n 


d 

dz 



Hence by integration 


91 T (Zl 


J ) Ob ~ Mo) 


49 \dT 
fi dz 


log - 4 (ft -|- 1) ^ ^ /i0 log T + const (192 8) 

The ratio sjs represents the abundance of the element at the plate 
t onsidered, since, apart from small changes of p., the number of free 
electrons is proportional to the mass According t/> (192 8) verj few 
elements will be distributed throughout the star, the heavy elements fall 
to the centre and the lighter elements rise to the siirLwe Eor suppose that 
- p (l is nti more than 0 05 Since this must refer to a mean element 
we can take ft | 1 - 20, /a - 2, the abundance then varies as T 1 Even 
this difference is sufficient to give high concentration to the r entre Taking 
the molecular weights given in § 17(i with /t 0 — 2 3 the abundance v cries 
as the following pow'ers of T 

tl lie O A! ’ll Fc A}! Ba Km To Fl> 

_ (, -5 - 8 - 10 - 8 - 4 — +24 +30 +00 +70 


193 Radiation pressure greatly modifies these lesclfs smee it has 
different effects oil the different ions Radiation piessure is allowed for 
by multiplying evei^ mass by its own appropualc fi I he radiation 
pressure oil the electrons is much smaller than on the ions, but we need 
not trouble about this as the minute masses of the electrons nlujod only 
an ornamental part in the investigation of §192, and apart fioni mathe- 
matical elegance might just as well be dropped Hence (192 8) is modified 

l 0g ^4 (ft I I) '“8 T |- eon t (193 1) 

Here 1 — ft is the ratio of radiation force to gravitation on the ion A , , 
and ft, £ are appropriately weighted means Tiien can be little doubt 
that the heavier ions perforin the most absorption and experience the 
greatest radiation force, so that ft diminishes as fi 1 meieases 

This leads to an extraordinary behaviour of the elements Ihc dis- 
tribution given at the end of § 192 refers to stars of very small mass in 
which radiation pressure is unimportant As the mass increases the 
heavier elements abruptly leave the centre and come to the surface lhe 
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lighter elements— not quite so abruptly- drop irom the surface to the 
centre Hydrogen lags behind the others, the reversal occurring when 
/i 0 jS 0 =■ 0 5, 1 e m extremely massive stars with 1 - /J 0 > 0*75 Helium 
leaves the surface in stars of more than 10 times the mass of the sun- 
just the stars which show' its spectrum most conspicuously The other light 
elements leverse at smaller masses 

It would be difficult to reconcile these results with the observed Bpectra 
at the surface*- of the stars where light and heavy elements appear to- 
gether For some elements the exponent of T is so large as to leave not a 
single atom anywhere near the surface If we believed these results we 
might Inn e to consider important modifications in the theory of tTie stellar 
interior— for example, its constitution of heavy elements in small stais 
esnci light elements in great stars We must now point out that these 
formulae give the ultimate steady state of the material, and the question 
arises whether the approach to this steady state is sufficiently rapid to 
effect appreciable separation in the life-time of a star or to overcome the 
mixing tendencies which may be retarding it 


Thermal Diffusion. 

194 It is desirable to give a warning against possible misuse of (191 3) 
and similar formulae In a star <j> lb proportional to T by (58 3) so that 
£ ,(i».- m, ugm j laf , the same value at all parts We might be tempted u> 
infer that s u is constant so that no separation of the different sorts of 
atoms occurs This is very far from true The formula^ (191 1) refer to 
thermodynamical equilibrium and there is no justification for employing 
them even as an approximation in material at non-uniform temperature 
Our procedure is to differentiate these formulae keeping T constant 
because the formulae apply only to uniform temperature Thus (191 2) 
gives , . . 

• (1941) 


Tins gives us the density gradients of the different kinds of atoms required 
to keep the composition steady when the material is undei a pressure 
gradient but no temperature gradient, that is to say, i( gives us the density 
gradients set up to prevent further pressure diffusion If now we superpose 
a temperature* gradient this w'lll set up diffusion on its own account known 
as thermal diffusion Hence, in general, the required density gradient 
consists of two parts, the one set up by pressure diffusion, and the other 
by thermal diffusion 

If thermal diffusion can be shown to be negligible the differential 
formula (194 1), but not the integral formula, is valid for non-uniform 
temperature We then re integrate it allowing T to vary 
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Thermal diffusion was predicted theoretically hy S Chapman and 
1) Enskog, and the phenomenon was satisfactorily verified experimentally 
bv F W Dootson* Chapman has also considered its influence on the 
stratification of the elements in the stars f He c onclnded that it was of minor 
importance compared with pressure diffusion , that it acted m the opposite 
direction, but could not reduce the general order of i, agmtude of the 
stratification In reviewing Chapman’s conclusions in the light of recent 
knowledge I believe we must take the thermal diffusion to be m tlic same 
direction as pressure 1 diffusion, 1 e tending to bring the heavj elements to 
file centre of the star In Doofson’s experiments the lighter gas became 
c oneentrated in the hotter region as was predicted for molcc ules resembling 
elastic spheres, but the theory indicates that thermal diffusion diminishes 
for ‘ softer” models, and vanishes for a lav ot force varying as the inverse 
fifth power of the distance Apparently it changes sign for a still lower 
face-index, so that with the inverse-square law o r force between the 
atoms fhe concentration of the heavier atoms would be towards the hot 
legions Evidently we have to do with the inverse-square law of repulsion 
between Iho charged ions in the liitenor of a star owing to this repulsion 
the ions do not, as a rule, conic to close quarters so that no other fore es 
are invoked Jt appears then that the effect ot the temperature gradient 
will be to accentuate the tendency of heavy atoms to seek the centre of 
the star and the lighter atoms to go to the cmt-iclej Wo may however, 
probably accept Chapman's judgment that the effect of thermal diffusion 
is unimportant ancl will not alter the order of magnitude of the con- 
centration already indicated bv other causes of diffusion 


IlfHe of IhjfuvoH of the Element* 

195 According to the theory of gases the coefficient of diffusion of 
one gas into anothci is approximately § 

D - >AE (]95l), 

where A is the mean free path and V the veloe-ty of the molecules The 
average for the 1 two gases is to he taken weighted in lmcrse ratio to the 1 
number of molecules of each 

We shall attempt to estimate the order of magnitude of D m fhe stars 
The ions whose diffusion we are studying will he deflected mainly by 
encounters with other ions, the deflections due to enc (winters with elec trims 
being negligible We may estimate that a deflection of DO" is a fair 

* Phil May March, 1017 t Monthly bonces, TJ p fill) (1017) 

t Prof C'hopinan confirms this mf< renu 

§ See for instance .leans, Dynamical Theory of (,'ascs, 2nd Kd , p 32b, equation 
(869) 
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equivalent to the termination of a free path lor two equal ions the radius 
of the apparent target giving a 90° deflection is found to be 

ZW _ Z 2 e 2 
a = 4FM?/ - 12 RT 


Hence fhe mean free path is 

1 _ fin /12if7V 

7TV£T 2 7 Tp \ ZW ) 


..(195 2) 


Tt follows that XV cc pT"-/p (195 3), 

which in different parts of the star, and for stars of the same mass, varies 
as T i Hence the coefficient of diffusion is not much different in* different 
parts of the star For iron (with two K electrons) at the centre of Capelin 
the numerical results are 

A - 1 66 10-’ cm., 

V — 5 20 10 8 cm /sec 

Hcnec D = 0 29 cm 2 /sec (195 4) 

Results for other elements will be of the same order of magnitude 

It will be seen from a consideration of physical dimensions that it will 
take an extremely long time to establish a steady state when I) is of order 
unity in cos units For the time of relaxation of an unevenness of 
distribution of wave-length x centimetres will be of order x 2 /D seconds 
(this combination having the dimensions of tune) To reach a steady state 
it is necessary to fill up unevennesses of extent comparable to the radius 
ot the star, say x — JO 11 cm , the time required is of order 10 22 sees . or 
greater than the largest estimates of the life of a star , 

This is scarcely sufficient to prove that no important stratification of 
the elements occurs in reasonable time, for many elements the stt'ach 
state involves such an extreme concentration that a relatively small 
advance towards it would be significant 


196 When the distribution m a star has not reached a ste.ady state 
there will be a net flow of ions of one kind through a surface perpendiculai 
to r The coefficient of diffusion 1) signifies that the mass of molecules ot 
kind I passing in this way through 1 sq cm per sec is 

< 190, » 

where the bracketed expression is the difference between the density 
gradient actually present and the density gradient for a steady state* 
The formula is equivalent to 


BM 1 

Pi 




(196-2) 


* The steady state is supposed here to be attained by changing dpjdr without 
changing p l at the point considered 
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fi] V II P une Stellar Atmospheii-a Harvard Ohse) i atom Monoyraphs, No 1 
(1925) 

The last-mentioned monograph contains in addition to Miss Payne’s own 
researches a fnH surve\ and discussion of existing knowledge of reversing I..yer 
problems We have avoided entering on this part of the subject beyond the 
elementary principles^ Any detailed study requires a knowledge of the senes 
relations in optical sjiectr.i for which reference should he made to 
62 A Fowi.su Report on Senes m Line Spectra Physical Soeiely, 1922 

Nebulous Matter 

Chapter xm does not for the most part follow any published theory The 
general ideas originated iu private discussions v it h S Rosselaild to whom I 
am considerably indebted Existence of interstellar mattei was ,.t that time 
hypothetical, but a month later observational evidence of a diffuse cloud in 
space was announced In 

6.1 J S Plaskett The H and K Lines of Calcium in O-type Stars Monthly 
Notices, 84, p 80 (1923) 

Use has been made of 

64 A Pannkkoek Further Remarks on the Dark Nebula in Taurus Proc Kon 
Akad Amsterdam, 23, p. 720 (1920) 
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Theonea of planetary nebulae are discussed m 

65 J H Jeans The Mechanism and Structure of Planetary Nebulae Monthly 
Notices, 83, p 482 (1923) 

66 B f ClEBASiMOVif On the Radiative and Mechanical Equilibrium of Spherical 
Planetary Nebulae Astr Nack No 5382 (1925) 

Lick Observatory Publications, Vol 13 (1918) is the mam source of observational 
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Subatomic Energy 
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67 H N' Kosm. LT. On the Sources of Stellar Energy Pub Astr Soc Pac. 31, 
p 205 (1919) 

68 11 N Russjsjj, The 1’iobleiii of Stellar Evolution Nature, 116, p 209 (1925). 
Miscellaneous. 

The long series of papers by J H Jeans in the Monthly Notices from 1917 
onwards win only be dealt with here by a general reference Some of the 
criticisms brought bv Jeans against the theory as developed in this book would, 
if justified, be of a very vital character anil opposition develops at the very 
beginning 

We shall not enumerate papers primarily concerned with observations or 
statistical discussions of observational data These and other researches 
auxiliary to the theory are referred to m footnotes to the pages of the text to 
which they are relevant A few not quoted m the text are added here — 

69 F W He arks The Masses and Densities of the Stars Astrophys Joum. 55, 
p 510 

70 A Brim, Der l’h\ sikulibche Zustund der Stenn Zeds fur Physilc, 31, p 7 17 
(1925) 

71 W Hack Die absolute Holligkeit der Zwcrgsterne als Funktion d< r Teroperatur 
und Masse Astr Nach No 5389-90 (1925) 

A monograph dealing with the theory generally but with special reference 
to ionisation, opacity and the electrical stale of the stars has been received 
during proof-reading- - 

72 S Rosseianu On the Internal Constitution of the Stars Norske V idenakaps- 
Akademi, Oslo, 1925, No 1 

Another late paper carrying a little farther the investigations of Chapter 
xm is 

73 A S Eddington Diffuse Matter in Interstellar Space (Bakenan Lecture) 
Ptoc Roy i Soc 111 A, p 424 
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Suppose that initially the element was uniformly distributed in the star 
so that , , 

dr^gP^ dr lo gp -(j r \og P )' 

Then 8Ml =. D ( f log *) 

Pi \dr b P J, 

- 41) (Z, | *>A,^i ogr t i®o 3) 

by (193-1), the ratio of s 1 /s to p t /p being a constant 
To interpret (190 3) we substitute 


4 ilogT = 


d 

dr 


logP - 


9P 

P 


gm t 

r 2 SRT 


Hence 


4nr*W, _ 4*1) (Z x ' 1) (p.ft - Gp 
M rpl lp SR T 

= 1 It 


We see from the left-hand side that for an element diffusing outwards 
t is the time in which the interior would be completely evacuated of atoms 
of the kind Z x if the initial rate of evacuation continued 

For an element diffusing inwards the time t in which the exterior part 
would be completely drained at the initial rate of evacuation is given 
Hinularly by , *,D (2. + 1) (*ft - M , 

t ~ ~mT M-M r • ( 0> 


We have SR/6' 1 24 Tip is a minimum at the centre and cannot 

be much less than 1() 7 T) is of order unity, 4 -ji (Z l - 1 ) (pi ft — p„ f} 0 ) 
might perhaps in some eases amount to 300 Heme t is of order 10 20 
seconds or 10 13 years**” 

For an example we take in Capella the recion containing the outermost 
6 6 per cent of the mass and calculate how fast this is losing lead By § 13 

T - 1 9 10", p = 0012, M r j{M - M r ) - 14 
We can take Z 1 + 1 = 70, — pt„ = 0 (>, 1) — 0 3 

For the moment we neglect radiation pressure which introduces the ft 
factors Substituting m <196 5) 

t =r- 9 JO 2 " secs - 3 JO" years 


The drain will become slower as it proceeds 

If radiation pressure is taken into account p l p l — p 0 fi 0 is less, and the 
dram is slower, or more probably it is reversed in Capella — the lead coming 
to the surface 


* The very slow rate of diffusion was pointed out by Chapman (Monthly Notices, 
82, p 292, 1922) His numerical illustrations treat the diffusion of hydrogen m 
detail 
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If there were no process c ountoractmg this diffusion we should probably 
have to allow that in the dwarf stars the time has been sufficient to effect 
some stratification — especially of the heaviest elements, which in the 
dwarf stars tend to go to the centre In § 199 we shall show that there is 
a mixing process which is likely’ to annul the slow diffusion 


I'j \cosi1y. 


197 It is well known tli.it the coefficients for a number of “free-path 
phenomena'’ such as diffusion, viscosity, thermal conductivity,* electric 
conductivity are intimately connected 

ft is cli ffi< nit <o obtain more than an estimate of the order of magnitude 
of the free path bee ause the usual formulae of the theory of gases developed 
foi gc ncral laivs of force break down for inverse-square forces the integrals 
diverging It is access, irv lo cut off the integrals somewhat arbitrarily 
at hunts hevond which they cease to represent actual processes Probably 
the- treatment can now be improved by proceeding on the lines of Debye 
and Huokel’s theory (§ 184) We have seen that on the average an ion is 
surrounded bv a shielding negative charge due to its repulsion of other 
ions, and there seems to l>e no insuperable difficulty m determining the 
actual lunation of (average) force with distance from the ion, owing to 
the shielding tins is not bv any means an inverse-square law, and the 
difficulty of divergence of the integrals would disappear* 

Howevu, then* is as yet little occasion to require in astronomy any- 
thing more than the order of magnitude of the coefficu'nfs above-men- 
tioned and (as m £[ l‘ti») there is no difficulty in reckoning the free path 
accurately enough for this purpose 

The transport of momentum between adjacent parts of a fluid in non- 
uniform motion which is observed as viscosity, is performed mainly by 
the electrons since these have much longer free paths than the ions On 
the other hand, it is chiefly the ions which put an end to the free paths, 
the deflee turns of the electrons by one another being comparatively un- 
important 

In a simple' gas the viscosity tj is given by 


V = P D - 

where D is the coefficient of diffusion For an ionised gas Chapman f gives 
the formula 

77 -= pDjZA, 

where D is now the coefficient of diffusion of the electrons among the 


* [This investigation has now been earned out by K Torsi eo, Monthly Notices, 
80, p 03 The results are not much different from Chapman’s ] 
t Monthly Notices, 82, p 202 
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ions or vice versa This is very much greater than the value of D for ions 
(195-4), it can be calculated bv the same method Chapman finds for 
(giant) stellar conditions I) — 100 Hence for iron the kinematic n smutty 
rj Ip is about 2 

This result is about 100 times the kinematic viscosity of water, so that 
for hydrodynamics] problems we must think of the star as a thick oily 
liquid Tins applies even to (he regions of low density because r/jp, like /), 
vanes only as T _! m a single s(ar or in shirs of Hie san e mass The in- 
vestigation is not intended to apply to photosphmc regions but since the 
ionisation (though much reduced) still provides large numbers of free 
electrons, I suppose that even the photosphere will be rnllier stiekv 

The process of thermal conduction in a gas is practically identical with 
viscosity, being in fact transport of energy instead of transport of momentum 
Jn simple gases the conduc tivit\ is where r, is the specific heat Since 
the viscosity is large the conductivity of heat will b« much greater than 
in ordinary gases But the temperature gradient in a star is not much 
greater than in our own atmosphere in a gian + stai much less- so that 
a millionfold increase of conductivity would make little impression in 
c oniparison with the outflow of heat by radiation 

The problem of viscosity ill the interior of a star has been fundamentally 
modified liv a result reached recently by J H Jeans* Except m star? of 
rat her small mass the foregoing material viscosit\ is unimportant compared 
with viscosity arising from transfer of radiation Consider motion paiallel 
to the y axis with a velocity I' which is a function of r (V - 0 at x = 0) 
I^et S be ail area of 1 sq cm m the plane x = 0 The radiant energy m 
a solid angle dm mnkmg an angle 9 with Oc which crosses S in a second i° 
axT* cos ndu)l4xr Its mas# is therefore aT i cos Odto/inc Tt was emitted at 
an average distance from $ equal to Mlp and therefore from the stratum 
x - — cos 6/kp Hence its y-momentum is 

aT 1 cos 9 (ho cos 9 P V 
4nc kp Pj 

Integrating with respect to dm the y-momentum passing across S is 

SV 

Vlt > 

where ~ a,T*/3kpc (197 1) 

For example, at the centre of Capella h, ~ *!■*, nncl the kinematic 
viscosity 77 ,,/p is 770 At the centre of the sun r,,. - 15 3, y,Jp - 0 2 For 
the sun this is about three times the matciial viscosity, and tor Capella it 
is very much greater 


Monthly Notices, ]92C>, March 
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Rotating Stars 


198 . We prove first a very beautiful theorem due to H von Zeipel* 
If a star, rotating as a rigid body with angular velocity to, is m static 
equilibrium, the rate of liberation of energy e at points in the interior is given by 

e = const x (l - 2 ^) (198 1) 

It is assumed that the physical eliarat t eristics of the material (opacity, 
molecular weight, liberation of subatomic energy etc ) depend on T and 
l> only, this would be true of a star of strictly homogeneous composition 
We take axes rotatmg with the star and include centrifugal along with 
gravitational force so that the combined potential is 

<f> - <f>o 4 ?>“> 2 ( x 2 1 y 2 ), 

where <j>„ is the pure gravitational potential Poisson’s equation is then 

V-ty - VVo + 2oP 

- - 4irOp | 2u}~ (198 2) 

The surfaces over which f is constant are called level surfaces 
From the usual hydrostatic equations 

a p ?<j, a p ty ip df 

dz~ p fx’ dy ~~ P dy’ ?z p dz' 
we have dP - pdf, (198 3), 


so that dP — 0, when (hf> — 0 Hence P is constant over a level surface 
that is to sa_v , P is a function of f> only 


Again by (198 3) 


P -= 


dP 

(U 


so that p is a function of <f> only 

Since /' and p are functions ot <f> only, T must be a function of <f> onlv . 
and all other physical characteristics which depend only on the two 
variables T and p defining the statistical state of the material will be 
f uiu tions of <f> only and constant over a level surface The gradients of any 
of these quantities will be normal to the level surface 

The flow of radiation 11 being along the normal we have by (71 1) 

c dpu _ c dpn d<f> 
kp dn kp d(f> dn’ 

where dn is along the outward normal to the level surface We can write 


so that 


c dp,, 
kp d(f> 






d<j> 

dn 


. .( 198 - 41 ), 
(198 42 ) 


* Festschrift fur H v Sceliger, p 144 (1924) 
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II is to be noticed that d<j>j(ln -will not be a function of <f> only unless the 
distance from one level surface to the next is the same for ovciy print 
on it This could not happen in a rotating star 

It is convenient to resolve H into rectangular components 

IJ r = -f(t)f x , H„ -Jitf*, 19843, 

It will be seen that II , represents the net flow across a unit area normal 
to the r-axis, for the lines of flow cross such an axca obliquely at an angle 
d<f> i il<f> 

w hose cosine is ^ ^ 

If no additional radiation were being generated the equation of eon 
tinuity of flow would be 

?1I, r //„ , Ml.. 

cx iff (~ 

but since the rati' of generation is pt pel unit volume the condition becomes 


Now by (1!I8 43) 


? x 
ill, 
nr 


3//v 


hi. 

tiz 


? 

?r 



(IDS 5) 


-f(* >2 ■/■<<?)' 

Hence (198 f>) becomes 

-m**- /'«){%)'-» ■■ ■ 

since (t m<lny is the square of the resultant force and therefore equal iO 
the sum of tlio squaies of its components r etc 1 hen by (198 2) 

- / (4>) (- irrGp + 2<’J 2 ) - /' ‘<f>) ,d f n < 198 7) 


We have seen that in a rotating stai '!<{,; dn is not constant over a level 
surface But the other quantities in (198 7) a-e constant over the leve 
surface Hence (198 7) ( an only be satisfied if 

r w = <»- 

so that, mtegiating /(0) - const )8 ) 

Accordingly (198 7) becomes 

pe -- const v (inf ip - 2cu 2 ), 

t tt* 2 

or € = C > 1 ~2,tG P ] 


which proves the theorem 

The following summary of von 
extreme generality The condition 


Zeipel’s analysis will serve to show its 
of mechanical equilibrium shows that 
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P and p are constant over a level surface and, since in material of homo- 
geneous composition two variable's suffice to define the state, all other 
scalar properties T, p. . k, pn , are constant over a level surface Vector 
properties are formed by introducing the factor (In representing normal 
distance to a neighbouring level surface, this cannot be constant over the 
surface in a rotating star Hence we have vectors such as H and g whose 
ratio is constant on a level surface although they themselves are not The 
next step is to show that their ratio is constant not only over the level 
surf.u c but from one surface to the next The proof depends on the fat t 
that the divergences of H and g are scalar quantities pe and - XtrOp 2o>, 
w'lnch are constant over a level surface After this step it follows that 
H g tnd p€/( Xnflp i 2cu) are constant everywhere The theorem would 
remain true even if the flow of heat were due to conduction 

Fw slow rotation (198 1) approximates to the law e — constant except 
in a linn film near the surface where very low density is reached For the 
sun, w ith rotation period about 25 J days, we obtain 

t cc ( I — 0000195/p), 

so that c is c onstant to w ltliin 10 per cent m all parts where the density is 
above 0002 It is a matheniaf i< al cunosit v that if we imagine a star with 
strictly zero rotation the argument breaks down and no limitation is 
imposed on e We take this to signify that as o» becomes smaller the 
condition becomes more and more nearly e const but at the same time 
the consequences of violating the condition become less serious and de- 
terrent so that at at 0 when the condition becomes exact, the star m 
able to violate it with impunity 

199 We can scarcely believe that von Zei pel's condition is fulfilled in 
actual stars For example, it requires that e shall be negative in the outer 
parts of a rotating star, that is to sa\ , subatomic energy is absorbed 
instead of being liberated It requires that in a slowlv lotating star the 
liberation of energy shall be nearly constant through a wide langc of 
temperature and density, and if the unknown laws of subatomic energy 
are obliging enough to fulfil Uns condition, how can they modify them- 
selves so as to provide the right, distribution in fast rotating stars' Thus 
the question is raised, Will anything very awful happen to a stai which 
does not satisfy von Zoipel’s condition' At present all we know is that 
it cannot remain rotating as a rigid body m statical equilibrium 

The angular velocity of the sun’s surface vanes with the latitude, and 
no doubt this variation extends into the interior, thus the sun has not 
a constant w It is possible that for the actual distribution of w in the sun 
the condition corresponding to (198 1) might he satisfied* The sun might 

* The condition will involve oco/<\c, etc so that it is not obtained by merely 
inserting the varying w in (198 1) 
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be supposed to have gone on altering its distribution of until it reached 
a state satisfying the condition Thus we arrive at a definite ( ause for the 
non-uniform angular velocity of the sun This suggestion was made by 
K A Milne 

But this is only one of the ways m wluth the star coui 1 meet the re- 
quirement Non-uniform rotation is equivalent to a superposition on 
uniform rotation of currents circulating about the axis of rotation Circu- 
latory currents in other planes will also serve our purpose, and a little 
consideration will show that the failure of the condition (198 1) tends 
to set up currents which are primarily m planes through the axis of 
rotation * 

Suppose that a star in accordance with the ordinary requirements of 
radiative equilibrium has settled down to a state m -winch the average 
temperature over a level surface is maintained constant There remains 
<he further condition that not only the average but tnc local temperature 
at every point of the level surfac e is to iemam constant In a non-rotating 
star this is necessarily satisfied owing to the symmetry, but m a rotatmg 
star the further condition leads to von Zeipel s formula Accordingly, if 
(198 1) is not satisfied the temperature will begin to rise at the equator 
and fall at the poles or t ice versa Th'S will upset the constancy of pressure 
over the level surface and a presNiuo gradient between the equator and the 
poles will he set up causing a flow of mattei The flow must continue, and 
take the form of a permanent circulating current , u mere readjustment of 
the distribution of matter would not bring about equilibrium because no 
static equilibrium is possible with von Zeipel’s cond’tion unsatisfied 
Presumably w'hen the current has attained a moderate speed a steady state 
will be reached because the viscosity of the stellai material is considerable 
and the fundamental equations of equilibrium will be modified by the 
addition of viscous stresses The star will feel its way to a possible steady 
state of circulation by this method 

Although the primary currents are set up m planet, through the 
meridians the currents w ill be deflected east and w csl by the star’s rotation, 
just as similar currents in onr own atmosphere are deflected by the earth's 
rotation Thus as a secondary phenomenon we shall have different penods 
of rotation in different latitudes and at different depths This is a well- 
known feature of the sun’s rotation, and the explanation here provided 
can scarcely be doubted It :s due to the lieut of the interior forcing its 
way out through a distribution of maftci i endow'd uusynimetneal by 
rotation, leading to unequal heating along the polar and along the equatorial 
radius, so that a small permanent circulation is maintained in spite of the 
opposition of viscosity and thermodynamic dissipation (ij 70) 

* H Vogt , Astr Nadi No 5342 (Jan 1925), A S Kddmgton, Observatory, 48 , 
P 73 (March, 1926) 
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Whilst the secondary east and west currents are of immediate ob- 
servational importance, the primary currents in meridian planes are ,,t 
great interest In the first place, they will keep the material of the star 
btirrcd The stirring will be slow — far too slow to change the equilibrium 
from radiative to convective — but rapid compared with the diffusion of 
the elements disc ussed m § 10b Thus any tendency of the heavy elements 
to concentrate at tin* centre will be frustrated We shall have occasion 
to use tins argument m discussing subatomic energy owing to the stirring, 
when a star divides into two components each component will have the 
same chemical composition, and there is no c hance tor the larger component 
(o take more than its share of the heavy elements This conclusion is 
subject to one leservation Bjerknes has pointed out that a circulation 
of tlii' kind (ends to become stratified, so that instead of one circulation 
bet w i c n the centre and outside we may have two or three layers of circu- 
lation Each layer will then be thoroughly mixed, but there will be little 
inter* liange between consecutive layers » 

Another point is that the core of the calculation wull probably be a 
pair of vortices, each vortex being of (lie foi ill of an anchor ring about the 
polar axis 'Phis is the postulate of a thcoiv proposed by V Bjerknes to 
account for many of the magnetic and periodic properties of sunspots. 
At any rate, the lecognition of an internal circulation of this kind offers 
a hope of explaining many details of the surfac e phenomena of the sun 
which would be difficult to account for m an entirely static star 

It has been urged bv B Gerasimova* that what I have here called the 
secondary currents are really the prim ipal currents Tin* currents in 
meridian planes would, he considers not be permanent, whereas a dis- 
tribution of circulation about the axis of rotation can iiave secular stability 
under the dissipative force of viscosity Admitting that there is a condition 
of circulation about the axis whu b does not tend to alter through viscosil \ , 
and that there is a condition of cm illation about tile axis which satisfies 
von Zcipol’s condition (generalised to lake account of varying a>), it is 
very unlikely that these two conditions would coincide It is just as im- 
probable as that (198 1) would be satislied m a static state Therefore I 
think there is no question of the circulation maintaining itself without 
motive power, the violation of von Zoipol’s condition gives an unequal 
heating which supplies the motive power for the currents required to 
restore the condition, and the important point is that the motive powei 
primarily causes currents in the meridian plancf 

* Observatory, 48 , p. 148 

t I think that tins shows ttiat the eir< nlnlion in meridian ptaneB will bo at any 
rate sufficient to keep the light and heavy elements from separating Gerasimova 
may be right in holding that tins circulation remains small compared with the 
east and west circulation (owing to the* greater fnetion), in that case the rosult 
woidd not bo so favourable to Bjerknes’s theory 
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The material of the rotating star does not find its state of equilibrium 
by the methods which the mathematician might employ Its motto is 
solvitur amhulando At present we have not got so far as the soli it nr, In.t 
we can speak confidently as to the ambulando 

200' The general problem of radiative equilibrium of a rotating star 
has been treated by E A Milne* and H von Zcipelf The former adopted 
the approximation e -- const and the latter adopted the condition (198 1) 
wine h we have been discussing Although (198 1) cannot be accepted with 
its original interpretation as a law of distnbution of the subatomic source 
of energy in actual stars, we may regard either Milne’s or von Zoipel’s law 
0 ) e as a sufficient first approximation on the same footing as our approxi- 
mation krj = const for non-rotatmg stars Presumably the error arising 
from the inaccuracy of the appioximation will he limited as in § 91 

Milne finds that the effect of rotation on the apparent brightness is very 
small Imagine a typical star to be set rotating so tast that its equatorial 
radius Is elongated 10 per cent , then the lunnnre.it v will decrease 2 fi per 
cent \ No great stress is to be laid on the precise value, smee no allowance 
was made for the change of k due to the alterations of density and tempera- 
ture The significance of the resuff is that dc nations of individual stars 
from the mass-luminosity curve due to their different speeds of rotation 
will be very small 

Milne finds further that in the star considered the effective temperature 
at ( he poles is 0 4 pel cent above the mean and at the equator 3 2 per cent 
below the mean, so that the poles are brighter than the equator lias 
variation of surface bnghfness is found more simph m v n Zeipel’s papers 
where it is deduced as a simple consequence of (198 8) Since/ (<j>) - C , we 
have by (198 42) ^ (<g . (200 1) 


The analvsis breaks down near the actual surface of the star, mil we note 
that, as usual the surface lalue of U must he continuous wit), its value 
a few thousand kilometres below the surface Hence 

H«g. ■ - - < 2002) ’ 

where g (= d<jx/dii) is the value of gravity including centiitugal force § 

The variation oj brightness over the surf axe oj > 'Otatmg star corresponds 

exactly to the variation oj gravity 

* Monlhh/ Notices, 83, p 118(192,1) 4 , ( p 539 

t Mont lit 'I Kotices, 84 y W>5(1924) ,„>\r/thc case of stars of very 

§ The result H « , tor a mlat.ng star was mwt m8ist , d that 

largo mass by Jeans {Monthly A otiicn, 79 , 1 ) ^ mores olhor than 

the deduct, on was onh apphc.ible ,f the st,u had ™) m a later 

contraction, a»d ho has abandoned the rcult (f»t reasons not stated) 

paper (ibid. 86, p 935) 
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Von Zeipcl has also shown that the law H oc g applies when the star is 
distorted by tidal forces 

In (200 2) the approximation for e is used in a more specialised ,\,i\ 
than in a discussion of the total radiation of the star, and it would sec in 
necessary to examine how closely the result is bound up with the accurate 
of the approximation before we can be sure that it will apply to actual 
stars L daresay it will be found that the approximation still justifies 
itself, but it is not at all obvious that it is legitimate The distribution of 
surface brightness over a tidally disturbed star is of considerable practical 
importance m the mterpretation of the light-curves of eclipsing variables 
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THE SOURCE OF STELLAR ENERGY 

The Contraction Hypothesis 

201 The energy radiated by the sun mto space amounts to 1-19.10 41 
ergs per year Its present store of heat energy is as follows (§ 103) 

Radiant energy 2 83 10" ergs 

Translatory energy of atoms and electrons 26 9 10" 

Energy of ionisation and excitation . < 26 9 10" 

This constitutes 47 million years’ supply at the most We do not, however, 
think that this capital is bemg used for expenditure , it is bemg added to 
rather than exhausted 

It is now generally agreed that the mam souice of a star’s energy is 
subatomic There appears to he no escape from this conclusion , but Bince 
the hypothesis presents many difficulties when we study the details it is 
incumbent on us to examine carefully all alternatives 

Formerly the contraction theory of Helmholtz and Kelvin held sway 
This supposes that the supply is maintained by the conversion of gravita- 
tional energy mto heat owmg to the gradual contraction of the star The 
energy obtainable from contraction is quite inadequate in view of the 
great age now attributed to the sun It is perhaps worth while to give a 
revised calculation of the pge of the sun according to the contraction 
hypothesis taking account of two recent conclusions ( 1 ) that the material 
is a perfect gas and therefore concentrated to the centre more strongly 
than used to be supposed, and (2) that the sun’s rate of radiation cannot 
have varied very much m the past if its mass has been constant The 
gravitational energy lost in contracting from infinite diffusion to the 
present radius is - 5 66 10“ ergs 

Of this, 2 97 10 4B ergs has been saved in the form of material krneOc energy 
and radiant energy (as above) An unknown part of the balance 2 69 10 48 
ergs has also been saved as energy of ionisation and excitation Ignoring 
this last deduction (which is probably substantial) the balance allows of 
radiation at the present rate for 23 million yeais Allowing for the rather 
smaller rate of radiation m the past according to the law L oc T <) <x. 11 ^ 
(equation (98 3)) the age is just, doubled 

If we measure the sun’s age from the time at which it reached an 
effective temperature of 3000“ the result is 15 million or 19 million years 
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according as we neglect or allow for reduced radiation m the past These 
figures are subject to a considerable deduction already mentioned on 
account of ionisation energy, so that 20,000,000 years is probably a 
generous estimate of the sun’s age on the contraction hypothesis 

202 Biological, geological, physical and astronomical arguments all 
lead to tile cone lusion that this age is much too low and that the time-scale 
given In the contraction hypothesis must somehow be extended The 
most clirec t e\ idence is given by the determination of the date of formation 
of terrestrial rocks containing radio-active minerals from the uranium- 
hcliuiu or the uranium-load ratio of their contents In this way f>n age of 
I 1(10 million years has been assigned to the oldest sedimentary rocks* 
The ^un must lie still older and its age can scarcely be put at less than 
10 10 years 

The rapidity of evolution required by the contraction hypothesis is 
most startling when we consider the giant stars A star of mass 11 5 
would take 31,000 years to develop from type M (3000 1 ') to type G (G000 c ) 
and 72,000 years from type M to type A (10,. >00°) , moreover, these figures 
are subject to deduction on account of ionisation energy 

The Cephoid variables afford direct astronomical evidence agamst so 
rapid an evolution From the numerical results for 8 Cephei given in 
§ 134 it will be found that £1 must increase by I part m 40,000 per year 
in order that the balance Cl — K — H may be sufficient to supply the 
radiation The radius must accordingly decrease by 1 part in 40,000 and 
the density increase by 1 part in 13 000 Since 11 y/p is approximately 
constant the period must decrease bv 1 in 20 000 or 17 seconds 
annually 

I lie star has been under observation since 1785 and it is impossible 
that so large a change of period could escape detection It is doubtful 
whether there has been anv change at all, the observations since 1848 
being consistent with a uniform period 15 Hertzsprungj' finds an annual 
decrease of 0 s 100 ± 0 s Oil, the result depending almost entirely on the 
trust wort Illness of observations by Goodncke and Pigott in 1785 In any 
case the rate of evolution of 8 Cephei is not more than , J >(; of that given 
by the contraction hypothesis There are many other Ccpheids which 
should have shown the large change of period if it had occurred, but the 
evidence is always negative 

* For nn account of these and other methods see H J effreye, The Earth, Chapter v 
On the other hand, arguments by J Joly , The &urJa<e-H< story of the Earth, Chapter IX, 
m favour of a lower t atunate seem entitled to considerable weight , but even the 
lowest estimates are much too great for the contraction hypothesis 

t Observatory, 42, p 318 [Results depending on recent spectrographic observa- 
tions have been communicated to me by F S Jacobsen These show the period of 
8 Cephei to be decreasing 0 B 39 annually, and of 7) Aquilae increasing 0“ 96 annually ] 
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This observational result refers to only one particular phase m the life 
of the star, but if we take it as a general hint that the Ivolvin time-scale 
needs to bo multiplied by a factor of at least 150 we arrive at an as;e ot 
the sun (> 3 10“ years) satisfying modern requirements Even it the 
pulsation theory of Cepheids is rejected our argument is piobably valid 
The law II oc p~b is directly deducible from observation w , .hout reference 
to the pulsation theory (Table 25) Moreover, it is mi one enable that a 
periodicity intrinsic in the star should be politically unaffected bv large 
changes of density If, for example, the penou of the light-fluctuation 
were that of the rotation of the star, as some writers have siijiposed, the 
conservation of angular momentum requires that II oc p-i so that an even 
faster change of period would be looked for 

203 In seeking a source of energy other than contraction the first 
question is whether the energy to be radiated m future is now hidden in 
the stay cr whether it is being picked up continuously from outside 
Suggestions have been made that the impact of meteoric matter provides 
the heat, or that there is some subtle radiation traversing space which the 
star picks up Strong objection may bo urged against these hypotheses 
individually, but it is unnecessary to consider them in detail because they 
have arisen through a misunderstanding of the nature of the problem No 
source of energy is of any avail unless it liberates energy m the deep interior 
of the star 

It is not enough to provide for the external radiation of the star We 
must provide for the maintenance of the high internal temperature, 
without which tilt' star would collapse The temperature grudr-nt from the 
surface to the centre cannot be maul tamed by supplying heat at the bottom 
end If, for example, sufficient heat is developed by meteoric impact to 
maintain the surface of Capella at 5200 , the temperature throughout the 
interior will fall gradually to this level ai.d the star will no longer be 
distended to low density In fact the evolution of the star goes on unmoved 
by what, is happening at the surface, and if extra heat is generated there 
it is thrown off as extia radiation (ef § 143) 

Wo may glance also at the suggestion of a modification of the law's of 
radiation such that a body radiates onlv in directions in which there is 
something to intercept and, as it were, appi eciate the radiation This would 
economise the heat flowing from the star into >pace, but it makes no 
difference to the flow in the interior whcio in every direction there is 
matter to intercept the radiation The suggestion is not helpful because 
it is the internal flow which decides how much energy is going to be 
squandered, and it is too late to check the waste by economy at the 
surface 


iq-2 
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Subatom%c Energy. 

204 Since we are limited to energy liberated in the deep interior of 
the star, extraneous sources of supply are ruled out, and it is scarcely 
possible to escape the conclusion that the supply of energy for future 
expenditure is already hidden in the star Energy, however, cannot be 
successfully hidden , it betrays itself by its manifestation as mass Energy 
and mass are equivalent, and we know the masses of the stars. 

This immediately sets an upper limit to the supply of energy available 
for radiation for all time (unless the star sweeps up further mass in its 
progress through space) The mass of the sun 1-985 10 s3 gm when ex- 
pressed m energy units amounts to 1 785 10 64 ergs This then is the total 
store At the present rate of radiation it would last 15 billion years 
(1 5 10 13 ) If the whole of this supply is going to be used the sun in its 
later stages will be a star of smaller mass and eke out the supply by 
radiating less strongly On the other hand, if the sun started as a star 
of infinitely large mass its present age must nevertheless be less than 10 13 
years owmg to the greater rate of radiation for large masses 

This time-scale is an upper limit because, although the energy is present 
m the star, we do not know how much of it is utilisable for the purposes of 
radiation 

This store of energy is, with insignificant exception, energy of con- 
stitution of the atoms and electrons or, as it is usually called, subatomic 
energy The processes by which subatomic energy might be liberated are — 

I (a) Breaking down of the more complex elements mto simpler 

elements (radio-activity) 

(b) Building up of complex elements from Bimpler elements 

II Mutual cancellation of protons and electrons 

It may seem anomalous that energy can be liberated both in the build- 
ing up and in the breaking down of higher elements, but both cases can 
occur Like chemical combination, the combination of protons and electrons 
in the nucleus is sometimes endothermic and sometimes exothermic 
Breaking down of complex nuclei with liberation of energy is familiar in 
radio-active transformations The only definitely known example of libera- 
tion of energy in the building up of nuclei is m the formation of helium 
from hydrogen The helium nucleus contains 4 protons (hydrogen 
nuclei) bound closely with 2 electrons, this gives it a net electric charge 
! 2e in accordance with its atomic number Z =. 2 The atomic weight 
4 00 comes from the mass of the protons, that of the electrons being 
insignificant, so that each proton is responsible for a mass 1 000 But the 
mass of the uneombined proton as it occurs in the hydrogen atom is 1 008 
This difference is established by the chemically determined atomic weights 
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of hydrogen and helium, and most convincingly by F W Aston's measure- 
ments with the mass-spectrograph The formation of helium from hydrogen 
has thus involved a loss of 0 8 per cent of the mass, the com!- ponding 
energy must have been set free during the process of combination There 
can be no doubt that the close approach of the electrons to the protons in 
the helium nucleus makes their mutual electrostatic energy less than in a 
state of infinite separation, and it is this loss of field-energy winch is 
betrayed by the measurements of mass After the first loss of 008 of the 
mass when the proton enters into the helium nucleus, the changes of energy 
in building higher nuclei appear to be much less significant Aston has 
found another deviation from the “whole number rule” in the atomic 
weight of tin, but in proportion to the mass involved (he liberation of 
energy is on a smaller scale 

It appears then that not more than 1 per cent of the mass is released 
a» free energy by the processes T (b), so that if this is the main source of 
stellar energy the extreme time-scale is divided by 100, and the life of the 
sun (past and future) is limited to 1 5 10 31 years (We are no longer 
troubled by the possibility of a large change in the rate of radiation smee 
the mass changes no more than 1 per cent ) But this limit would only be 
attained if the sun originally consisted wholly of hydrogen An initial 
proportion of 7 per cent of hydrogen is necessary for n life of 10 10 years 
We should be reluctant to admit a greater proportion even in the earliest 
stars* The time-scale is thus rather cramped, but we cannot definitely 
say that it is insufficient 

So far as we know, the processes I (o) give much less energy To 
maintain a star’s energy by the breaking down of elements it is necessary 
to postulate elements «jf high radio-activity which are not known to 
terrestrial experience 

By the third process involving destruction of protons and electrons the 
whole of the energy might be liberated and the extreme time-scale reached. 
This hypothesis supposes that when a proton and electron meet they may 
under exceptional circumstances coalesce, their positive and negative 
charges cancel and nothing is left but the energy which, released from all 
constraint, spreads out through the aether as an electromagnetic npple 
Or, instead of considering the two charges, we may fix attention on the 
field of force between them which involves something of the nature of a 
tube of discontinuity in the aether, this tube might slip back, healing the 
discontinuity, and at the same time starting a wave of radiant energy 

If this last source of energy is operating the matter of the star will 
gradually disappear The star bums away its mass 

* Cf § 169, where a mixture of 15 hydrogen atoms to 1 iron atom, or 21 per cent, 
of hydrogen by mass was considered with the idea of accounting for the opacity of 
Capolla 
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We shall have to keep in mind the two forms which the hypothesis of 
a subatomic source of energy may take — the mild form of transmutation 
of elements and the radical form of destruction of matter The second 
theory leads to a time-scale at least 100 times longer than the first More- 
over, thcv lead to essentially different theories of stellar evolution In 
the se< 01 d theory the mass of a star changes to an important degree during 
its life-time, so that there is an evolution from heavy to light stars — from 
bright to taint stars In the first theory the mass remains sensibly constant 
and there is little scope for evolution, unless indeed there is loss or gam 
of mass from extraneous causes These differences afford some, hope of 
eventually deciding between the two theories 

205 The nuliments of the idea that the mass of ordinary matter is 
an index of the presence of energy winch might conceivably be set free, 
can l,o traced back to 1881 w'hen J ,1 Thomson showed that the electm 
lield of a charged body possesses inertia or mass The discovery’ of the 
electron and the tendency to regard its mass as residing in its electrical 
held strengthened the belief m large quantities of field energy bound, but 
perhaps not permanently, m the constitution of matter How' far this 
conception had advanced bv 1900 may be seen for example in .1 Larin oi s 
Aether awl Matter , Appendix E There the generation of a positive and 
negative electron by rotating the walls of a tube with respect to an liinei 
core is described, and the possibility that the walls may ultimately slip 
buck annihilating the electrons and releasing the energy is guardedh 
touched on The subject of the intrinsic energy of matter .was made elearei 
and more precise by Einstein who showed the identity of mass and energy 
that is to say, mass and energy are the modes m which the same undei- 
lymg condition manifests itself in different typos of experiment so that the 
gram and the erg are as convertible as the yard and the metre The 
intrinsic energy of structure of anv given mass of matter thus became 
known, and speculation naturally arose as to whether some or all of it 
could ewer be released and utilised 

Meanw hilo, the existence of a store 1 of energy within the atom had been 
forced on our attention in a more practical way m the phenomena of radio- 
activity At one time exaggerated ideas were entertained as to the cosnucal 
importance' of this hitherto unrec ognised source of energy, it was thought 
to give an immediate' solution of the difficulty as to the age of the sun and 
earth In one sense it did extend the age of the earth indefinitely One' 
of Lord Kelvin’s arguments against the long time-scale desired by geologists 
was based on the temperature gradient below the surface of the earth 
dust as in this book we have determined the heat flowing out of a star 
from the temperature gradient and opacity, so Kelvin determined the heat 
flowing out of the interior of the earth from the temperature gradient 
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and conductivity of the surface rocks We now know that this escaping 
heat is no more than can be reasonably attnbuted to the release of energy 
by the radio-active minerals within, so that it is no measure of the iate of 
cooling of the earth Kelvin, however, supposed that it. represented the 
cooling, and calculated backwards to the tune when the earth must have 
been molten This direct method of setting a limit to the ge of the earth’s 
crust is no longer tenable 

But it is not much use extending the age of the earth without extending 
the age of the sun, and here radio-act lvit \ helps very little Ii is calc nlated 
that if the sun were' composed entirely of uranium and its products (m 
equilibrium proportions) the radio-activil y would supplv only half the 
sun’s actual rate of radiation, the other half must come from unknown 
sources 

With regard to the application of these ideas to astronomy there was 
no temptation to formulate any definite theory so long as the onlv demand 
was for an extended tune-scale Some may have speculated on the exist- 
ence of elements of more potent radio-actmtv in the stars, uranium and 
radium on the earth being the last feeble remnants of an expiring process 
Others were content to know that an ample store of energy existed in the 
stars whatever their composition and there was no pressing occasion to 
decide lu ^hich of the possible ways it was being released 

A more intimate contact with the problem seemed imminent in the 
first researches on the iadiatrve equilibrium of the stais in 1*11(1 Then w r e 
were faced with the question m what manner the sc mice of stellar energy 
is distributed through the inteiioi If tlie source w ere gravitational energy 
of contraction the distribution could be settled Pit the contraction 
hypothesis was already becoming obsolete so that allowance had to be 
made for the source being probably subatomic But we have shown that 
it is not necessary in an approximate solution of the problem to make very 
precise assumptions as to (be distribution of the source Thus the question 
of the law of release of subatomic oneigv was shelved for a time 

Referent e mav here be made to a veiv mteresting discussion by 
]| N Russell* in 1919 which indicated some of the conditions which a 
subatomic source must fulfil m order to satisfy astronomical requirements 
This was perhaps the first sign of serious ast i cniotmc al interest in the subject 
apart from its bearing on tlie tune-sc ale 

In 1920 the researches of Aston, establishing the loss of mass occurring 
when the* higher elements are formed from hvdiogen, gave a new interest 
to the subject It provided a much more powerful source of energy than 
any known radio-active change Annihilation of protons and electrons, 
or the disintegration of unknown elements of intense radio-activity are 

* Pub Astr So c Pac 31, p 206 (1919) See also Eddington, Observatory, 42, 
p 371 (1919) 
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speculative hypotheses , these processes may or may not be capable of 
occurring But in the formation of helium we have a process which must 
have occurred at some time and place — and where more likely than in 
the stars where the atoms of primordial matter are for the first time kept 
in close proximity * The favourable points of this new hypothesis were 
indicated by J Perrrn* and by the wnterf in 1920 But it has also its 
unfavourable points 

Up to this point the exact nature of the Rubatomic source has been an 
interesting but not very pressing problem for astronomers But the results 
reached in Chapter vii render the problem one of urgency For the past 
50 years stellar astronomy has been guided by successive theories of 
evolution To-day we have no theory of stellar evolution pendmg the 
settlement of the law s of subatomic en ergy Let us try to see why subatomic 
energy has now become vital On the old theory of evolution from type B 
to M, and on the giant and dwarf theory of evolution from giant M up 
to B and down to dwarf M, the star’s track of evolution was fixed by 
familiar physical laws The laws of subatomic energy did not guide the 
star on the magnitude-type diagram , they settled its rate of progress But 
now there is nothing left but the conditions of liberation of subatomic 
energy to guide the star, these must determine its track if it is evolving 
or its halting-place if it is stationary^ 

206 I think that the pure physicist may be inclined to regard our 
discussions of the details of subatomic energy as airy speculation, if so, 
he greatly misunderstands the position of the astronomer It is not a 
question of unrestrained conjecture remote from observational facts The 
astronomer has any amount of facts to build on, and he cannot escape the 
duty of trying to combine the facts into some sort of order To measure 
the rate of radiation of a star is to measure its liberation of subatomic 
energy, for if these do not approximately balance the result would be 
evolution on a time-scale comparable with that of Lord Kelvin Thus the 
measurement of liberation of subatomic energy is one of the commonest 
astronomical observations, and unless the arguments of this book are 
entirely fallacious we have a fair knowledge of the conditions of density 
and temperature of the matter which is liberating it Moreover, in the 
Cepheids we can study the liberation under periodically changing tempera- 
ture and density Surely it is permissible to sort these facts into order and 
consider what laws and theories they may suggest without being held 

* Revue dv Mote, 21, p 113 (1920) 

t Brit Atsor Report , 1920, p 45 

t On the giant and dwarf theory the line of constant mass was supposed to 
correspond to the trai k on or near which most of the stars were found Now we 
have learnt that lines of constant mass run in an entirely different direction, so that 
» star left to the old guiding principle would run off the track 
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guilty of vain speculation If our critic possessed in his laboratory similar 
fountains of energy whose output he could measure and whose physical 
state he could calculate, he would not be backward in speculating on the 
processes occurring 

Unfortunately the facts as yet do not fall into satisfactory order, and 
we are still groping for a clue I have no particular theorj to advocate in 
the following sections and the general result of the arguments is entirely 
inconclusive But the discussion will bring out the intricacy and difficulty 
of the subject 

Astronomical Difficulties 

207 Consider the following comparison of Capclla and the sun— 

1 Capella liberates 58 ergs per gram per second compared with 
1-9 liberated by the sun 

2 The density of the sun is 620 times the density of Capella 

3 The temperature of the sun at corresponding points is 4 3 times the 
temperature of Capella 

The first two are immediate results of observation The third is a conclusion 
from the present theory which it is difficult to distrust Now it is generally 
believed that #he liberation of subatomic energy, if it depends on tempera- 
ture and density at all, will increase with temperature and density Why 
then is there this decreased output m the sun in spite of the apparently 
more favourable conditions ? 

Presumably the answer is that the sun is a much older star, and that 
Capella is drawing on a more prolific source of energy which has become 
exhausted m the sun We may note incidentally that (judging from the 
output) not more than of this original source remains in the sun, so 
that if the sole supply of energy is the conversion of hydrogen to higher 
elements the hydrogen must now be pretty well used up m the sun But the 
mam point is that the interpretation of the astronomical results is likely 
to be complicated by a third factor in addition to temperature and density, 
viz exhaustion of the supply 

Turn now to the two components of Capella At some epoch a single 
star divided and the two components started life with material in the same 
stage of exhaustion By the mass-luminosity relation the more massive 
component has radiated more energy per gram and has accordmgly suffered 
greater exhaustion Yet we find now that the more massive component, 
with lower temperature, lower density, and more exhausted, is liberating 
more energy per gram than the fainter This is a veiy awkw , ard paiadox 

Several points in this last argument require amplification It has been 
urged that the massive component will take for its share more of the central 
region of the original star where the heaviest and most mtenseli active 
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elements accumulate But according to §195 diffusion is so slow that 
there is no appreciable flow of the heavy elements to the centre In fact 
m the parent star of Capella the heavy elements would probably diffuse 
upwards owmg to radiation pressure It is true that the tendency «iay 
be for heavy elements to be evolved at the centre, but against this we 
have (he stirring of the star by the eirculatorv currents caused by its 
rotation Presumably the rotation of the patent stai must have been 
rapid since otherwise it would not have divided 'Phis objection might 
possibly be surmounted by the idea of stratified circulation (§ 1119) 
We may turn however, to wider pairs and groups such as the 
Taurus cluster where the primitive material from which the stars 
separated can have had no very definite central condensation, pairs of 
stars showing the same anomaly as the two components of Capella can 
be picked out Wherever in a coeval grouj) of stars we find the more 
massive stars with the lower effective temperature the paradox arises, 
the' liberate more energy per gram at lower temperature ana density 
and since they have been doing this through the past their store cannot 
be less exhausted 

It mav be suggested that m the close binaries the stars have not yet 
reached a steady state so that we are not justified m inferring the amount 
of liberation of subatomic energy from the radiation of these stars A 
star must reach the state of balance in a period of the order of the Kelvin 
time-scale, that is to sav about 1 00,000 \ cai s for giant stars If there is 
anything in this suggestion the anomaly should be conspicuous in the most 
recently foimed binaries, these are presumably the ipchpsmg variables 
with separation not much greater than the dimensions of the stars It 
appears to be the general rule that in ordinary giant jiairs the more 
massive component has the lower effective temperature (as m Capella), 
but almost without exception this is reversed in the eclipsing variables, 
the fainter and less massive component having the low er surface brightness 
It is just those stars m which the anomaly would be pardonable which 
fail to show it at all 

208 The foregoing difficulties diise m a comparison of giant stars 
with one anotlici and with a star of the main series We might perhaps 
hope that an explanation confined to stars of the main senes would be 
a simpler problem to start with There is the great advantage that effects 
of temperature in stimulating the liberation of subatomic energy are 
eliminated since the central temperature is approximately constant along 
the mam senes The first thing that stnkes us is the enormous exhaustion 
effect The liberation per gram by Krueger 80 is h , , I7l7 of the liberation 
per gram by V Puppis Moreover Krueger 60 has a much higher density, 
it is not unnatural to suppose that the rate of liberation is proportional 
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to the density , if so, the falling off of intrinsic potency of the material is 

1 1,000,000 

It would be difficult to account for this decline as the result of a angle 
prooess gradually exhausting itself If the process is a single o: i e the am ount 
of the source remaining will decrease exponentially with the time or 
perhaps with an acceleration due to the increasing density Thus the time 
between V Puppis (680 ergs per gm ) and the sun (2 ergs per gm ) will be 
much greater than the time between the sun and Krueger 60 (0 08 ergs 
per gm ) It appears then that the duration of the stage dwaif G to M 
is much shorter than the preceding stages, but it has always been held 
that the great abundance of these late dwarf stars shows that this stage 
occupies the main part of the star’s life-lust or\ We do not necessarily 
suppose that the dwarf stars have all passed through the stage of V Puppis , 
the point of mtroduc mg V Puppis is to show that the source is capable of 
producing 680 ergs per gm at solai temperature and therefore that less 
than of it remains in the sun Thus in any case the solar stage has a 
much longer history behind than m front of it 

The difficult y can, of course, be met by postulating a number of 
different sources, so that the exhaustion does not iollow the single ex- 
ponential law' ^Jut that concession gives up the hope of interpreting the 
mam series as a simple phenomenon 

An alternative view of the main senes was suggested in § 122 There 
the source is considered practically inexhaustible but it is onl/y tapped 
at a critic al temperature of about 40 million degrees The idea is that m 
the giant stage tin star uses up various sourc es of subatomic energy, which 
(although prolific while they last) are soon exhausted it then continues 
to contract until its central temperature leaches 40 million degrees when 
the mam supply of energy is suddenly released, this is perhaps the cancel- 
lation of protons and elc ctrons and the greater part of the stai’s mass may 
bum itself awav in tins stage A star on the maul s.nes must keep just 
enough of its material above the critical temperature to furnish the supply 
required, a comparatively small expansion will suffice to decrease the 
supply to any extent required as the star (by diminishing mass) progresses 
along the mam senes On this view ihc energy is liberated near the centre 
of the star and the stellar model .approximates to that treated m § 91 

The principal astronomical objection is that six h a method of liberation 
of heat gives the star over-stability A slight compression of Krueger 60 
would make it liberate as much heat as V Puppis Clearly there would 
be a great rebound from compression, and oscillations of the star would 
be maintained and increased According to § 136 over-stability occurs 
whenever e increases faster than T z so that a discontinuous increase at 
a critical temperature is fatal This difficulty of over-stability occurs m 
most of our attempts at a theory, because the ma T gin between stability 



300 


THE SOURCE OF STELLAR ENERGY 


and over-stability seems to be very narrow We have seen that there is 
one way of meeting it We can suppose that the dependence of the libera- 
tion of energy on density and temperature is not immediate but deferred , 
that is to say, active material is formed at a rate depending on tempera 
ture and density, but it has a life of at least several years and yields up its 
energi at a rate independent of temperature and density In that case 
the liberation of heat will not vary during short period oscillations but 
will respond to long continued changes of temperature 

But the grave objection to a critical temperature — especially a critical 
temperature so low as 40,000,000° — is that there is nothmg m our current 
physical knowledge of atoms and electrons and radiation to render it 
probable In particular the radiation at this temperature consists of X rays 
of a very ordinary kind and the electrons have speeds such as are common 
in laboratory experiments Only after a very exhaustive elimination of 
alternatives would we venture to recommend so revolutionary a hypothesis 

Physical Difficulties 

209 If the astronomical evidence afforded more definite guidance for 
a formulation of the laws of liberation of subatomic energy we should 
still, I suppose, have to submit the resulting theories to the censorship 
of the mathematical physicist It may save waste of time in lookmg in 
hopeless directions if we know m advance the kind of theory which the 
physicist would condemn as intolerable But his ow r n position contains 
difficulties and contradictions and it is doubtful if he is justified in exer- 
cising any rigid censorship 

The difficulty is that from the physicist’s point of view the temperature 
of the stars is absurdly low He regards the stars as practically at absolute 
zero, because in regard to nuclear processes 40 million degrees is a small 
quantity which it is scarcely worth while to take notice of If liberation 
of subatomic energy occurs freely on the stars, why not on the earth ? 

As regards laboratory conditions, electrons and ions of far higher 
energy than would correspond to 40 million degrees can be studied If 
concentration of energy is required, the stars have the advantage never- 
theless a concentration equivalent to 1 \ million degrees has been reached 
by Kapitza and by Anderson It is to be remarked, however, that the 
radiation released by the subatomic processes would be extremely pene- 
trating, and even if released m the laboratory would be difficult to catch 
and measure 

The absence of release in the interior of the earth could perhaps be 
explained by the comparative fixity of the electrons Yet there must be 
considerable numbers of free electrons, as is shown by the thermoelectric 
emission from hot metals 
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The difference of temperature between terrestrial and stellar conditions 
seems quite inadequate to account for any appreciable stimulation of 
transmutation or annihilation of matter and this is the chief giound on 
which censorship of our theories is likely For example, it is held that the 
formation of helium from hydrogen would not be appreciably accelerated 
at stellar temperatures, and must therefore be ruled out ,,s a source of 
stellar energy . But the hebum which we handle must have been put to- 
gether at some time and some place We do not argue with the cntic who 
urges that the stars are not hot enough for this pi ocess , we tell him to go 
and find a hotter place 

Indeed the formation of helium is necessarily so mysterious that we 
distrust all predictions as to the conditions required The attention paid 
to temperature, so far as it concerns the cookery of the helium atom, seems 
to neglect the adage “First catch youi hare ” How the necessary 
materials of 4 mutually repelling protons and 2 electrons can be gathered 
together >in one spot, baffles imagination One cannot help thinking that 
this is one of the problems in which the macroscopic conception of space 
has ceased to be adequate, and that the material need not be at the same 
place (macroscopically regarded) though it is linked by a relation of 
proximity more fundamental than the spatial relation 

According to (toe line of thought we should only expect liberation of 
subatomic energy on a large scale if the electrons had great speed, 
it is n»t very clear how the fast electrons are expected to operate, but 
there is always the chance that if the electron were endowed with enough 
energy it might do something surprising At stellar temperatures the mean 
speed is small compared with /3 rays, so that there is no* much chance of 
a surprise There must be some electrons m a Maxwellian distribution with 
speeds considerably in excess of the mean, but this makes no great difference 
So far as temperature speed is concerned there will be in the whole of the 
nun only one electron or ion with an energy as high as 5 1 0 -7 ergs , compare 
this with the energy of the fastest /S particles '10 10~ 7 ergs, or of the fastest 
a particles 130 10 7 ergs It would seem that there are no particles in a 
star of energy great enough to provoke subatomic processes except, of 
course, those shot out by the processes themselves 

210 If local electric fields are formed by circulation m the interior 
of a star as they are m our atmosphere, it is possible that the electrons 
may acquire speeds highei than the temperature speeds and so work more 
damage In this connection reference must be made to an idea brought 
forward by V T R Wilson* Ordinarily the maximum energy which a 
particle can acquire in an ele< trie held corresponds to the drop of potential 
in its own free path If we start with a slow -moving j8 particle in our 

* Proc Camb Phil Soc 22, p 534 (1924) 
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atmosphere its speed will increase by the electrical acceleration until it 
happens to ionise an atom , that will cause a discontinuous drop follow ed 
by an increase of speed until the next ionisation occurs Even if the net 
result is at first an acceleration, the frequency of the ionisations mereuM <. 
with the speed so that the brake becomes more powerful and a Jimilmg 
speed is reached But for fast- moving particles the conditions are ditfeient , 
the ionising power mcieases with speed only up to a certain point and 
then falls If the speed of the particle passes this critical point it can go 
oil increasing indefinitely since the brake offers less and less resistance 
Wilson suggests that in thunderstorms these lunaway particles may 
occur, and picking up practically the* whole energy of the potential drop 
(about 10 9 volts) they will surpass in energy anything else that is known* 
Although it is not clear that anything of this kind could occur in the 
interior of a st ar, it gives food for reflection If local fields, sue h as occasion 
terrestrial thunderstorms, exist m the stellar interior an electron going 
fast enough to get a good start will proceed with ever-diniiiiishmg chance 
of capture or deflection as its speed increases under the influence of the 
field , so that its free path is greatly extended and it can pick up almost 
unlimited energy It is difficult to admit local fields of strong intensity 
m a star owing to the high conductivity of the ionised material So far as 
we can judge the electron would have to start with very high speed m 
order to gain rather than lose energy Numerical calculations are not at 
all encouraging Still if a few high-speed electrons started the hbfjation 
of subatomic energy, this energy would itself send oil other high-speed 
electrons, and in certain circumstances the action instead of dying out 
might be regenerative and maintain or multiply the mini her of runaway 
particles If anything of this kind is going on the influence of tompciature 
and density becomes incalculable, and other factors, more especial! v 
rotation which is likely to be concerned in causing local fields, may have 
to be taken into consideration We leave this suggestion as a conceivable 
alternative, hut assume it to have been rejected m the arguments winch 
follow' 

Dependence on Temperature and Density 

211 In the foregoing sections we have indicated that the physicist 
has difficulty in admitting that the rate of liberation of energy ean depend 
to an appreciable extent on temperature because stellar temperatures are 
trivial from his pomt of view Those who have maintained this attitude 
have, 1 think, been mainly influenced by the known characteristics of 
radio-activity Disintegration of radium is a spontaneous event involving 
the atom as an isolated system, so that density is irrelevant It could be 

* For comparison, the energy set free by a nni hilation of a proton and electron 
corresponds to 9 10* volts 
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Simulated by a field of y radial ion of the same frequency as the v ravs 
emitted m the disintegration, the amount of this stimulation <an be 
calculated from Einstein’s equation By (38 5) the emission at temperatuie 
T is to the emission at tempeiature zero in the ratio (1 - e ~ h "l 1,T ) ■ i where 
v is "the .frequency of the y rays At stellar temperatures the increase is 
quite insignificant 

This argument docs not settle the question because it is limited to one 
mode of release of energy and that not the mode which an astronomical 
theory is likely to propose We shall first explain why the astronomer feels 
bound to insist on a variation with temperature and density 

If the *rate of liberation of energy were independent of p and T the 
stars would be unstable For then the energy generated E would be 
incapable of alteration by any expansion or contraction of the radius. 
The energy radiated L is detei mined by the mass and (to a comparatively 
small extent) by the radius Suppose that by exhaustion of the source or 
bv slight disturbance E becomes less than L Then the energy of the star 
diminishes at the rate L — E, so that it contracts By hypothesis this 
does not affect E, hut L increases according to the law L oc li ^ Thus the 
deficit becomes worse and the star contracts indefinitely* 

We here assumeythat La: ^ or at least as a negative power of li 
It will be remembered that this depends on the exponent n m the law 
k oc p/T" being greater than 3 — a condition which although probable 
both Hbrnm theory and observation is not established as certainly as we 
could wish (§ 150) Hut if n were less than 3 it would scarcely overthrow 
the argument The quantities E and L are governed by entirely different 
laws , each has'an observed range of 1 ,000,000 1 m the st .rs and evidently 

they would not be equal in a star unless it had some means of adjusting 
them to agreement Taking n — 3 1 we have shown above that the adjust- 
ment is not made by L changing towards E because it would actually 
change away from E If » — 21 , L changes tow ards E but it cannot change 
by a factor greater than 4 without going beyond known stellar conditions 
Thus m either case the main adjustment must be made by E changing 
towards L 

In order to give the star stability E must memise as t he star c ontracts 
so as to oppose the contraction, l e it must mcnase with p or T or with 
both This condition was first pomted out bv H N Russell The threatened 
instability is with respect to a rather long time-scali and is not catastrophic 
Unless the star keeps E and L closely balanced it will change densitv at 

* Tins argument has been criticised bv J II Jeans (IlotilWy A T otce*,85, p 792) 
He objects that since the star with E < L is changing its energy it is not legitimate 
to apply equilibrium equations He further states that when E < L the star 
expands It seems to be sufficient to point out m reply that E — 0 corresponds to 
the Kelvm contraction hypothesis 
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a rate comparable with the Kelvin fame-scale (E = 0) and the subatomic 
energy will fail to achieve the purpose for which it was introduced 

The danger of over-stability must agam be recalled, E has to increase 
with contraction but not much faster than T i or the star will be set 
oscillating It seems unlikely that a plausible law can be found between 
such narrow limits, so that we prefer to suppose that there is a lag of a 
few months up to a thousand years in the response of E to the changed 
conditions The response must be rapid enough to save a giant star from 
collapse 

The second reason for denying that E is independent of p and T is 
that the assumption would make LjM solely a function of the age of the 
material It supposes that the material has gone on degeneratmg at a rate 
independent of physical conditions past and present so that its stage of 
exhaustion is determined solely by its age The question what zero the 
age is to be reckoned from remains unanswered We cannot fit the 
astronomical facte into so cast-iron a rule, as was shown in § 207 It is 
true that the admission of a dependence on p and T has not helped us 
far forward in reconciling the facte, but it does leave us free to explore 
further instead of commg to a blank wall of contradiction 

The result that E mcreases with contraction of the star sometimes 
enables us to eliminate one of the variables p and T in a comparison For 
example, imagine the material of Capella to be slowly compressed until 
it reaches the temperature of the sun Then since p cc T 3 the density 
becomes J that of the sun We have now the comparison that at the same 
temperature the material of Capella emits more than 30 times as much 
energy per gram at a density ^ that of the sun 

Since the dependence on T may be very comphcated, whilst the 
dependence on p is expected to be fairly simple we can get a clearer idea 
of the exhaustion of the solar material in this way 

212 We shall try to classify the possible ways in which we think that 
« (the liberation of energy per gram) might depend on p and T 

To begin with, a nucleus must be com erned m the emission If nothing 
else is concerned the emission by the nucleus is independent of the 
statistical state of the system and t is independent of p and T (It is 
possible that the structure of the nucleus may be modified by temperature 
and density, that is to Hay, nuclei of different kinds may be evolved in 
different physical conditions, but m that ease we regard the emission as 
a consequence of the event which creates the radio-active nucleus, and il 
falls under one of the succeeding alternatives ) 

If, in addition, something extraneous to the nucleus is concerned, this 
may be (1) a bound electron, (2) a free electron, (3) the field of radiation 
Two nuclei may also be concerned although their repulsion tends to keep 
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them apart, somehow or other the assemblage of foui hydrogen nuclei 
jn the helium atom must be contrived, but this is too mysterious a problem 
tor us to tackle 

„( l ) If an electron bound to the nucleus is concerned the law may hi 
\ery complex hor instance, the condition might be that the electron 
describes an ellipse which grazes the nucleus at pencentron Tins intohes 
excitation in a high quantum orbit and depends in a complicated manner 
on / 1 and p according to the formulae in Chapter m 

(2) If a free electron is concerned the law seems to be e x pT~' 1 , for 
this expresses the frequency with which electrons lut the nucleus (§170)* 

1 he decrease with / is due* to the* tracks of fast elections being less bent 
towards the nucleus I'hc nature of the collision cannot be appreciably 
a (letted by temperature, because t lit* kinetic eneigy of the electron when 
ill contact with tile nucleus is due* almost entirely to the potential there 
ot the ordcT 2,000 000 n oils, the e'tra 1000 volts (va>’\ble according to T) 
w hie li repiesents the initial c nergy cannot make much diflcrence tlence 
lot similar nuclei the* emission will be snnnly pioportional to the frequency 
ol collision Exhaustion clfec ts can lie provided for by supposing that in 
some nuclei the protons are better guarded from attack than m others 
(2) If radiation is concerned it presumably acts by stimulating the 
emission as provided tor m Einstein s equation, and the stimulation is 
quite mappiec lable It must not be overlooked that there is no logical 
just rftfution for apply mg Enistems equation to a process involving the 
annihilation of mattei , foi that equation implies that the converse process 
Ideation of matte, t) can occur and that it accords with the second law of 
iJn-i inodyininYics Either of these propositions nmv la denied without 
sinking too heavily' at our sense of the fitness of things 

213 Since oui arguments seem to lead to a deadlock, and no sug- 
gested way of escape appears \ cry uniting, weinust hold all the inferences 
under suspicion for the present But one point seems to ha\e emerged 
dearly Xo theory will fit the astronomical farts unless it admits of 
exhaust ibihtv ot the source of energy 

At first sight the exhaiistibiht \ of the source seems opposed to the 
hypothesis that it is due to annihilation of piotous and electron*, ioi it 
is difficult to see why piotous and elections should ever get tired of 
destroying one anotliei But the argument may' no turned the other way 
It we agree that tin* sun s lew rate of supply is due to exhaustion we 
aie almost forced to suppose that a star changes mass considerably as it 
glows older For suppose that the sun lias always had its present mass 
and therefore piaetically its present rate ot radiation there must have 
been a time* when its material was fresh like that of Capella, and the sun 

* A speculation which evades the Jaw c xpT > has beoD mentioned in § 210 
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must have been in tins stage much longer than Capclla since (owing to 
low mass) it could only use up the supply at the rate To slow down 
e to the value balancing radiation it must have been greatly expanded a k 
compared with its present dimensions Why then do we not find stars oi 
mass 1 in this early long-enduring diffuse state’ The answer seems to 
be thnr the numerous stais now of mass 1 were not born with mabs 1 but 
with the higher masses which art' found in a diffuse state The star cannot 
radiate any < onsidoruble fraction of its mass without anmhilatmg matter, 
so that this process (rather than transmutation of elements) seems to be 
indicated, though it is, of course, conceivable that there are other ways 
bv which a star can lose mass as it glows older 

The tlieoiy of annihilation of matter is more fertile in astronomical 
consequences than the' other forms of the subatomic theory, and for this 
re ison alone it seems worth while to follow it up in detail We shall not 
be greatly concerned with hoir the annihilation is accomplished, but it 
nuiy perhaps be w r ell to have a scheme m mmd I do not think it is done 
by tn e electrons directly hitting protons in the nucleus and performing 
a joint suicide, because this seems to lead to the cast-iron law e ac pT - 
and (since there is no time-lag) to over-st ability* It is preferable' to 
suppose that the- process consists in evolvmg certain kinds of nuclei which 
are self-destroying The destruction o< curs spontaneously some time after 
the formation of the nucleus Perhaps also ,it the same time refractory 
nuclei are evolved so that tlie star gradually accumulates some i.wienal 
safe from annihilation, the jiurpose of introducing the last conception is 
to provide a residuum to pass on to the white dwarf s^age We suppose 1 
that very little mass is lost ill the giant stage the earlier subatomic 
processes being either transmutation of elements or a small scale reheaisnl 
of the great development wdiich appears to set m at 40, 000, 000' 


Radial ion of Mass^. 

214 In § 14 we concluded that radiation pressure was concerned in 
limiting the amount of matter gathered together to form a star, the actual 
masses of stars falling within the range in which radiation pressure rises 
from insignificance 1 to predominance It is now desirable to scrutinise the 
figures more closely If we are right m believing that the mass of a star 
is gradually burnt away, the proper masses to consider in this connection 
are those of stars in the 1 earliest most diffuse stage The clear separation 

* This law, however, is only just beyond the dividing lino, and perhaps a more* 
accurate calculation would negative the over-stability 

t Any radiation is radiation of muss But by the hypothesis of “radiation of 
mass ” we mean the 1 hypothesis that a large proportion of the star's mass is lost in 
this way during its life-time 
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of giants and dwarfs in types K and M shows that theie is a loner limit 
of mass below which stars are rarely if ever formed 

For example, we take the statistics given in Adams and .Joy's dctrr- 
nupation of spectroscopic parallaxes of 500 stars* Omitting one or two 
outliers the giant stars of type M are comprised within a renge — 0 m 5 to 
I 2 m 5 visual, corresponding to - 2"> 3 to + 0“ 7 bolometne The masses 
according to Table 14 arc therefore between 11 6 and 3 5 in terms ol the 
sun as unit Below this there is a cleai interval with no M stars until 
we reach the dwarfs beginning at absolute magnitude O' 1 ' 5 visual, corre- 
r,ponding to mass 0 5 Stellar masses between 0 5 and 3 7 art extremely 
common’ but none are found 111 the M stage If stars were bom with these 
masses they would have to pass through thi JJ stage on their way to the 
less diffuse condition m w Inch w e find them It seems fair to conclude that 
3 5 w ordinarily the lower limit ot the mass of a star at birth, and that 
lower masses can only occur after the star has alr< arty reached consider- 
able age and density 

We can perhaps improve on the above limits by using latci and more 
abundant material We shall take the giant stars of types 0 8 to K 2 in 
a list of 1600 spectroscopic parallax csf The number of stars is greater 
and the various reductions arc better determmed than for the M type, 
the loss of mass before reaching this stage must be very small The mean 
magnitude of 287 stars is — l" 1 01 and the observed average deviation is 
L 0 rr "S4)J Allow ing for the probable error of the determinations the actual 
average deviation is found to be _z 0“ 5‘> The mean magnitude corresponds 
to mass 3 6 and, to 1 - $ -0 2." The axeiage deviation conisponds 
roughly' to a tact 01 1 22 ni mass and to _ 043 111 1 — p 

So far as we can judge the spread 111 magnitude is a Gaussian distribu- 
tion If that is so, we obtain the following table wheie the first column 
gives the percentage of stars brighter than the magnitude in the second 
( olumn 


Table 40 

(ini tit Stars 0 8 — A 2 


llt.lC* 

1 is .Maw 

M«iv* 

1-13 

0 

- 0 21 

5 5 

Jj 

15 

+ 0 24 

j 7 

SI 

50 

-r 1 01 

3 c. 

25 

85 

f 1 78 

2 8 

20 

05 

l- 2 23 

2 4 

17 


* Astrophys Joum 46 , p 334 

| Adams, Jov and Bur well, Astrophys Joum 53 , p 13 
| Eddington and Douglas, Monthly Notices, 83 , p 11 j 
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This does not give tho exact proportion of stars bom with masses within 
the assigned limitR, because the number found between G 8 and K 2 
depends also on the rate of evolution at this stage which is likely to depend 
on the mass 

215 It appeals then that initially the ratio of radiation foiee to 
gravitation is usually between 0 17 and 0 .15- the former representing a 
value too feeble to prevent the aggregation of material round a stellar 
condensation, and the latter being so high as derisively to prevent aei uinii- 
l.ition nuclei oielmaiy eirrimistances These values seem to be oi the right 
Magnitude for (he elleet attnbuted to them We can make a comparison 
with centrifugal force which creates instability when its maximum value 
re.u Ik's J of gravitation 

Tho foregoing results aie tor molecular weight 2 II which probably 
applies neaily enough (o stais in a visible stage Wo may ask how have 
the -tars tided over the pi'iloel when thev weie of exliomolv low* density 
anti low temperature 1 Ionisation would then be less. mulct ular weight 
and iurhation pressure would he considerably greater I think the answe i 
is that radiation pressure does not in itself break up the mass hut only 
lenders it more liable to bioak up undei otbei distm bailees Probably 
(lie peril to (he star does not heroine senous until it is modeialoly con- 
denses! — until for example its rate of l citation lias increased by conti act ion 
The existence of so many close lunatics shows that stars whicJ- 1 have 
leathered the earlier stage's become disrupted al highei eoucentiation 
so that the critical jienod for a star must not be placed too carh in its 
lust on 

We coni hide that the relation of stellar masses to the critical lange of 
values of radiation pressuie faxouis t lie new that a star loses mass with 
advancing age, since the accordance is much elcisei if the original lower 
limit of mass is that ot the diffuse giants (about 2 4) than if it is that of 
stars of all ages (about 0 2) 

216. ’I he rate of loss of mass bv ladiation is given by 



If the effective temperature remaius constant we have by (90 2j 

L<x M (1-/8)- (210 21), 

or, if the central temperature remains constant, by (99 1) 

LccM(l-p)*lp (216 22) 

Since the second condition is fulfilled on the mam senes we shall employ it 
It will make the early giant stages relatively too short by a factor 2 or 3, 
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but that is scarcely important m the present estimates of duration R v 
(216 1) and (216-22) 

Wi _ _ n P dM 

M ~ C (Trpy>M (21(3), 

where 6 is a constant. We have seen (§ 204) that for the sun 

/dM 

— M j =15 10 13 years 


and 1 — P,~ 06 Hence 0 = 40 10 10 y ears 
Differentiating the fundamental quartic (84 6) 

_ ~dM _ djS 4d/3 

M ' 1-P + ~I3 

Hence dt = \C * ~ ^3 dp (216 4), 

so that, -integrating St = JC8 ^ +- 1 ^ g ) (210 6) 

Wc obtain from (216 5) the following table — 


Table 41 


Duration of Stages of Evolution 


Abs 13 ol Mag 

Ma«*s 

Burnt ion 
( I0 10 years) 

, < - 5 0 

<r to 35 

3 8 

- 5 0 to - 2 5 

33 to 10 

f 5 

- 2 3 to 0 0 

10 to 3 7 

21 4 

0 0 to 4 2 3 

3 7 to 1 73 

■13 

1 2 3 to i "> 0 

1 73 to n >12 

521 

■4 .10 to 7 ,1 

O 92 to 0 -.3 

U,i0 

■+■ t i) (o -) 10 0 

0 53 to 0 31 

28100 

1 10 0 to + 12 3 

0 31 to 0 18 

219000 


217 If the stellar system is a mixture of stars of all ages and if the 
stars run through the whole course, the number of slurs in any range 
should be proportional to the duration of the range Thus the numbers in 
the last column should represent the luminosity function, l e the frequency 
of stars within the given limits of absolute magnitude The figures in the 
early part of the table will be much too high since very few stars start at 
the largest masses, but at mass 2 5 nearly all the competitois have started, 
so that below + 2 0 we may expect agreement with the luminosity function 
Since the fainter stars are increasingly red due allowance for the average 
difference of visual and bolometnc magnitude should be niade in any 
comparison 
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Unfortunately we have not much observational knowledge as to tlie 
course of the luminosity function beyond 4 8 m , but in the range from 
0 0 to + 7 5, the figures 93, 521, 3630 represent about the right rate o! 
increase, and it is now agreed by Scares, Luyten, Malmquist and other*- 
that there is evidence of an increasing number of fainter s< ars 

The enormous difference of age of Ihe giant and dwarf stars is verv 
str iku ig The table shows that a star of mass 2 cannot be older than 10 1 - 
yoars however great the mass with which it originally started, and a star 
of mass 0 5 must be at least 40 10 1 - years old unless it is one of the veiv 
exceptional stars starting below’ mass 2 5 This does not apply to the 
components of double stars which skip a great many billion years by the 
fission In certain cases this essential difference of age may create a 
difficulty Foi example, m a compact system, such as a globular cluster, 
we can scarcely expect to find a mixture of greatly different ages It is 
therefore in ten sting to note that globular clusters are suspected not to 
have their full complement of famt stars ‘ Shaplev believes he'lias re- 
corded the faintest stais existing in the globular cluster M 22 and there 
arc indications that the lower limit of brightness has also been approached 
ui the Hercules c luster M 13 In both of these systems stars of solar bright- 
ness appear to be relatively infrequent ”* If tills is substantiated it is 
strong evidence for the hypothesis of diminution of stellar mass, for m the 
globular clusteis we seem to have an ideal opportunity of studying coeval 
stars -*' 1 ' 

I believe that Shapley's later opinion does not stress so much the lack 
of dwarf stars m globular clusters He lias pointed out V> me that such a 
system as the Taurus cluster seems fatal to the theory of radiation oi 
mass, for there we certainly have dwarfs and giants together The presence 
of the giants sets a limit to the age of the system, and within this time 
limit the numerous dwarfs cannot have been evolved from appreciably 
higher masses by radiation of mass 

On the other hand, Hertzsprurig has pointed out to me that m the 
Taurus cluster, Pracscpe, and other coeval groups there is strong support 
for Shapley’s onginal statement that stars of solar brightness have not 
by any means their usual relative abundance, and that there appears to 
be a definite lower limit of brightness of the cluster stars It certamlj 
looks as though the fainter stars are missing because the cluster has not 
existed for a time sufficient to evolve them The situation is that qualita- 
tively the clusters confirm the theory of radiation of mass in a rather 
striking way, whilst quantitatively they contradict it brusquely Perhaps 
in the crude stages of a theory qualitative evidence is more significant 
than quantitative 

The argument in § 214 that the dwarf stars arc evolved from stars of 
* Mount, Wilson Report, 1920, p 343. 
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larger mass seems too strong to he overthrown If the evidence of the 
Taurus cluster and similar coeval groups compels us to give up the theory 
of radiation of mass, we must presumably find some other method by 
which a star can change its mass Some attention is given to this alterna- 
tive in* Chapter xm, §§ 266-7 , but it does not seem likely to provide an 
escape from our difficulty 

218 It has been pointed out by H Vogt* that if the components of a 
double star radiate away their masses the mass ratio must tmid to approach 
unity as the system grows older lu proportion to its mass the heavier 
star loses more than the light star Data for 1)3 stars collected by Vogt 
tend to confirm this effect, the average mass ratio progn ssing towards 
unity for the systems considered to he furthest advanced in evolution 
Allowance must he made for selection effects especially when it is remem- 
bered that the earlier systems arc generally spectroscopic and the later 
systems visual binaries, but we see no reason why dwarf systems of types 
K and M with laTge mass ratio should escape observation and we think 
that Vogt has made out a fair ease 

By a discussion of 34-2 double stars (the mass ratio being inferred from 
the differences of luminosity) G Shajnj has shown very conclusively that 
m giant systems the component with higher effective temperature has, 
m general, the smaller mass, whilst m dwarf systems it has the larger mass, 
t], c .d inference of muss increasing with the difference of spectrum The 
two cases are combined m the statement that the less massive component 
is further advanced in the Russell-HerUsprung seh-me of evolution} A 
similar phenomenon is shown m globular < lusters where t]ie most luminous 


Table 42 


Mass Bat to and lhfjeievct of Type 



(■ldlllH 



Dwiufs 

Difl ni 

Mass r.itio 

No of 

Dili ot 


K|>c‘t tmm 

S> sti ms 

S]n i ti uni 



0 0 0 4 

0 88 

78 

0 0 0 4 

0 8* 

0 5 0 0 

72 

12 

0 5 0 9 

8i> 

10-14 

lib 

31 

1 0-1 4 

70 

1 5-1 !• 

(.2 

20 

1)19 

(>.i 

2 0-2 4 

45 

18 

2 0 4 r> 

V> 

2 5- 2 0 

SB 

t) 



30 4 5 

37 

9 




a balanco of L and E 
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(most massive) stars are in the earliest diffuse stages The uniformity 
appears to indicate evolutionary progress But it has always been difficult 
to understand why the smaller mass should evolve more rapidly than the 
greater, every circumstance seems to be against it Although it does not 
radiate awav its source of energy so fast, yet after the same lapse of 
time it has reached higher temperature and density as though it were 
endeavouring to stimulate a failing supply 

Table 42 exhibits Shajn’s results In the column “Difference of 
Spec trum ”01 represents one-tenth of a type 

219 The effect of radiation of mass on the orbits of binary Stars 1ms 
been discussed by .J H Jeans and W M Smart* For simplicity, consider 
two equal masses A star does not receive any kit k from its own radiationt 
consequently the orbit is the same as that of a star of constant mass under 
the attraction of a centre of force of gradually diminishing strength Tin 
equation of the orbit is thus • 

d 2 U _ fi 

do 2 ~ u ~ h 

where h is constant and p diminishes with the time according to the same 

law as the masses Since , , .. .. 

/I s = pa (1 — e 2 ), 

where a and e are the elements of the instantaneous ellipse, we have 
Ma (1 — e 2 ) - const ■»* 

Tbe latus rectum of the orbit increases in proportion as the mass diminishes 
Li studying binary stars it is difficult to resist the impassion that there 
is an evolution of wide pairs from close pairs The relations of type 
separation and eccentricity suggest that the components recede from one 
another in the course of time But no cause is known which can increase 
the separation to more than a limited extent Radiation of mass does not 
help very much The latus rectum of a system with masses now equal to 
the sun cannot have increased more than tenfold unless the masses W'erc 
originally more than 10 tunes the sun’s mass — a very rare occurrence 
brace a tenfold increase by no means meets requirements the discussion 
affords no particular support for the theory of radiation of mass 

Jeans further points out that the law that the separation of the stars 
increases m proportion as the masses diminish, is roughly true of moTe 
complicated systems, e g clusters If the stellar system consisted wholly 
of dwarf stars we could argue that its linear dimensions must have ex- 
panded, say hvcfold since these were fust formed as giants The presence 

* Monthly Xohcen 85 , pp 2, 423 

t Note (hat angulur momentum is lost bv the system Each component can be 
compared to a ship faring guns equally foio and aft, tile velocity is unaffected, but 
momentum is reduced by the loss of the shells 
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of many giant stars in the system complicates the problem, since it becomes 
impossible to treat it as a single coeval cluster 

Jeans considers that his cosmogonic theories require, or at least render 
desirable, a greater concentration of the stars m the early history of thestellar 
system , he had mdeed postulated this in some of his investigations before 
the foregoing explanation of the expansion of the system was propost d 
In particular, he welcomes the very long time-scale and the closer concen- 
tration of the stars in the past as rendering more probable the event which 
he is forced to postulate as the origin of the solar system, viz the close 
approach of another star to the sun This provoked the subtle reply that 
since we know that thih event occurred within the last 10 l " years, there 
is not much gam in rendering it more probable in a distant past when it 
did not occur To this it may fairh be answered that the 10 ]0 years is the 
interval between the event itself and a direct consequence of the e\ent 
(viz the evolution of beings capable of speculating on it) and docs not in 
any way serve to date it m the evolution of the universe Bui the argu- 
ment is double-edged, as the time relation between the event and its 
consequence does not date it, so the place relation between the event and 
its consequence does not locate it , and, if we locate neither time nor place 
if we consider the probability of the event happening not to the sun 
10"’ years ago, but somewhere in the stellar system at some time —it 
already becomes highly probable without an extension of time limit by 
tlie afuYif the hypothesis of ladiation of mass 

220 We attempt to sum up the arguments for and aganist the hypo- 
thesis of indication of mass, l e radiation of a considerable fiaction of a 
star’s mass during its life-time 

1 Unless we admit the hypothesis the tiine-sc.de .s somewhat cramped 
though it cannot be definitely shown to be inadequate 

2 It appears to account satisfactorily for the lelative numbers of 
stars between diflercnt Limits of brightness 

3 Tt appears that Aery few stais arc born with masses below 2 5, so 
that most dwarf stars must have lost a great part of their original mass 
The radiation of mass is a natural explanation of this loss though perhaps 
not the only explanation 

4 On tins hypothesis the age of dwarf stars of ty pes O to M is vastly 
greater than the maximum possible age of a giant star The presence of 
giants and dwarfs together m clusters of coeval stars is a most serious 
objection to the theory On the other hand dw arfs of small mass although 
present are not so in erw helmingly abundant as in ordinary regions of the 
stellar system 

5 It has certain consequences 


of interest m the evolution of double 
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stars . but nothing very favourable or unfavourable to the theory has been 
found, except that it predicts correctly that the mass ratio progresses 
towards unity as the evolution advances 

6 The uniformity of the mam senes eompnsmg the great majority 
of the stars suggests that there is a simple mode of liberation of energy 
tapping an enormous stole, m contrast to the rapidly exhausted supplies 
used duiing the giant stage 

7 Great difficulties arise m relating the rate of liberation of energy 
to temperature, density, and exhaustion of the souTce, but since these 
affect every proposed source of subatomic energy there must presumably 
be some way out of them 

Tiansin ntation of Hydrogen 

221 We sum up similarly the reasons for and against the transmutation 
of hi drogen into helium or higher elements as the mam source of stellar 
encrg\ 

(1) Tt is the only process known to occur or to have occurred which 
would be capable of providing sufficient energy, and is therefore less 
speculative' fhan other suggestions 

(2) Unless the initial proportion of hydrogen in a star is unduly large 
the length of life of the star is only barely sufficient 

(3) If the low' value of c in the sun as compared with Capella and 
V Puppis is held to be due to exhaustion— and it seems impossible to 
explain it otherwise —the sun must very nearly have exhausted its stock 
of hydrogen and its future life will be short The hypothesis thus extends 
the Kelvin time-scale where extension is least needed, viz in the eaily 
infrequent types, and does not extend it sufficiently for the dwarf 0 to M 
stage's which include the great maionty of the stars 

(4) The transmutation of elements is virtually a single source of 
energy, since there is very little further release of energy after helium has 
been fonnecl The phenomena of giant stars and the main senes seem to 
indicate that at least two sources are tapped successively 

(o) Part of the attraction of the' hypothesis is lost if it is not accepted 
in its complete form — that the formation of the elements (hydrogen nuclei 
being reckoned as unformed pnmordial matter) begins with the condensa- 
tion into stars Besides the occurrence of advanced elements (Ti, Zr, etc ) 
m very early stars and of light elements (He, C) in the diffuse nebulae, 
the evidence of the theory is strongly against admitting a large proportion 
of hydrogen m early stars 

(6) We should say that the assemblage of 4 hydrogen nuclei and 
2 electrons to form the helium atom was impossible if we did not know 
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that it had occurred This in perhaps in favour of the hypothesis, since 
the difficulties ot detailed application become of minor importance We 
can scarcely prescribe limits to what can be performed by a process before 
we «ee how the process can be possible at all 

(7) Apart from effects depending on the presence of hydrogen in early 
stars, the theory leads to no interesting astronomical consequences In 
particular the change of mass is insignificant, and unless the star can gain 
or lose mass from other causes there is no -volution from bright to faint 
classes of stars 

No (f.) may be explained a little further We have show n that admixture 
of a large proportion of hydrogen considerably lowers the radiation 
pressure (1 — jS) and the bnghtness of the star The lowered value of 1 — /3 
would altogether spoil the geneial agreement between the masses of stars 
and the critical range of radiation pressure In fact radiation pressure 
would Ipse most of its importance m this subjec* Further, since the 
proportion of hydrogen must on this hypothesis dimmish with the age of 
the star, the luminosity would be lowered hj a vaiiablc factor and we 
should not have the* uniform relation of luminositj and mass which the 
observations appear to confirm It was shown in § iGB that a proportion 
of 20 pei cent of Indrogen in Cnpella would bring the astronomical 
opacity into agreement with Kramers’ theory But this is no improvement, 
Miigfcthe sun and other late stars with very Jittk hydrogen left (according 
to No (3)) would remain outstanding Whatever cure is suggested for the 
discrepancy of Kramers’ theoij it should be one that is applicable to all 
stars alike . * 

The hypothesis that the sourc e consists of unknown elements of interse 
radio-activity requires no long discussion Sim e radio-activity is inde- 
pendent of density and (practically 1 of temperature the stars would be un- 
stable' In oilier lospccts it is ail arbitral y hypothesis which c an be adjusted 
to fit anv facts we like — assuming a sufficient vanity of these' provided 
sources It seems objectionable to have to postulate an mitial supply of 
complex unstable elements dating before the beginning of the star’s life 
and formed presumabh m the nebuia, it is more reasonable to suppose 
that the ordinary radio-active elements are synthesised in th- stars and 
arc' therefore 1 a source of loss, not of gam, of available energy 

Mode of Conversion of Subatomic Energy 

222 If an atom of helium is formed from hydrogen at a single process 
the energy released must be a quantum Since the energy represents 
•032 of the mass of a hydrogen atom the radiation will be of frequency v 
given by the relation 


•032hc ,z = hv 
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The frequency is 7*3 10 sl and the corresponding wave-length 

A = 00041 A 

If there is a succession of processes the frequencies of the quanta will he 
smaller but of the same order of magnitude < 

We may also assume that if an electron and proton annihilate one 
another the released energy constitutes a quantum This conclusion is not 
stnctlyjustified unless there exists some counter process by which radiation 
can spontaneously generate electrons and protons — an assumption carry- 
ing us into realms of speculation that arc perhaps better avoided If the 
counter process exists a state of equilibrium can be reached, ami bv the 
second law of thermodynamics the distribution of radiation in this state 
must be the same as that given by all other interactions of matter and 
radiation , accordingly Planck’s law holds and the radiation must be bound 
and released m -ingle quanta Hut I suppose that those who have imagined 
a retormation of waste radiation into matter have done so rathe* with a 
view- to evading file consequence of the second law of thermodynamics 
that the world is running down, and it is not very logical to apply the 
second law to a process intended to get round it 

Assuming that the quantum relation holds it gives for the annihilation 
of an electron and proton //c2 _ ^ 

so that A = 0000131 A. 

To justify either of these theories of the source of stellar energy wi 
must satisfy ourselves that the star contains the necessary meehanism 
for transforming this high-frequency radiation into a notmal form of 
energy Until recently this c onslitutod a diffic ulty Being so far ahoyc the 
K frequency of any material its chance of ionising an atom is exceedingly 
small The second of the two quanta aliov'e calculated would probably 
travel right through the star — and to the end of the world — with nothing 
to absorb it and utilise it This difficulty has been resolyed by the dis- 
covery of the (Jompt on effect m the scattering of radiation ( § 52) Alt hough 
the scattering coefficient diminishes for radiation of very high frequency, 
it. does not fall off with great rapidity as the absorption coefficient does 
The subatomic radiation will be* scattered after a path short compared 
with the radius of the star The Compton effect increases the wave-length 
by -024 (1 — cos 6) Angstroms whence or the radiation is scattered through 
an angle d, the increase being lndejiendent of the original wave-length 
The first considerable deflection will accordingly bring the energy down 
to y ray status and after that there is no difficulty in its further transmuta- 
tion The greater part of the energy is, however, no longer m the scattered 
ray but has been handed over to the electron which scattered it This 
recoils with enormous energy, which it proceeds to distribute through the 
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material by the ordinary processes of collision There is thus suitable 
mechanism for the conversion of the released energy into utilisable form 

• > Penetrating Radiation from I nterstellar Space 

223 The wave-length 0 0004 A of the radiation release 1 in the forma- 
tion of helium from hydrogen is much shorter than thal of known y r.ns, 
and the radiation should be distinguished by greater penetrating power 
A very penetrating radiation is known to exist in our atmosphere, ap- 
parently entering it fiom outer space It has been suggested that this 
may originate fiom the transmutation of elements m the stars and 
nebulae 

The penetrating radiation can be detected m the following manner 
An ionisation chamber is surrounded by a shield of heavv metal sufficiently 
thick to protect it from all ordinary radiation outside, and the rate of 
piodm tion of the ions is measured Whilst there mnj be a constant pro- 
duction of ions due to ladio-at ti\it\ of the inner pan of the walls any 
change in the rate must be attributed to radiation tioin outside which 
has sure ceded in penetrating through the walls Experiments ate made at 
different altitudes in ice caverns and below tin- surfai e of niountam lakes 
and the change in the quautitx ot radiation penetrating the walls is 
measured It appeals that the radiation travels downwards fiom the sky 
beoffu e the ionisation is leduced according to the amount of atmosphere, 
ice or water alien e the apparatus 

The absorption properly so called of this radiation must be exceedingly 
small and practicalh it can onh lie stopped by scattering Oi.cc scattered 
it is done with situ e it loses its penetrating powei In the Compton effect 
Hence there is no backward scattered beam of penetrating radiation, and 
the inteiisitv diminishes downwards according to the usual exponential 
law of absorption 

Niatleung depends only cm the number of electrons in the material, 
which is practieallv propoition.il to the mash It is convenient to keep m 
mind that the stopping power of the whole atmosphere is roughly equi- 
valent to 10 metres ot water or ice or to 1 mctie of lead Such a screen is 
sufficient to reduce the intensity considerably, but not to exclude the 
radiation entirely 

In this provisional discussion we follow the n suits of W Kohlhorstcr 
whose experiments w'ere made' on the -lungfrau It should be stated, 
however, that R A Millikan, who has experimented at high altitudes in 
the United States, has obtained somewhat different results and 1 under- 
stand that he is not m agreement with Kohlhorster s conclusions It is 
not for us to judge which is right, but since our only reason for treating 
of this radiation is its supposed extra-terrestrial origin we must tentatively 
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follow the authority whose experiments appear to demonstrate extra- 
terrestrial origin* 

Kohlhorster compared the ionisation when the apparatus was exposed 
in the open and m an ice cai em whoso roof cut oft the radiation from abov e 
He found that the intensity did not depend on the altitude of the sun 
Hence the sun is not the somoe of the radiation Maxima were found to 
occur when the Milky Way dosses the zenith, the greatest depth of the 
stellar system is then overhead 

It must be realised that there is no possibility of the radiation coming 
from matter at a high temperature- high in the astronomical sense All 
the matter of the umveise at temperature much above 100,000“ i§ securely 
tueked away behind screens of stopping power much greater than a metre 
of lead, and none of its penetrating radiation can escape into the open 
Hence our choice is between the photosplieiie layers of the stais, the bright 
and dark gaseous nebulae, and the general unaggregated matter difhised 
through space As regards temperature there is not much to choose be- 
tween these , the temperature of diffuse matter in space is probably aboie 
10,000° The chief t heoretical objection to nebular origin is t he low density 
which, one might suppose, would hinder the collection of material lor 
atomic combination 

224 . To examine further the question of nebular or stellar origin, 
consider a column of 1 sq cm section extending to the limits of thq^U- liar 
system Let a be the mass contained ill it with the proviso that only the 
hrst kilogram is to be counted since that would effectively screen any 
radiation emitted behind it The limit will operate if the column mtcrsec is 
a star, but in general not otherwise Divide the integral of cr with respect 
to solid angle into four portions corresponding to ( J ) the sun, (2) the si. us, 
(3) bright and dark nebulae, (4) apparently clear regions If all matter 
liberated the radiation equally the amount due to each of these souites 

would be proportional to their respective shares of \a(la> 

It is not very certain in what order of importance the four sources 
would be placed by this criterion but J should be inclined to adopt the 
order (3), (1), (4), (2) There can be little doubt that (2) comes last The 
amount of matter diffused through space is likely to be comparable with 
the mass of the stars and it all counts in (4), whereas only a thm surface- 
film of each star counts in (2) The sun occupies aoo^oo °f the sky so that 
if the radius in a clear region meets more than 200 I 000 kg per sq cm 

* [More recently Millikan has announced the results of a reinvestigation of the 
penetrating radiation by himself and H Cameron in the summer of 1925 He is 
convinced of its extra-terrestrial origin The absorption (scattering) coefficient is 
found to be 0 18-0 3 per metre of water (Proc Nat Acad. Set 12, p 48 (1920)) J 
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(4) will be more important than (1) , the density of interstellar matter may 
be somewhere about this limit Dark and diftuse nebulae ouupy Urge 
tracts of the sky and must be considerably denser than ordinal y i .ter 
stellar matter so that (3) ranks above (4) and perhaps above (1) We 
take it. that the empirical relation of the intensity of the penetrating 
radiation to the position of the Milky Way shows that it is unnecessary 
to consider sources outside our own galactic .system 

Owing to the uncertainty in pla< mg ( 1 ) we cannot say whether the 
absence of dependence on the altitude of the s..n means that the sun is 
deficient as a source of penetrating radiation compared with the nebulae 
or whether it is accounted for by a smaller integral of o<Io> The mtegial 
for the stars is to that for the sun roughly in the proportion of starlight 
to sunlight so that it is very unlikely that the stars contribute much It 
has been suggested that the younger stars are responsible for this radiation , 
if so, their emission must be exceedingly fierce moreover, we should only 
receive tjie radiation from the surface layers w Inch aic* at low density and 
temperature — conditions not so w idely differing from the sun as to suggest 
gieatly enhanced activity 

This then points to the nebulae as the source of the radiation, assuming 
it to be extra-terrestrial If, further, we consider that its penetrating power 
proves that it is of a frequency too high to come from other than sub- 
atomic sources, we must regard it as a sign of subatomic processes (evolu- 
tioi vf elements >)occlin mg in the nebulae That is why w r c have eonsidei ed 
the phenomenon here as possibly of astronomic al significance All our 
preconceptions tend to regard the nebulae with their exceedingly low- 
density and (relatively) low temperature as most unfavouri ble for sub- 
atomic transformations of this mtense kind But oui preconceptions have 
certainly had little success m explaining stellar evolution, and we a^e very 
ready to remodel our ideas if sufficient evidence is forthcoming If we 
admit that evolution of the elements occuis m diffuse matter it becomes 
easier to understand the occurrence of helium and some other elements 
m the diffuse nebulae, oi calcium and sodium in interstellar space, and 
of rather advanced elements in the reversing layers of the youngest 
stars 

A numerical calculation, whilst uncertain in its details, will give 
an idea of the cosnueal magnitude of flu* phenomenon Divide the mass 
of the universe into two portions, y r iz J/j whnh tnujht be the source of 
the radiation and J/ 2 which canvol be the source Approximately is 
the mass of the nebulae and diffuse matter and il/ 2 the mass of the stars, 
a thm shell from each star should be transferred from M 2 to M, but this 
can be neglected Bet e, and be the avciagc rates of liberation of sub- 
atomic energy m M 1 and Then repiosents the total radiation of 
the stars We shall find (§ 256) that at an average pomt m space Jf 2 e 2 



320 


THE SOLRCE OF STELLAR ENERGY 


gives a total flux of 7 7 10 13 x 3 10 10 = -023 ergs per sq. cm. per sec 
Hence the flux of penetrating radiation derived from M 1 is 

M e 

•023 1 ergs/cm 2 sec 

The quantum for the formation of helium is 4 8 10 _E ergs, and 1 m anj 
case the penetrating power of the radiation shows that its quantum is oi 
this order of magnitude Hence the flux is 


6 

500 ^ 1 quanta/eni 2 sec. 

Since this flux is considerably reduced in passing through our atmosphere 
we take the reciprocal of the absorption coefficient to correspond to 
5 km of air Then the amount absoi bed in 1 cn cm per sec is 

3 (l quanta. 


10 


For such penet l at mg radiation the stoppage is not by true absorption 
but by scattering Nearly all the energy is tiansferred to the scattei mg 
electron, which becomes a high speed ft partiele and creates a large number 
of ions before it is brought to rest The total number of ions lesultmg fioin 
one such scatteung will be well over 100,000 

In the terrestrial experiments the ionisation observed is of the oidci 
3 or 4 ions per < u cm pel see I do not know whether it is fair to take 
the number produced in a small vessel as equal to the number m free an 
if so, Hus would indicate that Jl t e 2 is of the ordei ,M a f t SmtPl/, i- 
not likely to exceed M t this indicates that ej is at least , ,* ,,e 2 Accoiclingl> 
tile rate of liberation of subatomic energy in the nebulas though pi nimbi \ 
less than in an average star is not of grcatlj different order of magnitude 
We have here followed up (without necessarily endorsing) the theoi.v 
that the louisation chamber experiments reveal a penetrating ladiation 
of frequency higher than any know n y rays, coming to us from outer spac e 
It leads to astronomic al conclusions of great interest whit li m thcmsch cs 
seem to us entirely reasonable Lt seems to be established that (up to 
considerable altitudes) the radiation is coming downwards and thereiore 
its source is cither in the upper atmosphere or extra-terrestrial If we felt 
certain that radiation of such extmordinary oiicigy could only be produced 
by subatomic transformations we might, m discussing celestial wiw 
terrestrial oiigm, prefer the hypothesis of celestial origin as the less 
sensational of the two Hut there is the Wilson eileet (explained m § 210) 
to be reckoned witli the high frequency radiation might be caused by 
“runaway ” electrons in the earth’s atmosphere without involving unknow n 
subatomic changes The decision as to origin depends on the more detailed 
experimental results — rate of change with altitude, and relation to the 
altitude of the Milky Way It would be outside our province to judge 
critically the trustworthiness of these results 
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225 The fundamental equation ( i 1 2) for the radiative flow of energy 
falls when the radiation is not enclosed by matter at approximately uniform 
temperature, in particular, the analysis bicaks down at the photosphere 
where radiation is escaping freely into outer space 

The approximations used in the preceding C'hapteis i elate to matter 
at a temperature of some millions of degrees Tn addition to a re-examma- 
tion of the fundamental equation physical approximations of a diffoient 
kind will be needed m the treatment of the cool outei layers A higher 
standard of approximation is generally desirable since observational 
comparisons arc more abundant and more direct There is so little in our 
pievious work 1h.it can safeh be applied to the outside of a star tliut the 
simplest course is to begin dc not o 

Take the axis of x upwards along the vertical so that - x is the depth 
below the surface We shall be c oneerned with depths small m comparison 
with the radius and therefore neglect the curvature of the surface Let 
./ (8) doili-n be the flow per sq cm per sec of radiation travelling in direc- 
tions whthin an infinitesimal solid angle c/co at an inclination 8 to the 
vertical Consider a cj finder of unit cross-section with its axis in the 
direction 6, the element of length along the cylinder being 

ds — da, sec 8 


Then the flow J (8) <fw/4n will in the length de lose by absorption 

(J (8) dw/4ir) Ipds 


and gain by emission (jdw/iTr) pds Here j is the emission per gm per sec , 
of which jduiji-rr is in directions within dw Hence we have 


dJ {8) 

dft 


= - kpJ (8) 


JP> 


or 


cos 6 ~ — kpJ (6) 4 Jp 


(225 1) 


a formula equivalent to (74 1) 

Let t be the “optical depth” below the surface defined by 

ri> 

r = j kpdx 


so that 


dr - — kpdx 


cos d~^ = J(8)- 


3 

k 


Then by (225 1) 


(225 21), 
(225 22) 
(226-3). 
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Multiply this first by dw and integrate over a sphere, then by dw cos 6 
and integrate over a sphere , we obtain 


dH j 3 
dr~ J k 

(225 41), 

• 

"-If . .. 

dr 

(225-42), 

where 


J = 4tJ J{ ~ d ) da> < H = ^jj (0)cos0da>, 

K = ^ j J {9) cos* 0dw 


(225 5) 


We are here considering how the net flow per sq cm H, established by 
the liberation of energy through the whole interior, makes its way out 
through the last few thousand kilometres, hence H is to be taken as 
constant Then by (225 41) 


and by (225 42) 


K 


3 = U 
■ Hr -I const 


. (225 6), 
..(225 7) 


The foregoing analysis is essentially the same as m § 74 


First Approximation 


226 Approximate treatments for the outer layers of a star have been 
developed by Schwarzschild, Jeans, Lindblad, Milne and others* The 
following approximation appears to be most natural from our point of 
view' We set • 


J (0) = a constant = J 1 for 6 < 

z 

7T 

J ( 0 ) — another constant — J 2 for 6 > 

Z 


(226-1) 


(The constancy is as regards 0, J 1 and ./, being functions of r ) The 
approximation consists in ignoring direction except for the broad dis- 
tinction of inwards and outwards 

Substituting for J (0) in (225 5) we havef 

J = i (Ji + J 2 ), J a ), K = \J (226-2) 

Hence by (225 42) ^ =- 3 H, 

dr 

so that J = 3Hr f const 

The constant is determined from the condition that at the boundary 


* Our approximations and formulae are usually equivalent to those given by 
Milne, except that the second approximation m § 230 is on different lmes 
t The average value of cos 0 over a hemisphere is ± $, and of cos* 6 is $ 
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(r = 0) there is no inflowing radiation, and hence J t — 0, then by (226 2) 
J.2H Accordingly (iMt) 

The energy-density is J/e and the effective temperature T of ihe 
radiation is therefore given by 

J/c = uT 4 .. (226 4), 

by the definition of effective temperature in § 29 Hence 

acT 4 = H (2 + 3r) . .(226 5). 


The effective temperature T 0 of the radiation at the boundary is then 
given by acT Q * = 2H ... (226 61) 

The effective temperature of the star T, is by (311) 


Hence 


acT, 1 = 4 H 
T e = 2 iT„ = 1 189r 0 


(226 62). 
(226 7). 


Other approximations by Jeans and Milne give this factor as 1 2 7 8 
and 1 232 respectively Our second approximation in § 230 gives l 230 
It is important to have found that the whole outer atmosphere of a star 
is at a temperature not greatly less than the photosphenc temperature, 
so that the material is not exposed to radiation differing widely in quality 
from that which would be present m thermodynamical equilibrium For 
thuwreason a judicious application of the results of thermodynamical 
equilibrium is often peimissible in dealing with the outside of a star 

In particular, the material will take up approximately the same 
temperature T aJ the radiation, and the results (226 4)_ v 2i'6 7) will be 
taken to refer to the temperature of the matm.il* and the effective 
temperature of the radiation indiscriminately 


By (225 6) and (226 3) 

j — kH (2 f 3 t i 


(226 8) 


227 Acceptmg the first approximation (226 8) as giving with sufficient 
accuracy the emission j at different depths we can calculate how the 
intensity of the emergent radiation vanes with direction 

A ray travelling at an angle B to the vertical has to t id verse an optical 
thickness t sec 6 before emergence and is reduced by absorption to the 
fraction e" TSCoe of its original intensity Considering an oblique cylinder 
of unit cross-section, a length gives an emission within 

solid angle equal to pdx sec 6 jd «/*r which » reduced before emergence 

f ° j pdx sec 0 e — * = -//£ ^ B (2 + 3r) (227 I), 

* By temperature of material not m tho.modynamic equilibrium I mean the 
temperature corresponding to the mean speed of its molecules 
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by (226-8). Hence integrating, the total amount emerging is 

H — secO | C °(2 + 3T)e-’- 8l ' 0,, rfr (227-16) 

4 v '(i 

= \ (2 + 3z cos 0 ) e~‘dz (z = r sec0) • 

4 IT 

-n^il+icoad) (227 2). 

Itt 

This is called the “ law of darkening ” since it gives the variation of bright- 
ness over the apparent disc ot the star As we approach the edge wo view 
the surface by more and more oblique rays Between the centre ( 0 = (i) 

and the limb (o the brightness changes in the ratio ] 1 or very 

nearly 1 magnitude This (approximate) theoretical formula is in close 
agreement with observations of the solar disc 

The total amount of radiation emerging from unit area of the star 
(not of the disc) is oblamed by multiplying (227 2) by the faetor+os 0 for 
foreshortening and integrating over a hemisphere The result is H — as it 
should be* 

The effective temperature of a particular region on the disc is given by 
acT * - 2H (1 + J cos 0) . (227 3) 

This follows from (227 2) because for this point of the disc we see only the 
radiation emerging m the direction 0, and compare it with a black ]jpd> 
giving the same flow m all directions 

Hence at the centre of the disc acT c * ~ 6//, so that the effective 
temperature- at the centre is ( 4 ')* or 1 0574 times the effective temperature 
for the star as a whole, e g the effective temperature at the centre of the 
solar disc is 6070° agamst 5740° for the integrated radiation of the sun 
The effective temperature of the integrated disc is the same as that of 
a region where cos 0 = § 


The Spectral Energy Curve 

228 The average depth r m from which the emergent radiation has 

" dr - I (2 + 3t) e iSocI Vt 


come is 


Tm = I T (2 + 3r) e - 


-/> 


— cos 0 (1 + 3 cos 6) — (1 -f ^ cos 0). 

By (226 5) the temperature T m at r m is given by 

acT m l = 2 H (1 + ^ cos 0(1 + 3 cos 0)/(l + ] cos 0)} 
_ 1 + 3 cos 0 + ] cos 2 0 


(228 1 ). 


* The early approximations of Schwarzschild and Jeans do not satisfy this 
check See Milne, Monthly Notices, 81, p 364. 
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On the other hand, the intensity of the emergent radiation corresponds to 
an effective temperature given by (227 3) 

» rcT, 1 = 2if (1 + T ] cos d) (228 2*1 

The ratio TJT, is 1 08 at the centre (cos 0-1) and falls tc unity at 
the limb We might perhaps expect the quality of the ligut (distribution 
in wave-length) to correspond to the mean temperaturi of its ongin In 
that case r T m jT c will be the ratio of the effective temperature judged by 
quality of the radiation to the effective temperature judged by quantity 
This, however, is a lazy way of handling the problem and it is not sur- 
prising that the result fails to accord with observation The proper course 
is to find the spectral distribution of the emergent radiation by treating 
each wave-length separately using its own pioper value of j and k 

The chief published investigations of the theory of the spectral dis- 
t nbution of the emergent radiation are by E A Milne* and B Lindbladf 
Refcrenfce mav be made to them* to supplement the present account in 
matters of detail 

The observed spectral energy-curve of the sun is shown by the broken 
line in Fig fi(p 328) It is derived from Abbot’s measurements as combined 
by Lindblad The ordinate is proportional to the amount of energy emitted 
within a fixed range of wave-length dX (In our previous theoretical work 
we have generally considered a fixed range of frequency dv ) When plotted 
in this' way the maximum ordinate of the black-body curve is given by 

< 102 3) A max T - 0 288 cm deg (228 3) 

9 

The dotted curve (constant absorption coefficient) in the figure, although 
not precisely the black-body curve, is barely distinguishable from it on 
the scale of the diagram, so that the difference of the two curves is 
practically the deviation of the sun’s radiation from a black-body 

Three causes may contribute to tins deviation — 

(a) What we see is a superposition of radiation from layers at different 
temperatures, and the spread of temperature distorts the black-body 
curve 

( b ) Since the absorption coefficient is different for different wave- 
lengths we see farther into the sun m some wave-lengths than in others 
and so receive radiation from a hotter stratum 

(c) The conditions in the radiating laveis are beginning to deviate from 
thermodynamical equilibrium and deviations from Planck s Law may 
arise at the source of the radiation 

* Monthly Notices, 81, p 375 (1921 ),PI„l Trans 223 a, p 201 (1922) 

t Uppsala U ravers, lets Arssknft, 1920. No l, Nova Acta Beg Soc Su Upsahensis. 
Ser. 4, Vol 6, No 1 (1923) 
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If j„dv is the emission (per gm per sec ) between frequencies v and 
v 4 dv, and k, is the absorption coefficient for frequency v, then as m 
(227-1) the emergent radiation is 

dv ^ ( j,pdx sec Be T < heLB 

= - dv ^ ( (j„IK) dr, see Be n “ e9 . . . (228 4), 

r° 

whore | k v pdx 

X 

The relation between absorption and emission coefficients is by (77 15) 

J, = ck,I (v, T) . (228 5), 

where as usual I ( v , T) denotes Planck’s energy distribution He n< e 
denoting the emergent radiation by H (v, 6) dvdiv/irT, we have from (228 4) 

II (v, B) = c C I (v, T) d (e-’V‘«*= e ) . .(328 6) 

o 

The use of the equilibrium formula (228 5) is perhaps open to criticism 
considering that in the problem of spectral energy distribution we htu e 
to aim at rather high accuracy The molecular velocities will correspond 
to temperature T, but the state of ionisation and excitation of the maicnal 
will be slightly different owing to its exposure to non-equilibrium radiation 
Thus the material may not have the normal absorbing and emitting powei 
to which the equation (228 ,4) refers We reserve tins point (cause (r) 
above) for later consideration 

I 

229 We take the three causes ot deviation m order — 

(a) Spread of Temperature 

As the effect of variation of k t is not to be considered at present, we 
take A, - l, t, = r The formula (228 (>) gives the following rule l)i\idc 
the range of e~ TS " 9 into a large number of ecjual parts Calculate the 
temperatures T lt T 3 at the middle of each part Take a eu cm of 
equilibrium radiation at each of these temperatures the simple mean 
gives the constitution of the emergent radiation 

Table 43 has been calculated m this way The first part of it refers 
to 6 - t), and ten equal ranges of e -T are taken so that the* temperatures 
r !\ , T-z correspond to e~ r - 0 95, 0 85, The temperatures are cal- 
culated from (226 5) and (226*02) which give 


T l 77 (| b It) 

the sun’s effective temperature T, bemg taken as 6740° 
columns give (e *,/„ 7 * _ 1} -i 


(229 1), 

The next three 
(229 15), 


for three different frequencies, this represents the intensity I ( v , T ) for 
frequency v so far as it depends on T 
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At the foot of the table the means of these intensities are taken By 
the above rule this gives the intensity of the emergent radiation The 
black-body temperature corresponding to this emergent inten lty is 
deduced by the converse application of (229 15) Besides the equivalent 
|, lack-body temperatures for the three w ave-lengths, we give the equivalent 
black-body temperature 6039° for the whole intensity 'ihis is deduced 
from the mean value of r by (229 1 ) It is not quite the same as the actual 
effective temperatuie of the centre of the sun’s disc (0008°) because wc 
have, so to speak, left out a little bit of the sun in replacing the integral 
by the sum of 10 terms but it is evidently proper to use the exact result 
for the distribution under discussion rather than the actual value for the 
celestial object which it approximately represents* Finally , the intensities 
for a black-body at 6039“ arc given in the last line of the table, so that a 
comparison with the mean intensities gives the deviation from the black- 
body law arising from the spread of temperature Tt is seen that these 
deviations are quite small 

The second part of the Table gives similar results for a region near the 
sun’s limb Since the spread of temperature is proportionately smaller, 
the deviations from black body radiation are smallu 


Table 43. 


• . Effect of Spread of Tewpemluie of Rnihatmq Layers. 




( (ntr( (if Disc 
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T ' 
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95 

85 

75 

h»"> 

55 

45 

r» 

| 25 

11 

05 
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1 04 l »8 

1 .180.1 

1 8071 
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5100 
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0300 

6700 

7390 

00001 | 
001 10 1 
00147 
00185 
002.10 
0028,5 
003.50 
00459 
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00054 

0005 
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0153 

0177 
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0 (47 
0407 

107 
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180 
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224 

208 

+S50 
4020 
4990 
5000 
5150 
525 0 
53»0 
5500 
5700 
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00083 

00091 

00101 

00109 

00125 

00142 

00103 

00193 

00239 

00341 

10* 
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111 
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177 

__ 

- 


' «»8 
502+ 

| 170 



129 

5290° 

132 

Mean 

| Elf temp 
| B B int 

9658 

«o:i9 

- 

00344 

0070 

00334 

0221 

:mr 

022S 

532(>° 

5342° 

00150 


It will be noticed that most of the 

and for exact calculation wo sJioul na ' ll ™ ' ^ lth r(igRr d to the problem If 
table, however, is to enable u- to ^ n D nirbe ma y be had to the analytical 
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The maximum ordinate of the spectral energy curve occurs near 5900 A. 
Table 43 shows that the intensity is here rising faster than the black- 
body curve as we go towards the violet, hence the maximum ordinate 
will be displaced in this direction Milne has calculated that the displace- 
ment amounts to 4 3 per cent , so that the effective temperature calculated 
from (228 3) is 4 3 per cent higher than that calculated from the total 
intensity of the radiation This is actually in good agreement with ob- 
servation , but reference to Fig 5 shows that the accordance is accidental , 
the trivial shift m the position of the maximum ordinate (inappreciable 
on the scale of the diagram) achieves no real advance in explaining the 
sun’s deviation from a black body 

By (227 2) the contrast in brightness between the centre and the 
selected point near the limb (sec 0 - - 3) is 0 6 for the integrated spectrum. 
By Table 43 it is 

= 0 46 for A4157 , = 0 77 for A12470 

This is mostly accounted for by the difference of effective temperatures 
5326° and 6039°, a decrease of temperature having more effect on the 
violet than on the red According to Milne the observed contrast m all 
wave-lengths agrees very closely with that predicted by this theory He 
considers this agreement to be very unwelcome, it is premature because 
we have yet to take account of the variation of the absorption coefficient 
The close connection between centre-limb contrast and variation of fcj is 
shown by the occurrence of r, sec 0 in (228 6) , to double kjk is equivalent 
to transferring to a new point on the disc where sec d is^doubled When 



Fig. 5 Solar Energy Curve 
Observed intensity 

Theoretical curve for constant absorption coefficient 
Theoretit al curve for constant emission coefficient 
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we introduce variations of the absorption coefficient in order lo account 
for the difference between the broken curve and dotted curve in Fig 5, 
we shall necessarily alter the centre-limb contrast and presumably make 
it less accordant with observation 

The predicted energy-curve allowing for the spread of temperature 
but not allowing for any variation of A , u ith v is shown l> f the dotted curve 
in Fig 5 It is based on Milne’s calculations 

(b) Variation of k, . 

By (228 5) if Jc t is constant j r vanes with v, and vice versa There is 
no know'n physical hypothesis that suggests constancy of A", , but the 
hypothesis that is independent of v is plausible 

On Kramers’ theory of absorption as developed for X rayB m the 
intenor of a star we found that j, was independent of v up to the guillotine 
limit ( § 157 ) It is a wide extrapolation to extend this to optical frequencies , 
but since the general pnnciples of optical and X ra\ absorption are the 
same, we shall adopt the hypothesis tentatively We may say at once that 
it will not bring about the desired agreement with the observed energy 
curve of the sun, but it is a proper first step to exhibit divergences from 
a curve which has a physical meaning rather than from a curve which 
corresponds to a purely mathematical abstraction with no physical 
interpretation 

*Frt m the analysis in § 157 it follows that if j v is independent of v 


k, = 105 p e* - 1 
k 128 a x 3 


(229 2), 


where x =■ hvIRT, fS = 1 151 , a — 1 0823 The mean coefficient k in the 
present discussion is evidently the coefficient of opacity k 2 of § 157. From 
(226 5) and (226 61) g T 3 dT 8 dx 

dT= 3 T7“ = 3* 0 V 

where z 0 = hvJRT n Hence 



i a Jj, 



dx . 


(229 3) 


Having tabulated the integral of (e 1 — l)/x s we can calculate the values 
of x (and therefore T) for any optical depth r, and then proceed as in 
Table 43 

The calculation would be long and it is doubtful if the labour of an 
accurate computation would be justified A short method will give 
sufficient accuracy for our purpose Although x vanes as we descend m the 
star we shall be content to calculate kjk for a mean value x, = hv/RT t 
and treat it as constant By (228 2) and (226 5) the effective temperature 
is the temperature at an optical depth given bv t sec 0—1 The effective 
temperature for a particular frequency v will also correspond very nearly 
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to the same depth provided that r, = t (the small divergences bemg those 
exhibited m Table 43) , but if r„ is different the condition r sec 6 = 1 is 
evidently replaced by 

r„ sec 6=1 or r = cos 6 kjk r 
so that the intensity corresponds to temperature T r , where 
acT * = H( 2 + 3 (ifc/Jfc,) cos 6) 

Since Fig 5 refers to the integrated light of the solar disc we must 
take cos 8 = ij , and accordingly the equivalent temperature for frequency 
v will be given by = i (l + k/k.) T* . (229 4) 

We can now by’ Planck’s law calculate the change m intensity due to our 
seeing down to a layer of temperature T v nistead of T, and multiply the 
ordinates of the dotted curve m the ratio found The result is shown by 
the continuous curve in Fig 5 

At first sight this curve for constant seems to deviate more from the 
observed spectral energy curve than the curve for constant k„ did But 
even if that is so, we must emphasize that it is the deviation from this 
new' curve that requires a physical explanation rather than the deviation 
from the first < nrve which was merely a mathematical auxiliary The new 
curve has the advantage that it accounts better for the falling off of the 
solar curve at short wave-lengths* The high peak of the observed curve 
is still unaccounted for, assuming that this is due to less emission f in The 
wave-lengths concerned, the general opacity k will be reduced and hence 
jP„ for other frequencies will be reduced according to (229 4) Thus the 
deviation on the right-hand side of the figure is likely to right itself 
automatically when the high peak is accounted for 

We have calculated the effect of changes of k, on the energy-curve 
By the converse process we can calculate what variation of l , would be 
necessary to account for the observed curve Values of l\ obtained in this 
way by Milne are tabulated in the second column of Table 44 The values 
which correspond to constant j , , obtained from (229 2), are given in the 
third column By division we obtain the values of 1/j, given m the fourth 
column (The unit m each column is arbitrary ) 

The last column indicates that the whole deviation of the observed 
curve is ac c minted for by a regular decrease in the emission with decreasing 

* H II Flasket 1 [Pub Dommum Observatory, 2, p 242) considers that the 
diminished intensity at short wave-lengths in Abbot’s curve is due to the large 
number of absorption lines, and that the intensity between the linos agroos with the 
black-bodv curve This conclusion was also reached bv Fabry and Huisson (Comptes 
Itendus , 175, p 150 (1922)) from measurements at five places free from absorption 
linos in the region 2920-3940 A If tins is correct we must emphasize that the agree- 
ment is quite unexpected and unexplained 

t Note that increased brightness indicates docreased emission 
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wave-length This seems a very reasonable explanation We might expect 
some such modification of Kramers’ formula for emission when account 
is taken of the finite size of the ions responsible for the radiation cf optical 
frequencies It may be remarked that between wave-lengths 3000 and 
1 2,000 the emission is due mamly to capture of electrons in exc ited orbits , 
electron switches without capture would give longer woves, and capture 
in normal orbits would give shorter waves The reduction of the emission 
cannot be attributed to the guillotine i fleet of occupied orbits, it is, 
perhaps, due to the fact that for these close approaches the atom with 
one or two electrons missing cannot be treated as equivalent to a point 
charge 

Table 44 


Analysis of the Observed Solai Energy Curve 
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01 
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55 
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Against this interpretation of the observed energy i urve there is the 
objection raised by Milne that Ins values of A , in Table 44 are not supported 
by the centre-limb contrast which agrees much better w'ltii a nearly con- 
stant k v Milne concludes “ w ith considerable assurance that the departure 
of the sun’s energy spectrum from that of a black body is not due to a 
varying general absorption in the layers contributing to the radiation 
It depends on how closely we can trust the observed values of the centre- 
limb contrast If Milne is right, we must turn to cause (r) 

(c) Deviation from equilibrium conditions 

There is the possibility that owing to its exposure to non-equihbnum 
radiation the material may not have the normal absorbing and emitting 
power for its temperature and density so that jjt w is not giver, by (228 5) 
The radiation is richer in the high-frcquenc y constituents which are capable 
of ionising normal atoms , the ionisation may therefore be greater than the 
equilibrium value For the most part emission by capture can only be 
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performed by ionised atoms*, so that if the number of ions is increased 
10 per cent is increased 10 per cent There will also be some further 
increase due to the greater abundance of free electrons At the same time 
k r diminishes In fact the equilibrium ionisation attains just the, value 
required to bring j v and ck,l (v, T) into agreement, if greater ionisation 
occurs, then j„> ck„I (v, T) 

The emergent intensity is seen from (228 4) to be directly proportional 
to j, lk t We can therefore see at once the excess of ]Jk t required to give 
the observed curve If the excess ionisation is more or less the same at all 
depths the intensities at the centre and limb are multiplied by the same 
factor, so that the contrast -ratio is unaffected and Milne’s requirement is 
satisfied The non-equilibnum conditions are too complicated to allow 
a prediction as to what part of the spectrum v ould be most affected by the 
excess ionisation but there is no reason to think that any difficulty arises 
on this pomt 

1 should scarcely have expected the change of ionisation to be sufficiently 
great to explain the observed curve — at least IS per cent seems to be 
required in order to represent the high peak 

At present we cannot deeide on a definite conclusion The whole 
investigation leaves one with a sense not so much of puzzlement over the 
deviations of the sun from a black -body as of surprise that it should 
approach a black-bodv so nearly as it does # 

It should be added that the observational data to which we have 
trusted are not entirely confirmed by recent investigators, and it is possible 
that we have been lac ing too much stress on some of the features of Abbot’s 
curve 


Second Approximation to the Temperature Distribution 

230 The emergent radiation (227 2) is J (0) dinjArr for the level r = 0, 
so that 

J (0) — 2H (1 + j cos 0) for r = 0, 0 < ^ 

For 0 > - , J (0) is zero at this level Hence by (225 5) 

J = l 1 -fj(e)da > ^iff . (230-1) 


This should now replace our original boundary condition J = 2 H which 
corresponds to the approximation in which J (0) is supposed to be 
constant over the hemisphere Hence in place of (226 61) and (226 62) 
we now have ar7 M = \H, acT * - 4 H, 

so that T r = (V) 1 T„ =- 1-230T 0 (230-2). 


* Capture of electrons can be effected by neutral atoms, but their efficiency is 
likely to be much less The negatively charged atoms H_, C_, 0_, eto are well known 
in positive ray experiments 
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Note that the ratio TJT 0 depends solely on the law of darkening, so 
that for the sun it could be deduct'd at once from the observed lav of 
darkening without reference to the theory of the temperature di'-tnhution 
in ihe interior 

By the same method we can find J (6) at any level Making the 
appropriate modifications of (227 15) we have 

J(6) = H seed (2 |- 3t) e l* dr (0 -.*) 

J Ti 2/ 

J (8) ■--- H sec 6’ (2 | 3 t)c-<’. dr (s' 

Hence performing the integration 

J (9) = H (2 + 3 cos 0 4 3t x ) ( 9 < "j (230 31), 

J («)-=.& {(2 -3 cos 0')(l-e ’•■*•-*) 4 - 3tj} (b' < ") (230 32) 

Substitute these valm-s in (225 5) so as to obtain the values of J, H and 
K We give separately the parts corresponding to the outward radiation 
(./,) and inward radiation (./_) Th< results are — 

J + = H(] +jr), •/- - H (i + Jr - (r) 4 \U 3 (t)), j 

J -H( 2 , 3t — f/ 2 (t) 1 ;P,(x)), 

H + = H( I+'t), H_ - i/(- ‘r+V(f r i(r)-^',(r))), 

- , H = H | \t (U z (t) — U 3 (t))), 

K + - H U; 4- It), A'_ - H (- J, -r Jr - U, (r) + Jf/ 5 (r)), 
(24-3T-3(//(T)^r 5 (T)) 


(230 4), 


where 


/■*. g-rjf 

U,(r)=i ~ T dy 


1 V 


(230 5). 


231 Consider now how these results aie to be used for a second 
approximation to the temperature distribution Equation (225-42) is 
rigorous and II is constant, so that 

K = tH + const (231 1) 


Formerly we set K — )J the factor J coining from the mean value of cos 2 6 
over a sphere We can now replace this by the ratio of K to J given ir. 
(230 4), which is the mean value of cos 2 6 properly weighted according to 
the distribution of the radiation in regard to direction as determined in 
(230 31) and (230 32) Hence 


where 


J = 3/ (t H 4- const ), 

_ 2 +Jr -U, (r) + j EM t) 
1 2 4- 3r — 3f7 t (t) 4- (t) 


(231 2) 


The constant has already been determined since J - | H at the boundary, 
80 that acT* = J =fH (‘ H 7 - 4- 3t) (231-3), 
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since the boundary value of / is found to be j f . This replaces the first 
approximation acT 4 — J = H (2 4 3t) 

It will be noticed that we do not use the revised value of H from 
(230-4), that would be a retrograde step That U is constant and equal, to 
a given boundary value is the essential condition of the problenU. The 
fact that calculating from the first approximation to the temperature 
distribution, we do not exactly reproduce a constant H indicates the 
failure of the first approximation to fulfil the conditions of the problem ; 
and if the “revised value ” is H + A//, A U is a measure of the error of the 
first approximation 

The functions U r (t) are calculated by the reduction formula r 
(r - 1) U T (t) = e- r - (r), 

and U 1 (r) is a tabulated function 

Li Table 45 the second column gives the value of / calculated from 
(231-2), the third column gives the ratio of the second approximation to 
T* from (231 3) to the first approximation from (226 5) The fourtli column 
gives \IljH as defined above 

Table 45 

Second Approximation to Temperature Distribution 
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0000 
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1 0009 
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0000 


The main interest of the investigation is that the second approximation 
makes so slight an amendment to the distribution given by the first 
approximation We could without much difficulty examine the effect of 
this amendment on the law of darkening (227 2) but it is evident that the 
correction would be trivia]’" 

The first approximation will be sufficiently accurate for most purposes, 
and wc shall use it throughout the rest of this Chapter. 

The Photosphere f 

232 The photosphere is the region jn which the heat and light directly 
reaching us is emitted We shall take two levels tj and r 2 between which 

* The chief effect m a slight extra dimming near the limb, where the radiation 
comes from small depth t and would in the limit be reduced to l of the intensity 
given by the first approximation 

t The investigation of conditions in the sun’s photosphere is resumed in § 251 
and reference should bo made to that section for the definitive conclusions. 
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80 per cent of the heat is emitted, 10 per cent being above Tl and 10 per 
cent, below t 2) and regard these conventionally as the upper and lower 
boundaries of the photosphere 

,To find and t 2 we must insert these as limits in the integral in 
(227-15) b 

, sec 6 J (2 + 3t) e-^c» d T = | ( 2 + 3 z cos 6) e *dz 

= — (2 + 3 cos 6 + 3z cos 0) 

.. (232 1) 

It is then easy to determine the values of z — t sec# between which 
(232 1) ipereases by any given fraction of its total increment from z = 0 
to 00 

For the centre of the disc — 

Setting cos 0=1 we find 

n = 0 25, Tg = 34 (232 2) 

By (226 5) the temperatures at these levels are 

T 1= 0 91 IT,, = I 322 T, (232 3), 

where T, is the effective temperature of the star, or if T,' is the effective 
temperature of the centre of the disc 

T t = 0 867y, Tg = 1-2577 

For the integrated disc , or for a region ol the disc where cos 0 — § — 

W m -= 0 134, x 2 = 2 21 . (232 4), 

and the temperatures are 

7^ = 0 88077 T t = 1-2127',. . (232 5) 

It will bt 1 seen that the range of temperature in the photosphere is 
determined without any knowledge of the law of variation of the absorp- 
tion coefficient k 


233 The hydrostatic equation dP = — gpdx continues to be valid at 
the outside of a star so that 

d (po -r pu) — — gpdx 

But since the radiation pressure is not strictly isotropic p R is here the 
vertical component of the pressure The pressure of radiation m a vertical 
direction is Kjc (cf the definition of p R in (74 2)) Hence b> (225 42) 
dpu = dK/c = //rfr/c = — kpHdxjc, 

so that dp u = - (dpQ + dp u) (233 1), 

eg 

which is the same as (81 4) for the stellai intenor 

Conformably with the first approximation we set p R = \aT l The 
exact value is ^aT*/f , where / is given in Table 45, but it would not be 
proper to introduce f without attending to the other modifications in- 
volved m a second approximation 
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Let 


1 -*-** 


(233 2). 


Then (233 1) becomes 


J apdT* = (1 - P) 9W (p'f/p) 


....(233 3}. 


Suppose that jS' (and therefore X*) is constant Then by integration 

P T (233-4) 


T* - T u * - 


39? (1 - P) 


a pP 


This is similar to (84 1) except that the constant of integration is no longer 
negligible Of course /J' will not have the same value as /? m the stellar 
interior 

Owing to the constant of integration (1 — P)/P no longer represents 
the ratio of p H to p u , but it represents <ip u jdp a , which is what is com- 
monly meant by the latio of radiation pressure to gas pressure, i e tin- 
ratio of ihe forces exerted by these pressures on a given piece of material 
It has sometimes been thought that, since pp/p a tends to infinity at 
the boundary, radiation pressure becomes of enormous importance in the 
equilibiium of the extreme layers of the star, this is a fallacy because the 
force depends on the gradient of the pressure and not on its absolute value 

Bv (22(1 5) and (226 61) 


Hence by (233 4) 


T* - 7’,, 4 = 3 r/I/ac 

Pi T i _ n 
Pi ^2 T a 


(233 5) 
(2&3 6). 


Inserting the values (232 4) and (232 5) for the limits o£ the photosphere 
(integrated disc) we find 


By (233 4) and (233 5) 


Pi - 12 0/jj. 


9? m 

Pa — pPT 


af}' 3t H 

3 (i - (S') ac 

P H 

1-P c T 


(233 7). 


According to Milne (§ 248) the value of 1 - p for the outer part of the 
sun is roughly 0 1 We have for the sun Hjc =- 2 08 Hence for the limits 
of the solar photosphere (232-4) 


(P(f) i = 2 50, {pa)i = 41-3 dynes per sq cm., 

that is to say, the pressure m the solar photosphere is round about 10" 
atmospheres 

dP ^adT* 39?(1-S') T 
P 1 - P atf T* - T 0 4 by (233 4) 

49? TMT 




Also — gdx 


(233-8). 
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Hence integrating 

const — x = 


9W’o 

rf'g 


J 4T Ll T ~ 

ir 0 hlogp T , -t 


To 


2 tan -1 


T ' 

r.J 


For P we guess the value 20 since the ionisation is low, j =. 
the siin, hence with the values of T m (232 5) 


.(233 9) 

2 74 10* on 


• ^—*4 = 2 70.10* cm 

To sum up at an average point on the sun’s disc (cos 9 - -;) the 
thickness of the layei furnishing 80 per cent of the whole radiation is 
27 kilometres In this zone the temperatuie increases irom 5050” to 6950‘ 
and the ‘density increases twelvefold The pressure increases sixteenfoid, 
and in the middle its value is about It)- 5 atm os 

In a giant star the thickness of the photosphere will be gieatly increased 
on account of the much smaller value of y (233 9) The pressure is only 
altered to a moderate extent according to the value of £'/(l - fi') 

These preliminary results will be revised in s 251 but their general 
character is not much altered 


Absorption Lines. 

234 Line absorption is c aused by the excitation of an atom from one 
state to another In this process radiation of a definite frequent y v to 
v ^ Sr is absorbed and if the atom is free from disturbance the width Sr 
of the ‘absorption lme is small The explanation of the appearance of 
absorption lines in stellar spectra is not quite so obvious as we might 
think at first ; because absorption is closely linked with emission 

Here are two rough (and contradictory) argument.-. — 

(a) Consider radiation proceeding outwards It excites atoms and it- 
accordingly absoi bed , but the oxc ited atoms subsequently relapse and 
emit radiation of the same frequency The emission, however, occurs m 
all directions equally so that only half of it goes to reinforce the outward 
beam Hence absorption followed by emission is equivalent to simple 
absorption with coefficient and the intensity in the range v to v 4 Sv 
falls off exponentially giving a very dark line 

(b) In light of frequency v to v + 8r we can only see a von small depth 
into the star since it is highly opaque lo this ladiation But the region we 
do see has a temperature not less than T a tin b mudary temperature, so 
that the intensity of the radiation m the line should not be Jess than that 
corresponding to 7 1 ,, Since the surrounding spectrum has an intensity 
corresponding to T , — 1 •237 , u the contrast is very limited 

The first argument is nearer the tiuth than the second, but wc have 
the uncomfortable feeling that more attention should be paid to the 
subsequent adventures of the radiation emitted backw ards I flunk it 
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is a not uncommon idea that the Fraunhofer spectrum is caused by a 
cloud of cooler matter which cuts out the photosphenc radiation at 
frequencies for which it is opaque and substitutes the less intense radiation 
proper to its own temperature this is argument (6) It seems best to 
examine the whole question by an analytical investigation, tracing the 
formation of absorption lines — under idealised conditions it is true, but 
not too unlike the actual conditions 

We assume the radiation to have the equilibrium constitution with the 
necessary exception at the absorption hne which is being studied* We 

set J' for the flow of radiation of frequency v to v 4- dv in the absorption 

* 

* There is no self-contradiction in assuming equilibrium constitution of tho radia- 
tion right iqi to tin hounclai v of n star, by making the emission coolfic lent j/ a suitable 
function of i> and T \\< can construct an ideal star eonforming to this eondition 
In actual stars, howc ver, the region above the photosphere is traversed by radiation 
w'uch is beginning to deviate. apprec iabt\ from equilibrium constitution, and it 
ma\ fun Jv be asked whether our assumption doc s not differ so much from the actual 
conditions as to make the results misleading I think it can be shown*that our 
disc ussion represents fairly well the typical conditions of formation of actual absorp- 
tion line's We may dnulc the assumption into two parts in so far as it relates to 
(a) radiation c oiitipuous to till absoiption line, (b) more remote jiarts of tho spectrum 
The latter part seems to be a fair approximation, no more harmful m this connection 
than in t)l) 241-24.1, it is employed m most standard investigations of the outer 
layers of a star But the part (a) is more risky, in partu ular an incorrect, assumption 
as to the density of the contiguous S(iectrum direclh uffccts calculations of tho 
contrast ratio or blackness of absorption lines Rut tins orror is not s\stematic, 
the Hctual radiation is richei m high frequent les and poorer ui low frequences than 
the equilibrium rudiatiou substitute d for it, so that lines in tho blue and m the red 
are affected in opposite ways There is in fact an intermediate region of the spectrum 
whore the assumption is substantially correct, its location ran He found as follows 
According to observation the radiation at the boundary is approximately equilibrium 
radiation for temperature T r except that its density is reduced to 1 bv look of in- 
flowing components, thus the density is 

- 1) instead of CV 3 /(c fc, / n7 » - 1), 

where T„ - T, The constitution below the suiface cannot, be determined with- 
out a detailed knowledge of the emission laws, but presumably it follows the samo 
kind of relation, i e approximately 

eC,'/(e )l ‘l ltT ' - 1) instead of (V/(e* , / WT - 1), 
where T T e fj 8 The condition that the two expressions become equal is found to 
be hv’RT' - 3 (i to 3 9 foi 6 - J to 1 For tho sun the corresponding w T uvo-lengths 
are 6900 to (1400 A Our results should be fairly correct for absorption lines near 
this port of the spectrum This region can be shifted to any part of the observed 
spectrum by choosing a star of appropriate temperature 

Fart (a) of the assumption is employed when we set the ordinary continuous 
emission jpds equal to kJ pds (below) By (225 41) the more general expression is 
y k {J - dll i dr) Although dH/dr vanishes for the whole radiation it does not in 
general vamsh when (as here) the symbols refer to radiation of a particular frequency 
There would thus be an additional term - kdH/d t on the right of (234 1) Unless 
this is got rid of either In assuming equilibrium constitution or by choosing the 
region of the spectrum discreetly, the analysis becomes intractable The assumption 
is also invoked in calculating the emission due to oxcitation by inelastic collisions 
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239 


line and J for the flow m the same range at practically identical frequency 
just outside the line, similarly for the other symbols 

The Tadiation J' will suSer the ordinary continuous absorption kJ'pds 
and in addition the absorption (k' - k) J'pdt, of energy eu.ploj orl in 
excitihg atoms Most of the latter will be rc-cmitted with tin same 
frequency, but a certain fraction e will be transferred to 1 .anshtorv energy 
by superelastic collisions and lost to that particular frequency* Additional 
emission will be given by atoms excited by inelastic collisions the amount 
of this is found from the condition that it balances the amount 


, e (F — k) J'pds 

lost by the converse process when J' has its equilibrium value J Its 
amount is accordingly e (k' — k) Jpds Further, there will be the ordinary 
continuous emission LJpds for the temperature The total emission is thus 

pds {(1 — e) (A' — k) J' + e ( k' — k) J +- kJ} 

Hence the equation corresponding to (225 1) is 


cos 8 


dJ' (8) 
pdx 


- - k'J' (8) 4 (1 - <r) (A' - A) J' + e (A' - k) J + U (234 1) 


Multiply by dmjbrr and integrate, also by dm cos 8/ 4n and integrate, we 
obtain ( jjj’ 


pdx 

dJC 

pdx 


— {A' +• e (A*' — k)} {J - /') 




I 


By the usual" first approximation we set K' = \J' L 


Then (234 2) becomes 


so that 


(234 2). 


p 2 = 3 {A h € — A)}/A 

d.T = — Jc'pdx 

1^34 3), 


(234 41), 

dJ ' - 3 IV 

dr' ~ 6 

(234 42), 


(234 5) 

5) w e have 


— 3 («/ — -A) — 0 . 

(234 6) 


ZTSZZMtZ Z ... ~ 

alter the sum of the intensities in tho lines. 


22-2 
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235 First suppose that e and k'jk are constant so that 
p 2 = const , dr' jdr = const. 

Then by (234-6) d’-J/dr ' 2 = 0 so that (234 5) becomes 


( 236 - 1 ). 

The solution is J' = J + Ae~ pT (235 21), 

the negative sign being taken because J' must approach the equilibrium 
value J at great depths Differentiating we have 


dJ' _ dJ dr 

dr' dr dr' 


— pAe~ pr , 


or by (234 42) 


‘ill’ = 3 H 



(235 22). 


Following the first approximation the boundary condition at r - 0 is 

J = 2H, J' = 2H' (235 3) 

Hence multiplying (235 21) by :! and subtracting (235 22) 

0 - ‘iH (1 - k/Jc') A (i +p) 

This determines A and the results become 
JI = J _iH(\~klk') e 

\k P + \ 

wnth J - H (2 + 3t) and U — const * 

The value of H’ /H at t' — 0 measures the blackness of the absorption 
lme that w'lll be observed 


”')i 


(235-4), t 


236 Next suppose that the atoms giving the special absorption do not 
extend to the surface To illustrate this we suppose that k’/l is constant 
as before when r > r, . but lc’ - k for r < tj 

Then equations (235 21) and (235 22) hold for r > Tj, and at Tj we must 
fit on continuously a solution of the form 

J’ — J — 2B ^cosh ry/3 + sinh r->J‘i\ j 

2 / /„ ' v ! ( T < T i) (236-1), 

H’ -- H — ^ B ^sinh ry / 3 + cosh ry/3] 

which satisfies (235 1) and the boundary conditions (235 3) In this outer 
region p — \/3 and r = r 

* It can be shown from (234 6) that the equation J = H (2 + 3t), originally 
proved only for the integrated radiation, is valid for the present application (This 
is, however, a consequence of the initial assumption of equilibrium constitution of 
the radiation, and is not a general theorem ) 
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By the continuity at r x 

Ae~ pT ' + 2 B ^cosh tjV 3 l- ^ 3 smh r x = 0, 

*■ pAe-P r ‘ + 2-v/3 B l^sinh r, y/3 , ^ 3 cosh tjV3^ =3 H (1 - l jl '), 
which g\ves 

B= _J H{l~L/k') 

(P i 7 ) cosh U \/3 ! V‘i !kp + 1) smh tj-v/ 3 (23C 2) 
Also by (236 1) we have at the boundary 

, H' =■ H - B ... (236 3) 

237 Thirdly, let the absorbing material be near the surface and not 
extend below r x so that lc' - L when t' > t/ The appropriate solutions 


are 


J' = J + .4e-'' vl 

II' -- H — \ n Ae r ''' 3 
V3 


(r - r/) 


J' — J — 2B cosh pi-' + ( H (1 — k/k') — B) smhpr' 

P 

H' = H^,- 2 ^B smhjiT H (H (I — fc/fc') - B) cosh pi 


TJJie latter values satisfy J — 2/7, J' - 2//', at r' - 0 

From the continuity at t' -= t,' we have by eliminatmg ^4 


"B = 


~ /') ( cosh J* T i' smh pr,' - 1 j 
(] + V 2 ' ! ) cosh pr,' . 1 J 3 )smhK 

At the boundary (237 2) gives 


(237 1), 

( T ' < V) 

. (237-2). 

(237 3). 


H' - H — B 


238 Certain general conclusions c an be drawn from the formulae in 
the last three sections Since p is not less than \/(3 kjl '), when p is a small 
quantity of the first order k/k’ will be a small quantity of the second order 
Thus to the first order the boundary value of H'/H 111 (235- 1) is 

H'jH - $p . (238 1) 

Hence by (234 3) k' l ~ f ~ k ,£ l(ll) ( 238 2 * 

This requires that both l/k’ and e shall be less than J (Il'/H) 2 

To obtain a line of blackness 1 10 (H'jH -- j n ) we must have— 

Firstly, e< 1/133 Such a line can only be formed in gas at low 
pressure where superclastie collisions arc infrequent and transform less 
than 1 per cent of the energy of excitation 
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Secondly, k'jk > 133 Very high absorption coefficients are required 
The element producing the line can scarcely be expected to constitute 
more than 1 or 2 per cent of the whole material , l is probably of the order 
100 to 1000, so that the absorption coefficient of the pure element for the 
monochromatic radiation must be 10 8 or 10 7 

If the material does not extend to the surface but stops say at t, — 0 2 
we find from (236 2) that for p = 0 


H' 

H 


^ = 1 — 


cosh Tj\/ 3 sm h r, y 3 
V ■* 


0 32 (238 3), 


so that' however intense the absorption below r, - 0 2 the blackening is 
not more than 1 3 The filling up of the line is caused by the photosphonc 

emission above t, - 0 2, but this emission is about double the emission 
from tlie same stratum in neighbouring parts of the spectrum This is 
because the material of high opacity which backs it acts very much like 
a mirror It stops ladiation of the frequency of the absorption line from 
going deeper into the star, so that it all has to tome outwards 

Finally, consider a thm layer of material of great opacity near the 
boundary From (237-3) we find that when /it,' -> 0 


This holds only when jpr,' is small and t, then is much smaller As. t, 
increases, the value must tend to the limit (238 1) 

The main points which emerge arc that very high absorption coefficients 
are required to give strong blackening of the lines and tliat 4 he blackness 
increases as the square root of k’ Also greater contrast than 1 3 cannot 

be produc ed by absorption below r- 0 2 however strong For this reason 
we think that the revet nnq layer, i e the region which is most effective 
in determining the darkness of the absorption lines, should not be placed 
much lower than r = 0 2 


Estimates of the blackness of observed absorption lines are at present 
rather contradictory Kohlschutter and Shapley obtain a contrast of 
1 3 or 4 in the strongest line's, Sc hwar/schild about 1 10, IT H Plaskett 

1 10 for faint lines* 


It is clear that we must be able to detect lines with a contrast-ratio of 
less than l 2, otherwise the double spectra m spectroscopic binaries 
could never be observed The usual estimate is that a line just becomes 
observable when the intensity in it is 7 of the intensity of the surrounding 
spectrum 

The theoretical difficulties increase if very high contrast is insisted on, 
since thatmaymvolvcimpossiblyhigh absorption coefficients Thcdifficulty 


* C H Payne, Stellar Atmospheres, p 51. 
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is aggravated for ‘ subordinate lines” which are absorbed In only a small 
proportion of the atoms present On the other hand any degree of eontiast 
can be admitted in the H and K hues and a few other promm -m hues 
which belong to the chromosphere rather than the reversing layer and are 
formed under c onditiom different fiom those laid down in § 234 

Emission Lines 

239 The spectra of certain stars contain bright hues superposed on 
the continuous spectrum The- Balmer senes of hychogen and the enhanced 
lines of iron are specially liable to this i eversal, sonic* of 1 he lines appearing 
bright instead of dark in a spectrum which would otherwise be considered 
normal The phrase* ‘ star with peculiar spectrum” usually has reference 
to bright lines In type O bright lines are fairly common the stars with 
this feature being called \\ olf-liayet stars but emission lines occur also 
m other types \\c shall not lien* consider the l'jght line's in long-period 
variables where the phenomenon is evidently associated with the varying 
physical conditions and is not so mysterious as in an apparently static 
star, nor do we consider such phenomena as dark lines with bright centres 
where the brightness is not compared with the regular photospheric 
background 

It is very difficult to account for a bright line in a static star We 
own scarcely attribute it to special abundant c of the atom or ion concerned 
since that is already invoked to explain strong absorption lines 

To contribute to an emission line of frequency v an atom must emit 
without having previously absorbed this frequent y* The double process of 
absorption followed by emission adds nothing to +he amount of radiation 
of frequency v present it. merely helps to equalise the (lov. m all direction! , 
so that the outward flow is at any n»te not strengthened by it There are 
only three ways in which emission can occur without previous absorption 
of the same frequency - 

(1) The atom may be bi ought by a collision into the state necessary 
to emit 

(2) It may la* brought to the loqmml state by absorption or emission 
of other lines of its spectrum 

(8) It. mav capture an electron m an eve. led orbit 

As regards ( I ) , since the emitting material must clearly* be in front of 
the photosphere the* speeds of the electrons correspond to a temperature 
near T n , or at any rate less than T, Bv collision thev excite normal atoms 
and de-excito excited atoms and would by themselves just maintain the 
number of excited atoms corresponding to equilibrium at their temperature 
To give a line showing bright against the photosphere there must be many 
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more excited atoms present Excitation and de-excitation no longer 
balance, because the latter is increased proportionately to the greatei 
number of atoms ready to be de-excited Consequently the electron 
collisions on balance reduce the excited atoms without letting them eqnt 
their energy as radiation and tend to wash out the emission line 

If the motion of the electrons is purely a temperature mohon they 
cannot assist the formation of emission lines, but if they have extraneous 
velocities greater than therandom temperaturevelocitics (about 500 km per 
sec ) then they may be able to perform more excitation than de-excitation 
Currents in the stellar atmosphere could scarcely have sufficient, speed 
But a disturbed (cyclonic) state of the atmosphere might establish local 
and temporary electric fields— thunderstorms— under which the electrons 
would acquire high speeds, the free path at the low density being fairly 
long If there is no other way out we may have to suppose that bright 
line spectra in the stars are produced by electric discharges similar to 
those producing bright line spectra m a vacuum tube, and depend entirely 
on disturbed conditions in the atmospheres of the stars w hieh show them* 

Explanation (2) seems to postulate a much viider deviation from 
thermodynamical equilibrium than we can admit in the stars It requires 
that a bright line at v shall be accompanied by a dark line at y, , the latter 
representing the absorption which raises the emitting atom to, or above, 
the required state But since no such effect occurs in thermodynamical 
equilibrium there is only the difference in strength of the radiation '&t 
temperature T, and T n respectively available for this extra excitation 
Similar considerations apply to explanation (3) the dark, line at v 1 being 
replaced by continuous absorption beyond the head of the pnficipal senes 

Again, since the process of absorbing in certain lines and emitting m 
other lines does not alter the total energy m the lines, a bright line which 
has, say, 6 time's the intensity of the continuous spectrum would (roughlj 
speaking) have to be compensated by 5 wholly black lines — or more, if 
the dark lines are relegated to the unobservable part of the spectrum where 
the intensity is weak 

* Another possible source of high speed electrons is radio-aetivo disintegration 
In order to Account for magnetic storniH it stems necessary to postulate' streams of 
negative and positive charges issuing from the sun It is usually supposed that 
these arc' a and ji particles emitted with high velocity from uranium, etc , though 
it is difficult to believe that the lieavv radio aetnc substances rise sufficiently high 
in the photosphere to gi\e free exit to the emitted particles The cause of the emission 
may perhaps be radiation pressure (t| 254), or C T H Wilson’s phenomenon (§ 210) 
The difficulty is to mi mint for the esiape of positive!} charged particles, unless 
charges of both signs are leaving the escape is immediately stopped by an electro- 
static hold 

High-speed electrons will also be produced by the penetmting radiation (§ 223) 
which, whatever its origin, must be supposed to occur in stellar atmospheres as it 
does in our own atmosphere 
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These arguments are not affected by postulating an extended chromo- 
sphere— within reasonable limits If the extension is comparable wi'h or 
greater than the radius of the star the appendage is more naturallj 
described as a nebulosity surrounding the star An emission spettrum is 
then more intelligible T 1 or example, the integrated spectrum of a planetary 
nebula wyth its central star would show bright lines tl is must still be 
explained by the process (2), but the process is afforded more scope by the 
great deviation from thermodynamical equilibrium in the more distant 
part of the nebula 

We conclude provisionally that bright lines in the spectrum of a static 
star indicate that either (a) the star is greatly disturbed by “thunder- 
storms,” or (b) it is a nebulous star 


Spectra mid Temperatme 

240 .After the first use of spectroscopy for identifying the elements 
present in a star, the most important advance was the disc mil inatien of 
‘ enhanced” lines, 1 e lines which are strengthened m the spark spectrum 
compared w ith the are spec train This leads natuially to the use of spectra 
as a clue to the physical conditions (as well as the chemical conditions) 
in the outside of a star without going further than the empirical relations 
we can decide that in certain stars the conditions are akm to those pre- 
vmlingyn the electric arc, in others to the spark This progress was mamly 
due to Sir Norman Lockver and A Fowler 

It is now known that the arc lines are usually due to un-ionised atoms 
and the spark lines to ionised atoms The spectra not only of smgly ionised 
but of doubly and trebly ionised atoms can now be disentangled For 
example, the well-known H and K lines of calcmm are due not tc neutral 
Ca but to the singly ionised atom Ca, Calcium is divalent, that is to say, 
it has only two moderately loose electrons, hence the next stage Ca ++ is 
a very compact ion difficult to disturb But for the quadrivalent element 
silicon Fowler has identified the spectra of doubly and trebly ionised atoms 
m the stars* 

A very fertile line of investigation was initiated when M N Sahat 
first brought together the observational indications of the state of ionisa- 
tion in the outside of the stars and the modern thermodynamical theory of 
ionisation By Saha’s theory all the details of stellar spectra become 
quantitatively connec ted with the temperature and pressure in the revers- 
ing layer From the historical point of view it is to be remarked that the 
thermodynamical theory of ionisation was at that time regarded as a bold 
and tentative generalisation admitting of no terrestrial test It is due to 

* Proc Roy Soc 103 A, p 413 

t Phil Mag 40 , pp 472. 809 (1920), Proc Roy Soc 99 a, p 13o(I921) 
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the tests applied by Eggert in the interior of a slar and especially by S dui 
in the exterior that it has gained credence As shown in ( liu pin m tin 
theory appears to be logically inevitable but it is easier to perceive tin 
inevitability of a conclusion when one is already persuaded by "xpeiiruent 
of its truth 

The ionisation depends mainly on the temperature but alsy to some 
extent on the pressure or strictly the electron pressuic and the ( (inclusions 
depend on the pressure adopted for the layer where the spectral absorption 
takes place But Saha showed m a general way that the spectrum varn - 
with the pholospherii temperature in the manner corresponding to the 
theoretical degree of ionisation Eor example, it is calculated thnl calcium 
will not be ionised m the coolest stars, these show mainly (lie lines of the 
neutral atom At somewhat higher temperature ionisation begins, and as 
soon cs a reasonable proportion of ionised atoms is present the spectium 
of Os appears Jn the sun both kinds of atoms should be plentiful and 
in fa. t both spectra are prominent At still higher temperature ionisation 
is nearly complete, the ('a spectrum disappears, leaving only Co., A1 
very high temperatures Ca + disappears, the atoms being now all reduced 
to (\l ++ 

241 There is an nupoitant difference of behaviour of principal and 
subordinate lines of a spectrum The former are absorbed by the atom or 
ion m its normal state the latter in an excited state The tondi^ons«for 
obtaining abundance of ions m ail excited state are rather critical Oil 
the one hand the fraction excited is increasing with temperature aec ording 
to Boltzmann’s foimula e~* nl , oil the other hand the atoms capable of 
this excitation are disappearing owing to the increasing ionisation The 
atom in fact has to juggle with its electron without dropping it and the 
increasing stimulation of tempeiature ultimately defeats itself because 
so many of the electrons are dropped 

If w r e arrange the stars in temperature sequence and trace along tlic 
sequence the change's in intensity of the spectral line's, a subordinate lme 
rises to a fairly sharp maximum and drops again A principal hue on the 
other hand has a very flat maximum, and persists with nearly the same 
intensity for a long range of temperature, since it requires a considerable 
change of condition before one stage of ionisation gives way to the next 

At the maximum of a subordinate line the number of atoms in the 
required excited state is found to be of the order 10~ 3 to 10 6 of the whole 
number of atoms of the element* At the maximum of a principal lme 
practically all the atoms are in the appropriate absorbing condition, l e 
unexcited atoms in the proper stage of ionisation The material for pro- 
duction of a principal line is thus about 10,000 times as abundant as the 

* Fowler and Milne, Monthly Notices, 84, p 610 
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material for a subordinate line By (238 2) to produce a blachenn * of 
1 5, k'jk must be at least 33 For a subordinate line tins absorption s 

due to sav 10 4 of the whole numher of atoms of the element, which m 
turn will constitute say of the whole mass present Bence mah-nul 
constituted wholly of the excited atoms should have k' equal to 1 ()’/, jf 
the subordinate Imes are of the above blackness If following Milm we 
take k - 10 s , we arc led to values of k' of the order 1 0 10 for line absorption 
Monochromatic absorption eoethcients .or certamly vei\ high but it is 
doubtful whether they can be quite so high as this Perhaps, however, 
the subordinate lines do not attain so deep a blackness, 1 think also that 
Milne’s value of /, should be reduced 

A comparison of principal and subordinate lines should take account 
of the linkage in the iorniation of the lines Consider a principal line formed 
by an atom going from state 1 to state 3, and a suboidmate line formed 
bv the atom going from state 2 to state 3 We should expect the principal 
line to darken the more rapidly, because of the much greater amount of 
absorbing material in state 1 than in state 2 But the emission in either 
line depends only on the number of atoms in state 3 , and so long as there 
is energy in the subordinate line raising atoms to state 3, these will emit 
in both lines indiscriminately so that the principal lme cannot become 
fullv dark There appears to be a tendency to equalise the two lines owing 
to this linkage of emission But 1 am not sure whether that is really so 
Support' that not merely this one line but all the principal lmes became 
entnelv black , then there w mild be no radiation capable of exciting normal 
atoms, and hen'** no atoms in ftate 2 except a few produced bv collision 
The subordinate absorption line could not be foimed . I all, owing to lack 
of material The question seems to be too complex to tie decided here 

242 Saha’s theory has dominated all recent progress in the observa- 
tion and interpretation of stellar spectra This is a liighlv specialised subject 
involving not onlj the collation of a great amount of astronomical and 
terrestrial spectroscopic data but the theory of series ill optical spectra 
which, starting from principles similar to those involved in X ray spectra, 
lias been elaborated m great detail To pursue this subject would lead us 
far from our mam purposes and we shall here only touch on the fringe of 
these researches 

The most precise mathematical development of Saha’s theory is due 
to R. H Fowler and F A Milne* Instead of determining the temperature 
at which a line should just appear or disappear (which involves estimates 
of the abundance of atoms or ions required to produce detectable absorp- 
tion) they calculated the conditions for which the line should reach 
maximum intensity 

* Monthly Notices, 83, p 403, 84, p 499, 85, p 970. 
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The number of atoms in a state to absorb a given line varies with 
temperature and density Fowler and Milne take as their two variables 
the temperature T and the electron pressure P f , the latter is presumably 
about half the total gas pressure since we may expect about 1 free electron 
per atom in photosphenc conditions* Keeping P r fixed we can trace how 
the proportion of atoms m the required state changes with T, *yid deter- 
mine the temperature for winch it is a maximum If P, is rightly chosen 
this should be the temperature at which the line reaches maximum in- 
tensity, and the spectral class of observed maximum intensity can thus 
be correlated with temperature Conversely if w'e know the temperatures 
of the different spectral classes we can determine the value of P e for the 
reversing layer 

The formulae for determining the number of atoms in a given state of 
'onisation when the elec tron density is given have been developed in § 47 , 
the proportion of these in any given excited state is also known by Boltz- 
mann s formula Bv differentiating with respect to T the temperature of 
maximum abundance of the given state can be found We do not give the 
formulae here explicitly since for piactieal computation simplifications 
appropriate to the particular conditions considered are introduced, and 
wc are not here concerned with the technique of practical computationf 

The following examples are taken from Fow ler and Milne’s calculations — 

(1) H Balmer Senes Maximum in type A 0 — 10, 500° on temperature 
scale usually adopted Temperatures of maximum abundance of hydrogen 
atoms in a state to absorb the Balmer senes are — 

P, I 3 10- 4 atmos , T - 10,000°,' 

P, - 7 2 10- 4 , T = 11,000, 

P, - 3 l 10- 3 , T - 12.000. 

(2) Mg, A4481 Maximum m type A 0 -- 10,500° — 

P, - 0 8 10 -4 , T - 10.000 

P , - 5 2 10- 4 , T - 11 000, 

P, - II 10-*, T 12 000 

(3) Mg A57I1, 5528, 4703, 4352 Maximum ‘ between sun and sun- 
spot” - 5500°— 

P r = 2 4 10-=, T = 5,000, 

P, = 1 « 10- 4 , T -= 5,500, 

P, -78 10- 4 , T 6,000 

(4) 0a + H and K lines Maximum in type K 0 = 4300° — 

P, - t» » 10- 7 , T = 5,000, 

P, - 5 0 10- 6 , T = 6,000 

* Some elements will not be ionised, others mav bo doubly ionised 

t Reference may be made to Fowler and Milne, Monthly Notices, 83, pp 408—410. 
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(5) He + . A4686 Still increasing m the hottest type O— 

5-1 10-s . T = 30,000, 

“■ 1 1 10 ~*’ T = 35,000 

(8)* He A5876, 4471, 4026 Maximum in type B 2 

•P, — 5 9 10 7’ - 14,000. 

P t = 1 2 10- 4 , 7’ 16,000, 

2 J , -40 10- 4 , T = 17,000 


In types M to A where the temperature scale is fairly well known the 
results afe used to determine P, m the reversing layer Having discovered 
in this way the general order of magnitude of P p , we can use the results 
of examples (5) and (6) to extend the temperature scale to types B and 0 


243 Many other examples w ill be found m the papers quoted, and the 
general body of evidence is that ordinarily P„ is aDout 10-» atmospheres 
This then may be taken to be the average pressure in the reversing layer 
(Of course, the pressure cannot bo just the same through the whole series 
of stars, but as mentioned m § 233 the range is modeiately small ) But 
certain lines give much lower pressures (e g t'a + in example (4)) and are 
evidently formed at high levels where the piessure is of the ordei 10 7 to 
1 0~ 8 atmospheres 

•Fowjer and Milne remark that it is the principal lines of the elements 
that give the exceptionally low pressures Their view is that, since atoms 
in a state to absorb a principal line are about 10 4 times as abundant as 
those absorbing subordinate lines, a comparatively thui layer suffices to 
produce full absorption, hence m the wavelength of the principal line 
we can see only a little way into the star, and the high level and low 
pressure are ac counted for Wedonot thinklhisexplanationcanbecorrect 
If the material is considered to be so superabundant that it prevents us 
seeing. down to the ordinary reversing layer abundance ceases to be a 
matter of primary concern So long as w o have enough to form a practically 
opaque screen in front of the region from w Inch nearly all the photosphenc 
radiation comes i e m front of the reversing layer, variations of abundance 
will scarcely affect the appearance of the line Further, if Fowler and 
Milne’s view were true the spectral types at which the line just appears 
and disappears would still be determined by th< reversing layer conditions, 
and not by the high level pressure which determines the maximum 

It seems more likelv that the clue to this deviation is given by Milne’s 
work on the chromosphere (§ 252) The elements which show the deviation 
are subject to strong selective radiation piessure — which is associated 
with the occurrence of strong principal lines m the intense part of the 
general spectrum 
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The radiation pressure supports the atoms above the photosphere m 
the chromosphere , elements not subject to the strong radiation pressure 
do not rise to this level Thus the different e of pressure is accounted for 
Whilst this explanation also lays stress on the fact that the elements v^ith 
strong principal lines show the deviation (since it is the absorption bjf these 
lines which makes them ascend to the chromosphere), it does not assume 
complete opacity above the photosphere — which was the objection to 
Fowler and Milne’s explanation 

It is rather doubtful at present what the observed ‘ intensity” of a 
line should be taken to signify In the foregoing it has been supposed to 
be a measure of the blackness Actually our information depends almost 
wholly on eye estimates of intensity, which presumably combine blackness 
and breadth Now breadth depends on entirely different considerations 
from blackness It would seem that photometric measurements of black- 
ness at the centres of the lines are essential for a proper application of the 
theorv, and the present use of eye estimates is a very uncertain make- 
shift 

What is the temperature referred to in these investigations? The 
absorbing material is m front of the photosphere and presumably nearer 
to the boundary temperature T 0 than to the effective temperature T e The 
molecular speeds and the density of the radiation will correspond to a 
temperature near to 1\, but the quality of the ladiation corresponds to T, 
or indeed to a temperature rather highei The ionising power of the radtft- 
tion depends on its intensity for high frequencies, and this will be more 
nearly represented by 'J\ than by T 0 Probably T in the foregoing results 
may be considered to correspond fairly nearly to T , . 


Molecular Spectra 

244 In the reversing layers of cooler stars chemical compounds ran 
exist and the molecules give rise to hand spectra For diatomic molecules 
such as cyanogen, CN, the structure of the bands has been unravelled and 
a satisfactory theory of the distribution of intensity m the bands has been 
developed So far as we are aware the only attempt, to use the band spectra 
as a clue to the physical conditions in the reversing layei is contained in a 
paper by R T Birgc* 

The cyanogen band observed in the solar spectrum near 3883 A is 
composed of five overlapping senes Each senes starts from a missing 
line labelled m -- 0 and runs in both directions, the positive (“P") branch 
runs towards the rod, the successive lines being denoted by rtx — j 1, 
+ 2, , the negative (“.ft”) branch runs towards the violet and is denoted 

* Astrophys. Journ. 55, p 273 
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by m = — 1, - 2, The lines are not equally spaced, the separation 
in the positive branch (in OX) diminishes continually, becomes :-cro and 
finally negative so that a head of the band is formed where the series 
doubles back on itself Jn other compounds it may be the negative branch 
that inverts 

The state of the molecule is characterised by two o moie quantum 
numbers, of which one, wi, corresponds to angular momentum (equivalent 
to n m §§42, al) We shall call the remaining quantum number or 
numbers n The band as a w hole is due to a transition bet ween two states 
/q and iq, and the individual hues correspond to dillerent values of in 
In accordance with Bohr’s selection principle the only possible transitions 
are those in which m changes hv T 1 or - 1 , a change i 1 on emission 
gives the positive branch and - 1 gives the negative branch The number- 
ing of the lines will be best understood by reference to the converse 
absorption, absorption with change from v, to in - 1 units of angular 
momentum gives the line numbered ‘ m and with change from m to in + I 
units gives the line - m It should be understood that the mam change 
of energy is determined by the transition from n x to w s which has nothing 
to do with angular momentum, and can be visui-hsed as a difference m 
closeness of binding of the two atoms, but since by the selection principle 
tins transition cannot occur without a consequential jump of m, there is 
a small additional gain or loss of energy which vanes with the starting 
virtue of in and gives rise to the line structure of the band It is found that 
the two branches have similar intensity curves, this shows that the two 
possible transitions Am - - 1 are equally probable 

It can probably be assumed that the molecular ab 'orption coefficient 
is independent of in , that is tu say, the rotation ot the molecule will not 
appreciably affect its chance of absorbing a quantum from the iadiation 
around it The whole band occupies only a small length of spectrum , and 
were it not that frequency is observable with extremely high accuracy we 
should scarcely have thought of distinguishing molecules with different 
velocities of rotation To that ease* the absorption in the lines -) m w r ill 
be simplv proportional to the number of molecules m the state (m, ?q ) 
Jn equilibrium this number depends on the temperature, since by 
Boltzmann’s formula it is proportional to ej>p(- x„, „JBT) It would 
seem that measures of relative inti nsity in a band spectrum— -especially 
the value of in for which the mtonsiti is a maximum —are remarkably 
favourable for determining the temperature Isolated atomic lines can 
only be compared from one star to another and their intensity depends 
on density as w'ell as temperature But m band spectra the evidence is 
obtained by differential comparisons of the successive lines in the band, 
density affects the absolute intensity (by dissociation of molecules) but 
not the relative intensity 



352 


THE OUTSIDE OF A STAR 


245 


By the usual quantum condition, viz. 

= mh. 


jpdg ■ 


we have for quantisation of angular momentum 

Ja> 2 tt = mh • (245-1), 

where J is the moment of inertia of the molecule 
The rotational energy is 2 i 2 

• (245 ' 2 )- 

Accoidmgly if J 1 and J 2 are the moments of inertia of the molecule in the 
slates and n 2 , the frequency of the line + m is given by 
, (»/ — 1 ) 2 h' 1 mVi 2 

>V+m = COnbt + ~ 8 irVj 

and of the line - m by 

( m+ 1 )*h* m*h* 

87 r*./ g 87 T i J 1 


hv ,„ = const |- 


(245 31), 


(245 32). 


These formulae give a parabolic spaeuig of the lines (v - A - 1 - Bm 4- Cm 2 ) 
which agrees well with observation We can determine ./, from observation 
since by (245 3 1 ) ^ _ j„ +j 4/( , 

or Av = hj4ir 2 J x (245 4), 

where An is the spacing between consecutive lines at m - + 1 

Considering molecules m a state >i x (1 e ready to absorb) . the number 
with angular momentum corresponding to m will be proportional to 

-*</“• . . (245 5), 

where by (245 2), = m t h a l ‘6n s J 1 , and q m is the weight of states corre- 

sponding to m For a diatomic molecule the vector of angular momentum 
is restricted to the plane perpendicular to the line joining the two atoms 
so that for reasonably large values of m the weight q m is proportional to 
771 * (Compare § 42, where each value of ri represents n' ) 1 orbits corre- 
sponduig to the possible values of n" ) 

Since then q m cc. m <x the number of molecules in state m is pro- 
portional to , 

X™ 5 e"'” /W2 , 

which is a maximum when \ m jRT \ , or 

WV/2 ’ (245 6). 


Hence by (245 4) 


= 1 RT 
87 ,V, 2 

/RT 

™ mav _ V hAv 


(245 7) 


* Representing the angular momentum by a point m the plane, the classical 
weight ot a range of \ allies is proportional to tlie area (since the components of 
momentum are Hamiltonian coordinates, ^ 48) In the quantum theory the weight 
of the annulus between [m. ± 1) hj2n is appropriated to the quantised circle mh/2ir, 
and its area is nearly proportional to m 
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For the CN band which is most easily observable A vfc =- 3 704. Hence 
WW =0 43 4y/T. 

At the centre of the sun’s disc we should expect the temperature ( f the 
reVe*$ing layer to be about 5200° ('I\ in (232 3)), at any rate it cannot be 
lower than' T a = 4000° The corresponding values of m a e 
m M1 = 31 2 and 29 6 4 

Birge was not able to observe direeth the maximum intensity in the 
solar spectrum, but by an indirect procedure (wlueli is not very fully 
explained) he arrived at a much lower temperature 4000“* The difference 
seems inexplicable , even granting that the region in the sun has no definite 
temperature (the radiation corresponding in quality to 5740' and in 
density to 4660“) it is difficult to see how any c nteriou could give a tempera- 
ture lower than both Further investigation seems to be required. 


, Width of Absorption Lines 

246 Whilst some lines in stellar spectra are extremely sharp, others 
may be of considerable width In some Rtars the lines of the Balincr senes 
of hydrogen extend over 30 Angstrom units on each side of the eentre of 
the line In the solar spec trum the U and K lines of Ca 4 extend 10 A on 
each sidef 

Broadening of the lines can be produced by the disturbing effects of 
neighbouring atoms on the absorbing atom these interfere with its perfect 
periodicity so that its quantum states are not entuely sharp Broadening 
from this cause* is usually referred to as pressute broadening though the 
name is now’ scarcely adequate Tt is closely associated with the S.ark 
effect of electric fields since the disturbing causes are electrical 

Other conceivable < auses of broadening are (a) Doppler effec t of atomic 

velocities due to temperature, {h) Doppler effort of ascending and descending 

currents, (c) Doppler effect of rotation of the star, (d) Stark effect of regular 
electric fields, (e) Compton scattering by free electrons with different 
velocities, (f) Rayleigh scattering by atoms and ions, (cj) great depth o 
the absoibing layer enhancing the importance of slight broadening due 
to other causes Most of these have at one 1 mm or another be *^dvocfttcc 
as the mam cause of width m stellar lines but we do not think the a g 
ments will stand scrutiny It is doubtful if the , w ould have been proposed 
had not the operation of ‘ pressure broadening’ m stellar conditions been 

deemed inadequate' 

the lines corresponded to that of a 4 amp« ternpe, at ui <>s <>f these 

i— L. . 

f C H Payne, Stellar Atmosphere s, p 51 
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It has sometimes boon urged against pressure broadening that we do not 
get anything like so much broadening m a vacuum tube when the pressure 
is equal to that now assigned to the reversing layer of a star For example, 
the Balmer series is quite 6harp in a vacuum tube at a pressure of 
atmospheres But this comparison overlooks the great difference due to 
the ionisation of stellar material The ion or electron is the centre of % 
disturbing field of far wider extent than the neutral atom’s field which 
can scarcely come into play except at collision, and the broadening effect 
is of a much higher order of magnitude Although ions and free electrons 
are produced in a vacuum tube, their abundance is insignificant compared 
with photospheiie conditions 

As an example w T e consider the II line of hydrogen which corresponds 
to a transition between a 4-quantum and a 2-quantum orbit In the 
4-quantum orbit the period is 0 97 10 _11 sec The average duration of the 
4-quauturn state is about 10 -8 sec or 10* periods Bence we should expect 
the quantisation in this state to be sharp to about 1 part in a million. 
Roughly speakmg the purity of the 11 e line emitted or absorbed by un- 
disturbed atoms should correspond to the puntj of the spectrum from a 
grating with a million linos This can be modified by the disturbance of 
other atoms or electrons in two ways (1) the average duration of the 
excited state may be shortened by frequent collisions, (2) general irregular 
disturbance may shorten the stretches over which the phase of the 
periodicity is approximately preserved — just as the resolving p< wer 'of 
the grating is impaired (1) by reducing the number of lines, (2) by ir- 
regularity of ruling Numerical calculation seems to indicate that’ in 
photosphenc conditions the process (2) is the more important The problem 
has been discussed by Russell and Stewart* 

Let a be the total number of electrons and (singly charged) ions per 
cu cm , and let r 0 be a length such that )7ro-r 0 3 = 1 Then if we draw a 
sphere of radius r 0 round a given atom this sphere will on the uverage 
contain one disturbmg charge The more distant charges will b; their 
imperfect symmetry also produce disturbmg fields, but the order of 
magnitude of the resultant field will be not very different from that due 
to the nearest charge 


For singly ionised material at 10,000° and 10~ 4 atmospheres pressure. 


we have 


<7 = 7-4 10 la , r 0 = 1 48 lO" 5 cm. 


The field due to a charge e at distance r„ is 


2 18 electrostatic units 


Since the nearest charge is within r 0 the average disturbing field will be 
larger Russell and Stewart calculate the average to be 2 7 times larger 


* Astrophys. Joum. 59, p. 197 (1924). 
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or about 6 electrostatic units. The Stark effect of a steady held of 6 units 
resolves into components extending over 0 7 A The observed width 
of the line should be greater-say 2 to 3 A— since the Stark components 
wijl^be shifting about over a wider range owing to the I 1 . actuations of the 
field. The actual width of II ^ in stars corresponding to the assumed con- 
ditions is about 15 A 

s» 

I do not thmk that the fluctuating Stark effect is in itself sufficient 
to account for the great widths often observed It seems likely that 
another point is involved In the foregoing conditions the average speed 
of the electrons is C 2 10 7 cm per sot so that the electron traverses a 
distance r 0 in 2 4 10~ ls secs or 24 periods of the 4-quautum orbit Some 
electrons will approach much closer and some will have greater speeds so 
that there will be a considerable amount of disturbance which changes 
completely in the course of 3 or 4 periods Now the Stark effeet represents 
the disturbance by a steady field, winch during one half-revolution 
counteracts to a large extent the change of phase produced by it in the 
other half -revolution , the theory of the effect is based on the “adiabatic 
hypothesis” that the field is established slowly in comparison with the 
time of revolution The quickly fluctuating field ahou'd give much laTger 
effects, and it seems possible that the great width of the lines is produced 
in this way 


Continuous A bsorphon. 

247 Although the general flow of heat through the photosphere is to 
some extent dammed back by line absorption and emission, the main 
obstruction is likely to be continuous absorption ana emission, just as m 
the deep interior 

Our formula for the continuous absorption coefficient at temperatures 
of some million degrees was (158 2) 

pkT’ (1 +_/) __ 0 g08 ftb^c Z- (247 

p tCau 0 A 

The theory of continuous optical absorption at photosphenc temperatures 
must be fundamentally the same as that of continuous X ray absorption 
at high interior temperatures but we should scan cly expect the formulae 
derived under the simplifications permissible at high temperature to apply 
to the photosphere Milne*, however, has found reason to believe that, 
whether by coincidence or by actual appropriateness, this extreme extra- 
polation of (247 1) gives results not far from the truth 

We apply (247 1) to a typical photosphenc region with 

T = 6000°, pa = 200 dynes/cm * 


* Monthly Notices, 85, p 768 
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The material is taken to be calcium which is found to be singly ionised in 
these conditions so that 


£ = 20, A =40, /i = 20, /= 1. 

The result is k = 2 00 10 3 (247 157.' 

Milne gives k = 7 8 10 s , the difference being due to his neglect of Rosse- 
land’s eoircction We might feel inclined to adopt a value 10 times larger 
than (247* IS), since the theoretical result is only of the observed value 
in the deep interior As Milne’s value corresponds to a convenient com- 
promise we shall adopt it in this section, so that 

A 0 = 7800 (247 16), 

k 0 denoting the value of k for the standard temperature and pressure 
defined above 

Since P ° = 3 - P . (247 2), 

Pit a M 7 

the absorption law k ac p/fiT- can be written 


kx P(i T~i . (247 3) 

Pit 

At 6000°, p lt — 3 30 dynes/cm 2 Hence determining the constant from 


(247 16) 


/fc = 


1 29 P(l 
Pit 



(247 4) 


248 To determine the value of k in the outer part of the sun Milne 
adopts a procedure equivalent to the following The fundamental equation 
(233 J ) gives 

dpo=^ 1 -l) (] pj t ... . .. (248 1) 

Integrating this on the assumption that k can be treated as constant and 
neglecting the constant of integration, we have 


Pa =(^-1) Pit . ... (248 15) 

Hence by (247 4) Ws (ZoY = kH ~ 1 ‘ " (248 2 > 

Setting for the sun T = 6000°, cgjH — 1 319 10 1 , we have 
Jfc _ 13190 
129 — k ~ 

whence k = 1241 


For approximate calculation the term — 1 in (248 2) is unimportant 
so that _ . 

1290 ?/ T yi 

~ H V 6 OO 0 J " • 


(248 3), 


and k x T~^. Hence the result is consistent with the original assumption 
that k can be treated as constant for a considerable range of temperature. 
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The ratio of radiation force to total force is determined by 
1 A' IcH 1241 


the source ol the value 0 1 used in 1 233, and the genetal reason- 
ableness of the results there found is considered as 'vidence that our 
extrapolation of the law for k has given a value of the right order of 
magnitude ° 

The value of 1 — £ in the deep interior cf the sun is 05, so that ap- 
parently radiation pressure becomes more important at the photosphere. 
But th's conclusion lays too much stress oil the accuracy of the extra- 
polated value of k and the only legitimate conclusion is that 1 — ft and 
1 — P' are of the same order of magnitude 


249 We may impure a little further into the reason for the slowness of 
the variation of k The absorption law (247 3) may be written 

& = Cpa/px" . .. (249 1), 

where G is a constant Imagine that we are integrating equation (248 1) 
starting from the outside Having reached a certain point let us continue 
the solution assuming that k remains constant Call this solution A 
Now take p a and p n from solution A. determine k from (249 1), and make 
a new solution B from (248 1) with this value of £ If k is decreasing (as 
ilhually happens), dp 0 ldp, ; is increased so that p a lpi e gradually becomes 
larger than in solution A The new value of k found by inserting solution 
B values in (24£ 1) is accordingly increased, and the ne\t solution C will 
move back towards A , and so on 

For example, in § 233 on the assumption of k constant we found 
(solution A) at the limits of the photosphere 

TJT, = 1-38, P J Pl = 12-0, 
whence k^k, = 3 9. 

In solution B we should accordingly suppose that k increases between 
the two levels in the ratio 3 9 1 , hut this gives great ovcr-correction, 

and the next solution moves back towards solution A Probably a quite 
small change of k m this range would give the necessary adjustment. 

The absorption coefficient has a natural tendency to steady its own 
value Physically the explanation is that it a., we go inwards we find 
material that is specially absorbent, the increased outward force of radia- 
tion pressure will support more of its weight and so check the natural 
increase of density downwards and (through the* dependence of k on p) 
k falls again towards its normal value This eftect is well illustrated by 
Milne’s formula (248 3) where k vanes as T - *, or if anything less rapidly, 
instead of the anticipated vanation as T~^. 
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250 If the method of § 248 is applied to the conditions in the reversing 
layer the neglect of the constant of integration will introduce inaccuracy 
which seems likely to be serious Near the bottom of the photosphere 
this “end correction” will have practically disappeared, and k and j3 
will have settled down to Milne’s values, but we are chiefly interested in 
regions where they can scarcely have begun to recover from the bpundary 
disturbance 

The following method should give a good approximation for the outer 
layers down to about - 0 25, which we have taken as the top of the 
photosphere for the centre of the disc (§ 232)* In this region T lies 
between 0 84jf, and 0 91 T, so that we shall treat it as an isothermal 
region so far as k and p 0 are concerned 
Introduce a quantity v defined by 


kH _ p,, 
eg v 


.. (250 1) 


Since in the isothermal region l and p a are both proportional to p, we have 
o constant Then (248 1) becomes 


d Po = (^-l)dp IC , 

Padp - = dp I: (250 2) 

v - p<> ' ’ 


Integrating we obtain 

- v log (1 - pa/r) - p u ^ 8 p B = ]a (T* - T*) 


by (220 5) 


= Ht'c 

In most cases p a/ v is small and the equation 

1 pa 2 1 pu 3 Ht 

2 (i d 1 c 


(250 3) 

(an be written 
(250 4) 


In Table 40 the first column gives an assumed gas pressure at the 
conventional upper limit of the photosphere r = 0 25 The second column 
gives v deduced from (250 3) The third column gives the value ol k at 
this point deduced from (250 1 ) The last column gives the corresponding 


Table 40 


Absorption Coefficient for Sun’s Reversing Layer 


P« 

t 

L 

K 

1 

1 69 

7820 

840000 

10 

102 5 

1286 

13810 

hk) 

9700 

135 9 

146 0 

1000 

963000 

13 7 

1 47 


* An alternative treatment is given by Milne, toe c\t § 9 
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value of k 0 , i e k for the standard conditions T — 6000° - 2on for 

comparison with (247 16) ’ 

It will be seen that a very rough knowledge of l 0 would wifliee m give 
a reasonably close value of p 0 for the level considered , but, since estimate s 
of k a depend oil risky theoretical speculation, we prefer to proceed in the 
converse vi ay The discussion of the intensities of spect al lines bv Fowler 
and Milne (§ 242) indicated that they are usually produced where the 
pressure is rather above 100 dynes per sq cm or 10" 4 atmospheres Their 
location cannot be much below the level t — 0 25, because even at the 
centre of the disc of the photosphern radiation comes from above this 
level, and for the disc as a whole nearly is above this level We judge 
therefore that the results for p (/ — 100 dvnes/rm 2 should be accepted 
This gives in round numbers 

kg =- 150, 

as compared with 7800 adopted by Milne and the value 2000 derived in 
(247 ]&) 

There is no theoretical objection to be uiged against this lower value 
Extrapolation of a theoretical formula is not the same thing as extra- 
polation of a theory’, and so far as we can judge the value 150 Teally 
corresponds better with Kramers’ theory 

In deriving the value 2000 we assumed Z — 20 but unless the electron 
penetrates inside the ion during its encounter the actual charge influencing 
it w'lF* be Z — 1 or 2 since few atoms in the reversing layer are more thnn 
doubly ionised Taking Z — 2 k„ is thereby divided by 100 Allowing for 
vhnons minor Adjustments the value l n - 150 is about as likolv a prediction 
from Kramers’ theory as we can make 

We verify as follows that the electron does not enter the ion deeply 
Retting A 5000 A, T - 5740° Z = 2 * m 055 2), we find / 1 5 for 
o- — 1 00 1 0- 7 cm Now the mam part of the emission r omes from electrons 
for which y is in the neighbourhood of 1 5 and these are aimed to pass at 
the above distance a from the centre From (153 i) we find that the 
eccentricity of these orbits is 1 00 and the closest approach to the centre 
is then calculated to be 2 1 10 8 cm This will not quite clear the ion whic h 
has a radius 2 3 10-" cm , but the penetration is too slight to have much 
effect 


251 Adopting the third line of Table 4i> for r 0 25, we have 
kg = 140 0, pa - 100, r - 0700, * = 135 9 

If we were to solve (250 3) with this value of v and with t = 3 4, so as to 
find the conditions at the bottom of the photosphere, we should obtain 


* This is intended to apply to singly or doubly ionised calcium equally because 
in the former case the approaching electron penetrates with.n the orbit of the 
valency electron 
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p a = 365, k — 497 But it is clear that the approximation has broken 
down, because the increase of k m the ratio 1 3 65 will he more than 

compensated by a decrease m the ratio I 5 38 due to the temperature 
factor T~“ I ignored in the approximation Accordingly for the strj4ch 
r = 0 25 to 3-4 it will be much better to pass over to Milne’s approximation 
k = const Recomputing k by the method of § 248 with the valtte k 0 = 146 
now adopted we find at 6000 0 

k -- 177 . (251-1) 

It will be seen that t 0 25 is a very suitable place to join the two ap- 
proximations since they give roughly the same value of k at the junction 
We shall now revise the calculations of § 233 as to the solar photo- 
sphere* Using k — 177 we have 

1 — /S' = kH/cg - 0134 (251-2), 

so uhat (contrarv to Milne’s conclusion) radiation pressure is relatively less 
impel tant m the photosphere than in the deep interior ( 1 - ft - ,05) It 
should be understood however that the at curacy of our determination of 
k is not sufficient to justify any great confidence in this amendment As 
already explained, radiation pressure, although it becomes larger m actual 
amount than gas pressure near tht boundary of the star, is less important 
as a sustaining force If any material is supported by radiation pressure 
it must be through selective line absorption and not through continuous 
absorption f * 

By integrating (248 1) between the limits r 0 25 to 3 4 

O' O' T1 

(Po) a - (Po)t = j _ ^ {{pji) 2 ~ {Pit) i> ' j r ( T a — t,) =* 48,3 (25 1 3), 


so that at the two limits of the photosphere 

(Po) i - 100, (p f ,) 2 - 583 (251 41) 

By (232 3) r l\ — 1-457'j . (251 42) 

By (251 41) and (251-42) Pi = 4 02p, (251 43) 

Hence by the absorption law 

k s =- 1 10fr, (251-44), 

showing that the assumed constancy of I is a good approximation for this 
range 

Equation (251 3) can be written in the form 

O' 

Po =- ! _ p, c (t 4 0 403) (251 -5), 


the constant being determined from the value of {p (1 \ (If we had not 

* The calculations in tins section refer to the photosphere at the centio of the 
disc whereas those m § 233 refer to the integrated disc, so they are not quite com- 
parable I have here ehoson the central photosphere- for the reason that it falls 
wholly in the region covered by one approximation 
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allowed for the diminishing value of k between t = 25 and 0 the constant 
would have been zero ) By (226 5) 


M * 4 = f (r + - 
0 




(251 (5), 


Hence t 
where T 0 ’* = 0-396T 0 ‘. 

Since (251 6) is the same as (233 4) vth T,' replacing T 0 , we deduce 


as in (233-9) 

, const — x 


9 wy ( , T 
mF i f.' 


(2517) 


This gives for the thickness of the sun’s photosphere 

a-* — r 2 — 17 0 km , 

or about half the thickness given by the former discussion 

No doubt the actual photosphere will be moro extended owing to its 
non-liomogeneous composition The different elements may sort themselves 
out to some extent according to their atomic weights and to the force of 
radiation pressure on them 

Consider next a giant star with the same effective temperature as the 
sun but with a smaller value of g Comparing the stars at corresponding 
levels of r, we have L oc p ( , since the temperatures are the same Hence 
bf (250 ] ) r is proportional to g So long as p a is small compared with v, 
(250 4) gives pa _ ^(2 Htv/c ) (251 8), 

so that at the reversing layer ( - -= 0 25) 

V roc W 

For example if g has of its value on the sun, v - 97 and, by Table 
46, n n at the reversing layer is slightly under 10 

The result yfg for stars of the same effective ^peraturc was 

originally given by 51 line as the result of the theory of § 248 By (248 3) 

approximately l cc Vff- nnr * ^ or ^ le samP tenl P crature * ^ 

We can now compare the effective temperatures of giant and dwarf 
stars of the same spectral type* The result must depend on the criteria 

actually used in fixing the spectral types of stars Following Milne we 
actually used nxi g v of lorasa tion with 

take this to correspond on tin average lft-Ueres 

regard to ionisation potentials of the order 8 volt.,, or ^. = 1 27 10 ergs 

Then by (174 2) the same - pectra will appear if 

_ r 2 e _ (25191), 

(p«)i IP")* , Jjr . 

where the suffixes 1 and 2 now refer to the reversing layers of two differen 

BtarR * E A Milne, Monthly Sotices, 85, p 782 
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Since// oc T* and k oc p g jT- 

vx gT^ 

by (250 1). Hence at the reversing layer by (251 8) 

p a x glT‘ 

so that (251 91) becomes r 

T£e-*' HT 'lg£ = Tfe-*l RT *lg£ (251-92), 

or approximately ^ j S (l°g ^) = 8 (log gr) (251-93). 

Using the values ol g for the sun and Capella this gives — 1 105 
The effective temperatures are m the same ratio as the reversing layer 
temperatures, hence they are respectively Sun 5740°, Capella 5200° 

It is generally considered that the observed difference of temperature 
is of about this amount In fact the temperature 5200° for Capella used 
throughout this book was an estimate from the observations, there bemg 
no theory available when the choice was made 

The Chromosphere. 

252 We have seen that the thickness of the photosphere of the sun 
may be estimated at 15 km , above this the density continues to diminish 
rapidly but there is no definite outer boundary to the distribution In 
this region the conditions are practically isothermal, and the density 
therefore falls off t xponentially with the height according to the well-known 
law for an isothermal atmosphere The density decreases fourfold in the 
15 km of photosphere, and it will continue to decrease at about this rate 
so that 150 km higher it should be inappreciable 

Now the flash spectrum observed at many eclipses shows that sufficient 
material to produce bright lines extends far above this limit According 
to Evershed the H and K lines of calcium rea< li to a height of 8000 km , 
Mitchell has traced them even to 14,000 km Rome of the hydrogen lines 
extend to 8500 km above the limb How is this material supported ? 

It seems impossible that there can be any steady electric field other 
than the weak field described in § 191 which prevents the electrons from 
diffusing apart from their ions And indeed an electric field could not well 
support a material atmosphere which must necessarily contain almost 
identical numbers of positive and negative charges The only possible 
explanation seems to be that this material is supported by radiation 
pressure It consists of atoms on which the radiation pressure is exception- 
ally strong, so that they are driven out from the photosphere and kept 
balanced at high level The theory here described is due to E A Milne*. 

Why are certain elements selected to form this chromosphere 

* Monthly Notices, 84, p 354,85, p. 111. 
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rather than others ? For intense radiation pressure the atom or ion must 
have a principal line in the region of the spectrum m which the stellar 
radiation is strong, it can then absorb the radiation strongly A sub- 
ordinate line is no use because very few atoms are m a state to absorb it 
at any one moment Further, the principal line must be a long way from 
the head, of its senes, that is to say, the stellar radiation must be able to 
excite the atom but not to ionise it For at the low densities concerned 
an atom which once lost its electron would have small chance of re- 
capturing one, and as it would meanwhile be unable to absorb, it would 
fall back into the photosphere These conditions are well fulfilled by the 
H and K lines of Ca, which correspond to excitation of the odd electron 
from its normal 4j orbit to two 4 2 orbits (winch differ only slightly from 
one another and need not here be discriminated) 

253 in the highest part of the chromosnherc only the U and K lineB 
have bee,n observed so that it is a fair approximation to take the matcnal 
as constituted wholly of ('a. with the necessary complement of free 
electrons , it is also assumed that the only processes are the transitions from 
4j to 4 2 orbits and back again*. Let «, be the number of atoms at any 
moment in the normal state and v 2 the number m the excited state, then 
the ratio n,/w, is given by Einstein’s equation (3G 3) 

a J2 «i/ K) --- b a n 2 + a a n 2 I (v l2 ) (253 1) 

There ?s no thermodynamical equilibrium, and this equating of direct 
and reverse transitions is only permissible because of the special postulates 
above which exclude any other transitions 

Now 7 (v]j) is not the black body mlensitv for tmpeiature T r , it, is 
modified m two wavs Consider for simplicity alonis at the top of the 
chromosphere The radiation travelling in directions in the inward hemi- 
sphere is missing, lienee the intensity is reduced to \ the full intensity 
Further, n 12 being in the midst of an absorption ’me, we must multiply 
by tin' ratio r between the mtcnsifv in the line and the intensity just 
outside the line 1 1 w ill he possible to determine r by photometric measure- 
ments of the intensity m the H and K lines in the observed spectrum The 
equation accordingly is 

flu?;, Jr/ (v 12 , T , ) = 5jj + a n n, \rI(v l2 ,T,) (253 2). 

Using the values of the atomic constants found m (38 25) and (38 4), we 
obtain «,_<?,/. (W \ 

qA i rllyv.T.)} 

= qi( l + e h "“’ nT '- 1 ) (253 3) 

ft V \ r 

* Actually certain other tronsitionsare bound to occur The necessary modificatior. 
of the theory is discussed by Milne in Monthly Notices, 86. p 8 
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We write q i jq 1 = q There are two 4j orbits and six 4 a orbits (four belonging 
to the K line and two to H ) , hence q = 3 

It is found that e k "^ RT ‘ is large so that we have with sufficient accuracy 

Mj/nj = lqre~ h ‘ , "l ItT '. 

In this form the result is easily seen to be the appropriate modification of 
Boltzmann’s formula If the n 2 atoms were excited by full radiation at 
temperature T e we should have n 2 /n 1 = qe~ hv "l I{T \ but % is reduced pro- 
portionately to the diminished intensity of the radiation, so long as n 2 is 
small compared with n 1 

Let t l be the average duration of a normal state, < 2 of an excited state. 
Then 


t 2 //j — Wj/Mj = \qre~ h, '’l HT ' (253 4) 

The atom will be excited (f l + t 2 ) -1 times per second and absorb 
hv vi {t 1 + t 2 )- J ergs per speond For each erg absorbed 1 /c units of momentum 
will he absorbed, this momentum is in all directions over the outward 
hemisphere and the average component in the radial direction will be 
l/2c (Allowing for the law of darkening the result should strictly be 
4/7 c ) For equilibrium this outward momentum must balance the 
momentum communicated by gravity, viz Aug, A being the atomic weight 
of calcium Hence 

Aug = , 


or 


U + t> — 


hvn 

2c i t 2 y 

hv,, 


2cAug 


By (253 4) and (253-5) to our order of approximation 


t? - 


qrhv 


p-h»,tlRT, 


4cAug 

Inserting numerical values for the sun the results are 


(2^3 5). 


(253-6) 


= r , 3 54 10- 3 , 

tj + 1 2 = 40 10- s , 

so that f 2 =. r / 16 2 HP 8 

Since r is necessarily less than unity an upper limit to the duration 
of the excited state giving the H and K emission is 16 2 10 -8 seconds (If 
this limit were exceeded there could be no calcium chromosphere on the 
sun ) By accurate measurement of the residual intensity at the centre of 
the H and K lines we could determine definitely this physical constant 
of the calcium atom. Provisionally r is believed to be about 0 1 so that 


t t = 1-6 I0 -8 secs 

Values of t 2 have been determined in the laboratory by experiments 
on canal rays for some elements (but not for 0a + ) and these give results 
of the order 10" 8 secs , so that the astronomical determination is probably 
neaT the truth. 
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254 We now consider what happens as we descend in the chromo- 
sphere still assuming that Ca H is the only material present The investiga- 
tion of § 226 is immediately applicable and we have 


H' = const 
J' - VT (1 + Jt'). 


(254 0), 


where H ' , J', t' refer to monochromatic radiation of frequency r 12 The 
law of darkening towards the limb (foi the residual radiation at the centre 
of the absorption line) can be worked out as before and the same result 
(227-2) is obtained as for the pliotosphonc radiation as a whole* Tins is 
believed ’to be confirmed by observation 

The resultant outward force of radiation pressure is proportional to 
H’n x and the weight to be supported is proportional to », ] n. x Hence, 
since H' is constant, the ratio of radiation force to gravity vanes with 
depth as nj/fiq 4- n t ) A correction however is required on account of the 
momentum of the “stimulated emission ” Whilst the spontaneous emis- 
sion is symmetrical in all directions, the stimulated emission is in the 
direction of the stimulating radiation , the radiation pressure is accordingly 
reduced in corresponding proportion It will be seen from (253 2) and 
(253 3) that the stimulated is to the spontaneous emission m the pro- 
portion — I )j\r 1 or approximately ?f 2 /</«,. Hence the radiation 

pressure is- reduced approximately in the ratio ?q — njq n x Writing 
then * 


.radiation force 
gravity ’* 


= (14 


71 , —jnjq _ | 

»i 4 - ri 2 




approx. 
(254 1), 


the constant <j is determined by the* ionditic.ii that this ratio must be 
unity at the top of the chromosphere where the gas pleasure vanishes 
Since q =■ 3 and for the top of the chromosphere is 3 54 . 10~ 3 r, this 

g ives * ct— 4 72 10-V. 


Now « 2 /«, , so long as it is small, is proportional, not to H', but to J' 
and therefore to 1 4- Jt' Hence 

(i q f lliij/c/Tij = ff (1 4 Jt') .... (254 2) 

By (254-1) and (254 2) 

radiation force __ i -t- j _ approximately 

gravity 1 t- <j 4- jt «r 


• Not the law of darkening for the neighbouring portion of the continuous 
spectrum which introduces other eons,deruUons (§ 22») Hence the contrast or 
“blackening” will not be strictly constant over the disc 
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The deficit j-r'er must be made up by gas pressure, hence 

dpa t , 

--te = S° 9P 


. (254 3), 


or 




where 1.' is the monochromatic coefficient of absorption. 

In integrating this equation we can neglect the slight variation of k,' 
due to the inert ions present Hence 


Po = lagT’Vk', 
p = 4 m'T ' 


(254 4) 


Then 


dr’ - — k’pdx 


Aficrgr' 2 

49 IT 


dx 


Since T is practically constant* we have by integration 

, = _ 491 T 
‘iy.ag (x H- x„) 

where a,, is a constant of integration Hence by (254 4) 


(254-51), 


4<RT 

P 3 pk'ag(x I- J-„) a 


(254 52). 


The value of x a can be found rouglily By (226 2) 

l W - J*) = 2//', l (J/ + J 2 ') - J' = 2 11' (1 + }r'), ‘ 

so that «/>' = 411' (1 + It') (254 Cl) 

For radiation just outside the 11 and K lines the absorption in the chromo- 
sphere is negligible, so that the boundary values apply, viz 


J Y = 4 11 . (254 62) 

By the definition of r, H' = rll , hence J,' will be equal to J 1 at a depth 

T »' glWnby r(l + K')=l, 

ao that t 0 ' - ( (1 - r)/r . . (254 63) 

Clearly the chromosphere cannot have greater depth than this, for the 
outflowing radiation in the absorption lines cannot have greater intensity 
than the surrounding spectrum Hence t 0 ' should be an upper limit to 
the optical thickness of the chromosphere The theory is, however, some- 
what of an extrapolation since m the lower part of the chromosphere other 
ions besides Ca, will be present and the simple conditions will no longer 


* If the only exchange of energy between molecular speeds and radiation is by 
the scattering of the free electrons, tho whole radiation of the sun is equally effective 
and the chromosphere takes up the uniform temperature T„ There may, however, 
be some conversion of the radiation o ]a into molecular speeds, m that case the speeds 
will increase according to the intensity of v a and the chromosphere will be slightly 
hotter towards its base 
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be valid. However taking r 0 ' to give the base of the chromosphere and 
measuring x from the base, we have by (254 51) and (254 03) 

, _ 9MV 

% 0 flag (1 - r) l 254 7 ) 

Inserting erf, - 00472, p. = 20, 1 - r _ 0 », T - 5740°/] 23, y - 2 74 to* 
we find . » ’ 

x 0 - 1030 km 

All the constants required m this calculation are veiy well determined, 
and the only uncertainty is that above-mentioned as to the conditions 
where the chromosphere merges into the photospheie By (254 52) 

‘ P cc (X 1 X 0 ) *, 


so that at a height of 8200 kilometres the density is < (i the density at the 
base The density of the emitting atoms (p^/iq) is proportional top (1 + .It'), 
which up to 8000 km is nearly proportional to (x + x u )~ 3 Thus m the 
same range the emission per unit volume u’ the chromosphere is reduced 
lo ] ,y • rhe problem of how the brightness of the chromosphere as seen at 
the limb of the sun will vary with the density is very complicated, and the 
solution does not seem to have been attempted It is therefore impossible 
to say how nearly the decrease m density agrees w ith the observed decrease 
of brightness 

As Milne has pointed out, the comparatively slow decrease of density 

S the chromosphere is evidence that radiation pressure supports nearly 
e whole mass If gas pressure played more than the very subordinate 
role assigned to it m the above discussion the law of decrease of density 
wduld be exponential and p w ould become msigmlicant at a small height 
above the photosphere It is easy to see how the bal nice is attained In 
the final state of the chromosphere no more atoms can be supported at 
the top, because the screen of calcium atom'- below has reduced the H 
and K radiation to an uitensity too weak to give support no more can 
be added at the bottom, the pressure of the radiation sent back from the 
chron’Xisphcre towards the interior presses them down Until the back 
pressure attains the equilibrium amount atoms will be driven from the 
photosphere into the chromosphere by the forward pressure of the radia- 
tion of H and K frequency m the photosphere 

■fhe monochromatic absorption coefficient for Ca 4 can to obtained 
from the value of t, (the life of an excited ion) found in (253 b), but an 
assumption must be made as to the width of the H and K lines We 
adopt as a rough guess a combined width AA 1 A It is remarkable that 
all previous results are independent of AA Let n, and be the numbers 
of ions in the two states m a cubic centimetre in equilibrium at a low 
temperature T* By taking a low temperature we can set (e ) "’l fiT - 1) 

* Since k' and t 2 are atomic constants wi find the relation (254 83) between them 
by a purely thermodynamical argument without relerence to the chromospheric 
conditions 
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equal to e h * IBT and neglect 
cm per sec is 


stimulated emission. Then the emission per cu. 

hv = gWlAt, -*-*- r (254-81), 

<2 ^2 


and this will also be equal to the absorption The radiation of H afftf K 
frequency traversing the cubic centimetre per second is 


cl (v, T) Av = &nhv a Ave h 'l RT jc t . 

Hence by division, the absorption coefficient per cu. cm is 

qn^c 1 
87 rt 2 v' i Av 


and the coefficient per gram is 

y ___ ? A2 

^ttAii^Av 

For X = 3950 A, AX — 1 A, we fand Ak - 192 1 0 U , and hence 

k‘ = 9 0 10 8 


(254 82), 
(254-83). 


The mass M of a column of 1 sq cm section extending from the base 
to the top of the chromosphere i& 

M = \ P dr= r'/Jfc' . . (254 9) 

Taking the base to be given by (254 63) 

V - 4 (1 - r)/3r - 12, 

so that M — 1 33 10- 8 gm /cm 1 f •' 

The same result can also be found (without previously calculating k') by 
equating the weight of the column to the difference of radiation pressure 
at its extremities due to radiation m the range AX ‘ 

The density is of order 10 -17 gm per cu cm and the free path must 
be very great Milne, treating the particles as neutral, finds a free path of 
6000 km , 111 that case the gas pressure can scarcely be said “support ’’ 
the matter of the chromosphere, but it replaces the falling particles by 
projecting fresh ones into the region Probably, hem ever, when agrount 
is taken of the charges of the particles the free path is not so formidable 
The equilibrium of a calcium atom at the top of the chromosphere is 
unstable Although the value of g and the intensity of the radiation both 
fall off according to the inverse-square law as the distance increases^ the 
radiation force diminishes less rapidly than gravity This is because the 
absorbing power of a given mass of material is proportional to the number 
of unexcited atoms present ,‘the proportion of excited atoms is always small, 
but there is a slight loss of efficiency because of them With increasing 
distance from the star the efficiency increases towards uiuty, so that 
radiation force gains slightly 111 comparison with gravity Presumably 
there is some escape of atoms from the top of the chromosphere but it 
is doubtful whether they can travel far Ultimately the calcium atom will 



369 


THE OUTSIDE OF A STAR 

be doubly ionised (by starlight if not by sunlight) , it mil then drop bac k 
since it has small chance of picking up another electron when outside 
the chromosphere 

«Mdne has also pointed out that a calcium atom receding from the sun 
under radiation pressure experiences a rapidly increasing acceleration 
Owing to the Doppler effect of its growing velocity its individual absorp- 
tion shifts farther and farther from the < outre of the solar H and K lines 
At first it is, so to speak, balanced on the summit ol the dark lines, hut 
it topples off into a clear region and experiences the full foice of undimmed 
solar radiation 

Abundance of the Elements 

255 In Saha’s early resean lies the spectral types at w Inch a line first 
appears and finally dlsappeais w ere < ounce ted with the- phjsical conditions 
at which the proportion of atoms in the rigid stage ot ionisation becomes 
appreciable Owing to the difln ulty of assigning numerical significant e 
to the word ‘ appreciable,’' Fowler and Milne preferred to work with 
maximum intensity rather than marginal appearance But just- because 
the marginal appearance involves extraneous factors and is unsuitable 
for the mam purpose*, it may jield interesting information us to these 
fat tors In particular it involv es the abundant e of the element since relens 
panbus if the atoms are ten times more abundant the required proportion 
i¥f the jiroper state of ionisation is ten times smaller 

Although the reservation ceten^paribu s - 1 ove*rs a multitude of individual 
peculiarities of the elements and their spectra, a hist clui to the relative 
abundance may be obtained on the hypothesis that tl* * number of atoms 
required to give a spectrum at the limit of visibility is till* same for all 
kinds of atoms 

This hypothesis is not so w lid as w c might suppose at hi st Observation 
is limited to a i ather narrow range of spec t rum so that the energy -constants 
are ro|jghlv the same for all the lines studied The absorption (oefficient 
is mamlv determined by the tune taken to relapse from an exnted state, 
this m turn is supposed to be connected with flic* classical radiation in the 
excited mbit which cannot he greatly different foi the different orbits 
producing optical speetia The series of lines in the spectra ol -he same 
element are of widely different intensifies, and m comparing the abundance 
of elements by this method care must be taken to choose comparable lines 
of comparable impoitaiice as representative of the spectrum If the 
element is represented only by weak lines m the yisual region we might 
be misled 

This method of calculating abundance of the elements is rlue to C. H 
Payne and the results m Table 47 are taken from her book* They corrc- 

* Stellar Atmospheres, p 187. 
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spond to the simple theory that if 1/n is the fraction of atoms in the 
appropriate absorbing condition when the lme just becomes visible then 
the abundance of the element is proportional to n 


Table 47 

Stellar Abundance of the Elements 


Z 

Element 

Abundance 

y 

Element 

Abundance 

14 

Si 

5 7 

22 

Ti 

43 

11 

Xu 

5 7 

25 

Mn 

30 

12 

Mr 

4 2 

24 

(V 

2? 

13 

A1 

3 0 

10 

K 

11 

b ! 

V 

3 fi 

23 

V 

05 

20 

(\l 

2<) 

.18 

Sr 

002 

20 | 

Ft 

2 5 

54 

Ba 

005 

30 

Zn 

0 77 

3 

1,1 

0000 


Other elements which are probably abundant are 0, S, N, Ni, but quantita- 
tive determination is not yet possible Information is not obtainable as 
to P, 01, F, Zr which are terrestrially abundant Miss Payne considers 
that there is a fairly close parallelism shown between stellar abundance 
and terrestrial abundance 

A study of this table does not suggest any need for amending the view 
expressed in § 173 that the mean molecular weight should be hiken to 
correspond to a predominance of elements in the neighbourhood of Fe 
with some admixture of lighter elements But this evidence is not ter be 
stressed very much The abundance here determined depends ‘on the ability 
of the element to rise to the upper part of the photosphere and may not 
be typical even of the photosphere itself The heavy elements are likely 
to be badly handicapped m showing themselves 
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The Temperahire oj Space 

256 The total light received by le from the shirs is estimated to be 
equivalent to about 1000 stars of the In si magnitude Allow mg an average 
correction to reduce visual to boloinetnc magnitude loi stars of types 
other than F and G, the heat received from the stais may be taken to 
correspond to 2000 stars of apparent boloinetnc magnitude 1 0 We shall 
first calculate tile energy-density of this radiation 

A star of absolute boloinetnc magnitude 1 0 ".idiates 36 3 tunes as 
much energy as the sun or 1 37 1(> J5 ergK per sec This gives l 115 10~ 5 ergs 
per sq cm per sec over a sphere of 10 parsers (3 08 10'Vm ) radius The 
corresponding energy-density is obtained by dividing by the vcloeity of 
propagation and amounts to 3 83 10 16 ergs per eu cm At 10 paisecs 
distance the apparent magnitude is equal to tlio absolute magnitude, 
hence the energy-density 3 83 10~ 16 corresponds to apparent boloinetnc 
jnagmtude 1 0 

Ac lordmgly the total radiation of the stars has an energy-density 

2000 3 83 10- la = 7 67 10” 13 ergs/cm 3 

Av the loriAula E -- a'T* the effective temperature co responding to this 
density is 

3 0, 18 absolute 

In a region of spaee not m the neighbourhood of any star this 
constitutes the whole field of ladiahon, and a black body eg a black 
bulb Vhormometer, will there take up a temperature of 3" 18 so that its 
emission may balance the radiation falling or. it and absoi bed by it This 
is sometimes railed the ‘ temperature of niters tellai space ” 

It is possible, however formatter which has strong seleotn ’ absorption 
to rise to very much higliei temperature Attention was called to the 
possible astiophvsic al importance of this effec { bv (’ Fabry* Radiation 
in interstellar space is about as far from thermodynamical equilibrium as 
it is possible to imagine, and although its density coiresponds to 3 18 it 
is much richer in high-frequency constituents than equilibrium radiation 
of that temperature It is convenient to exhibit this by stating for each 
wave-length A an equivalent temperature 7\ such that the actual density 

* Asirophya Jo urn 46, p 269. 
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for wave-length A is equal to that of equilibrium radiation at temperature 
T k The following results are found — 

Table 48 

Equivalent Temperatures of Radiation in Space 


X 

n 

ooo A 

4707“ 

2000 

1750 

4000 

967 

faOOO 

690 


The source of the radiation was taken (o be as follows — 5 per cent from 
stars at 18,000°, 10 per cent 12,000", 20 per cent 9,000°, 40 per cent 
6,000” 25 per cent 3,000° The total density was taken at the round figure 
10 _li ergs per cu cm 

Suppose, for example, that we are dealing with material capable of 
absorbing and emitting only m wave-length 600 It is unaffected by the 
presence or absence of radiation of other wave-lengths It therefore' 
behaves as though it were in a field of equilibrium radiation of temperature 
T k - 4707° and takes up this temperature This i> an idealised illustration, 
and in actual matter no one process of cncrgj transfer could be isolated 
so completely, indeed the notion of temperature is scarcely applicable 
unless a more general exchange is occurring In natural material thep' 
will be a number of absorption and emission processes each striding to 
bring the temperature to the TV corresponding to the wave-length of the 
radiation concerned in it, and it is not possible to predict tlm result of tip- 
conflict without careful inquiry 

257 Apart from direct astronomical evidence it is unlikely on geneial 
grounds that interstellar space is entirely vend Matter may esc ape fiom 
stars by radio-active emission, by radiation pressure or by the ordinary 
loss of high-speed molecules Terrestrial magnetic storms arc- usually 
ascribed to some kind of corpuscular emission fiom the sun At the sqme 
time space is continually being swept In the passage of stars which will 
pick up the atoms lying in or near their tracks, but it appears that the 
spring-cleaning of space takes at least 10 16 years so that it is unlikely that 
a stead j balance of gain and loss has yet been reached 

To fix ideas we shall consider a density of 1 atom per cubic centimetre 
This density is probably about the maximum admissible, but it is more 
instructive to discuss an upper rather than a lower limit We take a mean 
atomic weight 10, since perhaps light elements are likely to preponderate 
The mass in a sphere of 5 parsecs radius is then 128 > Q' This volume 
would contain about 50 luminous stars, most of them of mass less than lO 
Thus the assumed density gives a greater proportion of diffuse matter 
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than aggregated stellar matter Dynamical studies of stellar motions lead 
to the conclusion that the mass of invisible matter cannot exceed in any 
large ratio the mass of the luminous stars, it has in fact goner, lly been 
concluded that it is not greater 

For a density of 1 atom per cu cm and atomic radius llr 8 cm , the 
mean free loath is 5 6 10 8 km 

We have yet to decide whether this matter takes up a high or a low 
temperature, but provisionally we shall assume a temperature of 10,000° 
The mean speed for atomic weight 10 is then 4 6 km per sec , hence the 
duration of the free path is 40 years But we shall find later f hat the inter- 
stellar gas is ionised so that the attractions and repulsions of the electnc 
charges will modify the free path We assume single ionisation, and regard 
a deflection of 90° or more as constituting an encounter, the results are 
then 

Free path of atoms - -Length 7 10 s km Duration 5 years 
Free path of electrons — Length ] K 10" km Duration 3£ days 
The collisions are sufficiently frequent to ensure that the material is 
a genuine gas with atomic velocities distributed according to Maxwell’s 
law The term temperature can be applied with its ordinary significance 
as a measure of the energy of the random motions* 

Energy is transferred from stellar radiation to this diffuse matter in 

lour ways — 

(a) Line absorption by the atoms. 


(6) Ionisation of the atoms 

(c) Scattering by free elections 

(d) Switches of electron orbits at encounter with atoms. 

Energy is radiated from tlio malter bv the four (onverse processes The 
processes (a) and (l>) involve high-frequency radiation and therefore tend 
to raise the temperatuie to a high value of 7\ The process (o) is independ- 
ent of wave-length and tends to reduce the temperature to 3 0 8 lhe 


fourth process requires closer examination 

(a) Line absorption has practically no effect on the temperature o 
the ■material An atom absorbs a quantum end is thereby ca-sed to an 
excited state, but there is no mechanism for converting the energy so 
acmured into translatory energy, all the atom can do is to retain it for 
about I0- 9 sec and then bv le-emission restore it to the held of radiation 
Dense material can be heated bv line absorption through the mechanism 

of superela.i , ■«*•««» released sHs to 




374 


DIFFUSE MATTER IN SPACE 


excitation into kinetic energy of translation The transfer continues until 
the temperature is raised to the equilibrium value at which it is balanced 
by the converse transfer bv inelastic collisions But when the free path 
lasts for several days conversion by this method is so slow as to be 
negligible compared with other processes 

(6) 'Flic light of the stars expels electrons from the met. Is used in 
photoelectric cells in observatories and it must have a similar effect on 
matter in space* The electrons are expelled with a velocity given by the 
quantum law J»F* = fr- fc*. 

where hv, is the energy of ionisation The elements affected will be chiefly 
those with low ionisation potential round about 5 volts such as Na, K, Rb, 
Ca, Ba, Al, etc For 5 volts A, (=■ f/e,) is 2468 A The mean velocity of 
expulsion of elec trons should correspond to a temperature somew hat higher 
than '1\ , say 2000 t ", since all radiation between 0 and A! is concerned in 
the ionisation This is an example of a high effective temperature of the 
radiation m space for a paihcular pin pose , evidently the absence of the 
proper proportion of radiation with wave-length greater than Aj is quite 
immaterial (■ 

It is possible that the actual conditions are even more extreme A 
small proportion of the stellar radiation is capable of removing a second 
electron from the above-mentioned elements- at any rate from the 
divalent and trivalent elements Recovery of an electron must be x T ers* 
slow and the dissociation may be rapid enough to keep the element as a 
rule doubly ionised In that case the first ionisation potential of 5 volfs 
wall not be concerned and the transfer by ionisation will he opeiated by 
the still higher frequencies above the second ionisation potential— leading 
to higher values of T k 

We ha\c thus a continually renewed supply of free electrons with 
speeds appropriate to a temperature of some thousands of degrees These 
will mix with the atoms and bv encounters tend to bnng them to. their 
own temperature But the election will suffer some loss of energy in its 
life-time and it is important to discover whether its initial energy of 
expulsion is at all comparable with its average energy Ultimately the 
atoms will reach the average riot the initial, temperature of the electrons 
Within reasonable limits it does not matter how slow is the transfer from 
the electrons to the atoms because we know of no process by winch the 
atoms can waste the energy handed over to them Note that the electrons 
take the lead in this adjustment, because the electron is continually going 

* It should, howp\er, be realised that the circumstances nro not precisely the 
same Loss work is required to expel the electrons from a metallic film than from 
isolated atoms of the suine element 

f At the end of this seelion it is shown that tins argument does not contain the 
•whole truth of the matter 
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back to fetch more energy whilst the atom is passive The shorten the life 
of the electron the more favourable is the t ham e of high tempi i ntuie, smi e 
there is less oppoitunity for loss of initial energy and all loss is wiped out 
wjien the next life begins 

(c) One source of loss of energy of the free electrons is sc a tiding Let 
us (Very liberally) estimate the life of a free electron a, 10 years In that 
time the energy flowing through a square centimetre amounts to 0 t0 <> eigs 
(for energy-density Hi -12 ) To scatter this radiation completely it would 
be necessary to place the electrons contained in 5 gin ol matter as a screen 
(the coefficient of electron scattering being ’ by (53 5)) The screen con- 
tains 1'5 10 24 electrons, so that each electron scatters fi ergs of 

stellar radiation or 2 l()- i8 units of momentum in 10 yeais Even if the 
whole of this momentum were in a direction opposed to the motion of the 
electron its speed would be regarded less than 1 c m per sec The process 
(c) is evidently negligible 

(d) Between expulsion and final capture an electron makes many 
encounters with atoms and is liable to undergo the switches described m 
§ 150 Switches involving loss of energy will occur m any ease, switches 
involving gain of energy will be dependent on the presence of radiation 
available for absoiption The radiation concerned in switches is of lower 
frequence than the radiation which first expels the electrons from the 
atoms and detei mines their initial temporal we, and interstellar radiation 
Is relatively less nc Ji ill such frequency Hence (lie gains of eneigy of the 
electron will by no means balance its losses, and in fact we cannot expect 


apy appreciable part of the losses to be recovered 

* In t lot! we divided the speetiuin emitted bv elec rons of given specr 
into two parts («) clue to switches and (£) due to capture The former 
represents the loss of energy during the lnes of the elections, from the 
latter vo can compute the amount retained and given up on capture As 
usual let K \ and let us consider the spectrum P formed y 
multipit mg the intensities m spectrum p by v„/r Sme- spectrum J 
represents the whole energy emitted on captutc spectrum fi « 

the kinetic energx given up on capline because the elec tron has on!> the 
kinetic energy *«,, to lose, although it radiates U bv tailing to an oibi o 
negative cnergt By Kramers’ theory the intensity Q ,s constant up to 
the guillotine limit hence the total intensities of the spectra are 


(ei) Qv 0 < 


([}') ^ I dv Qv o log \ 


where is the guillotine limit Hem e 

kinetic eneigy lost by electron 
kinetic energy retained until capture 


1 

log h/v„) 
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For temperatures of two or three thousand degrees and atoms ionised 
down to 5-10 volts, log vjv 0 is about 2-3 (The precise value is not of much 
importance , it is clear that in any case it is of order unity ) Hence the 
electrons preserve more than half their initial energy, and their average 
temperature is not much less than their initial temperature which we have 
already estimated at 2000° at least 

To sum up— the processes (a) and (c) have negligible effect pn the 
temperature The process (6) continually furnishes electrons at high tem- 
perature, and although this is appreciably toned down by process (A) the 
order of magnitude is still roughly that of process (b) Diffuse matter in 
space will ac< ordingly rise to a temperature of the order 2000" It is 
scarcely necessary to add that this conclusion is entirely provisional as 
there may be important gaps in our present knowledge 

Recently I have come to the conclusion that 2000° may be an under- 
estimate The following is an attempt to calculate more specifically the 
“initial temperature ” of the electrons expelled from the atoms To 
simplify the conditions we suppose that the stars are all black bodies with 
the same effective temperature T, so that the energy -density of interstellar 
radiation between v and v i dv is proportional to 


v 3 Av 

flnjUT _ ] 


(257 1) 


We are thus dealing with evenly diluted radiation Suppose also that* 
all the atoms have the same ionisation potential v 0 (in frequency units) 
Let the absorption coefficient follow the law 

k<x.v 3 -' ( v>v a ) (257 2) 

On Kramers’ theory s = 0, but we retain s as a precaution By (257 1) 
and (257 2) the amount of radiation absorbed between v and v + dv can 
be set equal to ^ 

v ' ( e *'/"7 _ |)> 

and the number of quanta absorbed is 

('dv _ 

Av‘ +1 (e*‘/^ J — l) 

Hence the average quantum absorbed is 



hdv 

• [t*'l UT - 1) 



dv 

(eW«7 _ l) 


(257-3) 


In our applications hvJRT will be large so that we can replace (e h "l KT - l) 
by Hence (257 3) becomes 


RT ~ ' . 


sr-'e 



x~ , ~ 1 e~’ 'dx . , 


(257 4), 
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where x 0 = K/J?T If E is the average initial energy of an electron alter 
expulsion and T 0 the corresponding initial temperatine, we have 

* .1 T>m tji 1 _ 

Hemcp by (257 4) we find 


{BT„ = E — hi — hv a 


y o = yE 1 ~ 2 ( s ^ *»' 1 _+ 3 (s + 1) (s + 2) a t , 2 — 


(257 5) 


1 -(.s+lK-i + (, * 1) (“s -h 2) J(1 - - - 

For lar^e values of z 0 the initial tempeiature approximates to {-T, the 
next approximation being : 

t 0 = \t(i 


Afterwards the mean temperature tends to rise above tins initial value, 
because the slowest electrons ore weeded out most quickly by capture 
It this cause operated alone the aveiage temperature would become equal 
to T But we have seen that some fraction of the initial energy (£ to \ ) is 
gradually lost by the process (d) The conclusion is that the temperature 
of interstellar mattei will be between \T and T 

In considering a suitable average value to adopt for T it must be 
remembered that we are only concerned with radiation of short wave- 
length capable of ionising the atoms, and therefore the hottest stars must 
be given most weight 1 thcicfore suggest a temperature about it), 000° 
for interstellar matter The interesting point is that when ionisation alone 
.*> operating the entecblenient of the radiation makes no difference to the 
temperature assumed by diffuse matter T 0 depends on the relative in- 
tensities for different frequencies and not on the absolute intensity For 
example, diffuse matter round about the orbit of Neptune sb >uld be cooler 
than the average , the sun, by liberating large numbers of slow'-moving 
electrons cools the interstellar material in its neighbourhood 

The weak point of the investigation is that w r e have assumed the 
radiation of the stars to follow the black body law at vciy short wave- 
lengths — an assumption which lias little theoretical or observational 
justification (§ 229) Numerical results must therefore he uncertain I do 
not think theie is any thermodynamical principle that forbids interstellar 
material attaining a temperature higher than the effective temperatures 
of the stars if there happened to be absorption bands in stellw spectra so 
placed as to cut clown the number ot expulsions with small eneigy 


Fixed Calcium Lints 

258 In certain spectroscopic binaries (lie absorption lines H and K 
of calcium arc found not to partake of the orbital motion shown by the 
other spectra] lines Evidently these lmes do not arise m the atmosphere 
of either component , they are formed either m an envelope surrounding 
the whole system or during the passage of the light through interstellar 
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space to the observer The material at a considerable distance from either 
component must be of very low density, and the exceptionally sharp and 
narrow appearance of the ‘ fixed calcium hues ’ is in keeping with this 
The detection of fixed calcium lines in binary stars may be compaijpd 
with the detection of telluric lines in the solar spectrum, certain lines are 
found not to partake of the sun’s rotation, and these have beer imprinted 
on the spectrum during the journey of the light to us, viz in QMr own 
atmosphere 

The phenomenon is shown only by the very hottest “early type ’ 
stars, viz those of types 0 to B 3 It might, however, exist undetected 
ni cooler stars, the fixed lines being masked by stronger and wider ab- 
sorption lines in the atmospheres of the components 

The question whether the calcium cloud producing this absorption is 
attached to the star or is a free cloud in space can be settled by measuring 
the radial veloc lty The test is not an easy one because the early type stars 
have usually low individual velocities but an investigation fey J S 
Plankett appears to be conclusive* He measured the calcium velocity 
and the ordmarv stellar velocity (determined from the lmes of normal 
behaviour) of 40 stars earlier than B 3, the investigation not being re- 
stricted to spectroscopic binaries in a nutnbci of eases considerable 
differences ranging up to 50 km per see were found, indicating thnt the 
cloud could not be attached to the star Moreover, after correcting the 
calcium velocities for solar motion it was found usually that the cloud haft 
little, if any, velocity referred to the standard of reference of stellar 
velocities —the so-called “mean of the stars ” This uniformity of motftm 
(or rest) of the ealtium cloud indicates that it is a continuous cloucl 
extending through all parts of the stellar universe explored m the in- 
vestigation Presumably it is of the nature of the diffuse matter in space 
imagined in the last two sections inequalities of motion have boon 
smoothed out in the course of tune by diffusion and ( olbsion of the atoms 
The I) lines of sodium also ajipear lived m these early type stars and 
must therefore be produced in the cloud No doubt other elements may 
be present but are not in a condition to produce prominent lines in the 
visible region of the spectrum It is evident that onlv lines of a principal 
senes are likely to be seen since in the weak held of radiation the’pro- 
portion of atoms excited at any one moment must be exceedingly small 
It is noteworthy that the H and K lines are produced by singly ionised 
calcium and the spectrum of the un-iomscd element does not appear 
although it has strong prim ipal lines that might have been observed We 
deduce therefore that practically all the calcium is ionised On the other 
hand, the D lines are absorbed by sodium atoms which are un-ionised and 
unexcited Some difficulty has been felt with regard to the absence of 
* Pub l)om Oba Viet 2, p 287 
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un-iomsed calcium and presence of un-iomsed sodmm, „ nw tJlt . ll)llm . 

dxnpSto . r 7 7 “ J ° Wir tLan f ° r ‘ ftl ™™ ™“l«e should naturally 
dxpect the sodium to hoc omc ionised hrst in aeeordam «■ with (17 4 4) JS,it 

7 ® x P ectatl011 applies only when no second stage i.m.sation ot either 
eement is.oceurnng, and owing to the low second potential toi calcium 
the reversal might even have been anticipated The foil -wing explanation 
has beajj given bv R H Fowler 


The valency elec trolls of an element are detaelu d bj fan ly low ionisa- 
tion potentials, after they have been removed theie is a sliaip risc> to the 
next ionisation potential lcqmred to detach an election of the compact 
inner grbup We may suppose that the stellar radiation traversing space 
contains constituents of sufficient l\ Jn«_h frec|ueuey (emanating chiefly 
from the R and O stars) to ionise the valency electrons, but prac lieally 
no constituents of the much higher frequency required to break into the 
next group At the low density electron captures are rare, consequently 
the atoms are usually 111 the state of having lost all their valenc j electrons 
but with their inner groups complete' These compact 1011s give no absorp- 
tion in the visible region since their principal lines are far in the ultra- 
violet From tune to time one of them will capture an election and hold 
it for some c onsiderahle tune*, since the ionising radiation is verj weak , 
thus the next most common state is that of anion with one valency electron 
Since calcium is divalent and sodium n onovaleni, this places singly 
ionised* calcium and neutral sodium on the' same footnig as regards chance 
of absorbing Xontral calcium would onlv occur through the improbable 
coinc ldenee of t*\o dee tron caplurcsinquick succession so that its spectrum 
is* not 1 o be expected 


259 The question now auses whether, granting that there is a cloud 
extending through liitc'istellai '•pace the nxecl lines ,.n produced um- 
formh dining the tian-at ot the light from the star to the oaith 01 onlv 
in the neighbouihood of the star 

The reason for wishing to rc'strn t flic production of the lines to the 
nei&liboui hood of the stai is (Jiai, if the star is absolved from all eorn- 
plic'itv, the phenomenon should be the same foi all t\pes of stars, the 
intc'v)sitv of the fixed lines depending onl\ 011 the distance traversed bv 
the light Since the phenomenon is detected only in ihe hottest stars of 
types () to R .‘I the idea lias been put torwa.d that the presence of an 
intensely hot star stimulates the part of the cloud 111 its neighbourhood 
to perform the absorption Tins would explain admirably the fixed calc mm 
lines, the calcium being ionised by the high-frequent x radiation and so 
brought to a condition to absorb the* H and A linos Rut the fixed sodium 

* J,. tune monel 1 foi it to be excites! n manlier of tunes, since many quanta, 
of excitation frequency will coine along befon a quantum of the ionisation frequency 
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lines cannot be explained in this way because they are absorbed by neutral 
unexcited atoms which require no preparatory stimulation This is a fatal 
objection to the theory Moreover, we see no reason why the lines of un 1 
ionised calcium should not be imprinted on the light as it traverses tjhe 
regions where the atoms are supposed to be unstimulated 

Another possibility is that calcium and sodium do not exiit m great 
quantity m the general cloud, hut only m the neighbourhood of the^aottest 
stars winch eject them by selective radiation pressure or otherwise After 
ejection the atoms are caught up in the cloud so that they have the 
motion of the cloud and not of the star This view presents great difficulties 
when we attempt to consider it quantitatively Remembering t'nat the 
star is moving through the cloud, it cannot very well prepare a screen 
ahead of it At any rate, the fixed lines should he stronger in receding 
stars than m approaching stars, and if the suggestion were senouslv enter- 
tamed this correlation should bo looked for 

It appears then that we must turn to the alternative theory that the 
fixed lines are produced uniformly by absorption in interstellar space They 
must accordingly be present in every type of star which is sufficiently 
distant, although it may be impracticable to detect them Plausible 
reasons can be given why thev have hitherto failed to appear Below 
B 3 it is presumed that // and K begin to be prominent m the spectrum 
of the star proper, and the fixed lines could only be distinguished if the 
star had large velocity From B 3 to B 8 the velocities are generally very 
small Stars of lower types are generally not sufficiently remote to give 
the general space-absorption a fair rhanee, and the increasing multitude 
of lines in the spectrum makes the detection difficult in the lowest typos. 
Stars with the necessary requirement of very great distance and large 
velocity can perhaps be found, and it may be that thev will give decisive 
evidence for or against the theory , we do not know of any test of this kind 
yet tried* 

It would seem that a valuable test could be obtained if an attempt 
were made to correlate the intensity of the fixed lines with the distances 
of the stars of types O-B 3 Tf these stars were grouped a< cording to 
estimated distance a distinct relation should be found and it is even 
possible that if the test proved satisfactory it would furnish a method of 
determining large stellar distances Exceptions must however be expected, 

* [The star GG Endaru, type B 9, mag 5 2, affords evidence distinctly unfavour- 
able to the theory It is a speetroseopie binary with both spectra visible and the 
calcium lines follow the orbital motion The relative velocity of the two components 
amounts to 220 km per sei so that there would be plenty of room for fixed lines to 
appear between the stellar linos, but none are observed (Frost and Struve, A atrophy a 
Joum 60, p 313) I can only suggest that its distance, estimated at 150 parsecs, 
might be insuffieient to give the interstellar absorption a chance, but the excuse is 
not very satisfactory to me ] 
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because if the star’s light traverses a diffuse nebula (with density perhaps 
10,000 times that of the interstellar cloud) the calculation ,s altogether 
upset. 

. In some binaries the calcium lines show a radial ve'ocity variable m 
the ekme period as the other lines but with smaller amplitude It seems 
obvious thVt this is the result of a blend of the fixed eah mm lines w ith the 
cal ciun^ lines of the star itself Some v liters, however have attributed 
it to motion of a calcium envelope supposed to surround the whole 
system, which follows with reduced amplitude the motion of the lugger 
component towards and aw'ay from us The suggestion disregards alto- 
gether the dynamics of the problem , obviously the motion of the principal 
star could not eommunic ate di^plac ement to a distant rare medium without 
great lag of phase. 

A word may be added as to the method of production of the lines 
We have already seen that the atoms wl-ch have performed the line 
absorption cannot get rid of their energy except by radiating it again 
But the absorbed radiation is taken out of tin ra\ travelling from tin star 
to the earth and the emitted radiation is sent out indiscriminately in all 
directions, if anv of it meets the eye of the observer it is not coming from 
the direction ot the star but is part of the general light of the sky As 
t here is no thermodynamic equilibuutu it is not nec cssarv that the emission 
should lie, qualitatively the exact mvorsc of the absorption — the atom 
TAav bp excited in one step and return to its normal btate by several 
intermediate steps In fart the emission w ill usually be ill low'er frequencies 
than the absorption owing to the relative deficiency of the held of radiation 
in low frequencies 

260 According to .Milne s theory of the chromosphere (254 S3) the 
monochromatic absorption eoeftieiem for H and K light is of the order 
in'* so that model at ely dark lines willin' produced h\ 10 "gin or 1 5 10“ 
atoms of Ca + per sq cm Assuming that bved lines of this intensity occ ur 
m stars distant 500 parsecs (I 5 lO-'em ), theie must be 1 atom of 
in l()"eu cm The unionised atoms aie presumably much rarer since their 
principal lines do not appear, but t here may be anv number ol doubly 
lomSecl atoms .ludging bv tcirestiial abundance calcium nnglit be ex- 
pected to form lafliei more than J per cent ot the whole material 

The fixed calcium lines may thus be considered to give a lower limit 
of about 10 h atoms per ru cm toi the density of interstellar matter 
There is rather a wide gap between this and the upper limit of 1 atom per 
cu cm fixed by dynamical considerations, bill this will be closed up if 
most of the calcium is doubly ionised Another clue to the density is 
obtained by considering the general scale of the local condensations oc- 
curring m it — the diffuse and dark nebulae Since the investigation of the 
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temperature of diffuse matter applies also to the nebulae, we take the 
conditions to be isothermal with T = 10,000° Then by (63 4) with ji - 10, 

^ r — 3 14 10 8 Po 4 z. 

or if r is measured in parsecs ' ' 

t = (10 a %)-*z ,1.(260 1) 

Take, for example, the unit of 2 to be 1 parsec , the density then diminishes 
from p 0 at the centre of the nebula to lp 0 at 5 parsecs from the centre and 
4 l (1 p„ at JO parsecs distance (Table 7) I suppose that this corresponds very 
well to the size of typical nebular aggregations Accordingly by (260 ]) 

Po =- 10" !0 


Even it the scale of the nebula is 3 times larger or smaller p„ is only changed 
by a factor 0, so that the central density ot the nebulae is rather well 
determined if this theory is valid At 1.50 parsecs distance trom any one 
nebula we probably reach the general average conditions of interstellar 
space undisturbed by exceptional attracting masses By Table 7 the 
density has there fallen to 1 0~ 4 p„ This then indicates a density 10- 24 or 
about j< of the upper limit which we have been adopting This last result 
happens to be nearly independent ot the determination of p„, and it seems 
impossible to strain the data so as to give a result near the lower bnnt 
of 10 -1 ' atoms per cu cm 

We judge therefore that the interstellar medium is much denser thajj 
would be necessary to give the fixed calumn lines if all the calcium were 
111 the state of 0a + It is probable thereiore that most ot the calcium is 
doubly ionised — a conclusion favourable to Fowler’s argument (§ 258) 

A rough determination ot the state of ionisation ot the diffuse matter 
can be made m the following way Assume as m § 257 that all the stais 
have the same effective temperature T — approximately the same as the 
temperature of the interstellar matter Then the radiation in space is 
evenly diluted equilibrium radiation, that is to say, the density for 
frequency v to v r dv is ; ^ r) ffy ^ 

t 

where / (e, T) is the equilibrium intensity and S is a constant “factor of 
dilution ” The degree of ionisation is determined by equating the number 
of captures to the number of expulsions The foiiner number is propor- 
tional to the density of the electrons and the latter to the density ot the 
radiation Tf the radiation density and the electron density are both 
multiplied by the same factor 8 the balance will be unaltered Tins multi- 
plication brings the radiation up to its equilibrium density, hence we have 
the rule — 

The conditions of ionisation tn interstellar material are the same as m 
material of density pS m thermodynamical equMrrium at temperature T 
Equilibrium radiation at 10,000° has a density 76 ergs per cu cm , 
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hence the density of interstellar radiation being 7 7 . I0 _ia , we have f> - to 14 
With p = 10 -24 we have pS -= 10 10 , and the problem reduces to finding 
the ionisation m equilibrium conditions for density It)' 1 " and temperature 
10,000°. By (174 2) we find 

* . ip 0 /ET =19 8, <J, a = 17 volts. 

The second ionisation potential of calcium is 11 8 voi„s The proportion 
of calt'qim remaining in the t'a H state is then 

e<* *■)<«' = 0025 
the rest being doubly ionised 

The second ionisation potential for sodium is 30-3.1 t nits so that there 
is practically no double ionisation The first ionisation potential is 5 1 volts, 
hence we find that 1 atom ot sodium in 1,000,000 is neutial It the 
abundance and the absorption coefficients foi sodium are the same as for 
calcium this is barely sufficient to produce the fixed I) lines* Calcium’s 
first ionisation potential is I volt higher and <l.e corresponding divisor 
is 300,01)0 We can now readily understand why neutral calcium is less 
abundant than neutral sodium (as the observations mdiiate), our results 


arc (Ja j Ca + 1 Na _ i 

(Ja,. - 300,000’ 400’ Na+ 1,000,000’ 

so that there is ail extra divisor of 400 due to the second stage ionisation 
occurring an c aleiuin but not in sodium 

*• Aryy minor numencal discrepancies will probablj disappear when we 
take account of the spread ot effective tempera! mes of the stars This 
ntakes the radiation m her w lugb frequencies and pooierinlow frequencies, 
So that thcVecond stage ionisation is more intense and the first stage less 
intense than in the foregoing results Tins maj well reduce 11, e proportion 
ot Ca , atoms to and meiea-e the proportion of i\a doms to 10 times 
the above figures All the results then become satisfactorily consistent 


> A bsoi pi ion oj Light m Space 

'261 Distances of .elcst.al objects up to about 50 parsecs can be 
determined b% the tngonomctncal method My the ik of mean paiallactic 
‘ mntions lli(* dolomijiifiUon of aievac/i distances 

we are al, nost eu > P 1|P km ,wn independently, then it is 

to* find It w hat distance it must he situated m order to 

give the observed appaient magnitude 

, „„„ „ 4 tunes as abundiml as calcium atoms 

* Terrestrially sodium atonic ftn( t g; Allowing tor this wo still 

whioh 13 porhaps not unIlkely 
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This optical method of finding distances assumes that there is no 
appreciable loss of light by absorption or scattering during the journey 
across space The direct evidence for this assumption is very limited* 
Some check is afforded by the general agreement of spectroscopic and 
trigonometrical parallaxes, but this gives an upper limit t,o the ab- 
sorption too high to be of much service The evidence ■which' is usually 
quoted as indicating an almost perfect transparency of interstellar space 
is H Shapley’s demonstration that the light from the stars m globular 
clusters (at a distance of the order 10,000 parsecs) shows no appreciable 
reddening , it is assumed that absorption without reddening is unlikely 

According to modern ideas Shapley’s result does not really Carry us 
much farther. We shall presently show that the reddening by diffuse 
matter is small in proportion to the absorption so that the absence of 
detectable reddening is no proof of absence of dimming 

The w eakness of the position is apparent when we consider the possible 
causes of dimming ot a distant objoc t These are — 

1. Obstruction by particles large compared with the wave-length of 
light (meteoric matter) 

2 “Rayleigh scattering’ by atoms, ions or particles comparable with 
the wave-length of light 

3 Scattering by free electrons 

4 Contmuous absorption by gaseous material 

Line absorption, discussed m §§ 258, 25!), lias insignificant effect on 
the general brightness of the star and cannot occur without betraying 
itself m the spectrum 

Of these only the Rajlcigh scattering definitely causes reddening It 
is proportional to the inverse fourth power of the wave-length, so that 
blue light is eliminated from the transmitted beam faster than red Rut 
we might almost have rejected Rayleigh scattering without observational 
test for reddening, to produce appreciable effect a vast quantity of mfei- 
stellar material is required which would be irreconcilable with dynamical 
studies of stellar velocities 

The causes (1) and (3) act independently of wave-length and would not 
produce reddening No (4) is likely to be selective but whether it would 
make the light redder or bluer c annot be foretold 

We have seen reason to believe that most elements lose their valency 
electrons in interstellar space, and in any case the fixed calcium lines 
constitute observational evidence that calcium is ionised Hence the 
material contains free electrons We shall consider whether the electron 
scattering can produce appreciable dimming of the stars If there were 
500 free electrons per cu cm , a column of 1 sq cm section and length 
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1000 parsecs would contam 1 5 10” electrons- the number contained in 
6gm of matter Light traversing this column would bo reduced m in- 
tensity in the ratio e-' or roughly 1 magnitude An absorptioi ot l>» per 
1G00 parsecs is ]ust large enough to be of serious nnj ortanc e in stellar 
investigations in the galactic system There is no loason to suppose that 
the diffusT cloud extends much beyond the galactic . \Mem- its motion 
cle ter hj fried by l’laskett shows that it i*- associated with our local system 
in particular — so that we must not assume that the absorption extends 
equally to the globular olusteis but anything seen outside 1 our system 
would be dimmed at least one magnitude, and this would gn e unpoitant 
corrections to the deduced distances of globular clusters and spiral 
nebulae 

Hut a density of 500 free electrons per i u cm is much greater than 
we can admit We have seen that I atom per cubic contimotie is about 
the maximum possible, and since it would not be more than doubly or 
triply lqmsed, there cannot lie more than 2 or ,t electrons per on cm We 
can probably conclude safely that electron-sc altering in mtcrstellai spucc 
is too small to < ause appreciable dimming ol ev on the most distnnt objec ts 
There is perhaps a small risk in neglecting it in 'he determination ot the 
distance of the Andromeda nebula ( 500,000 parsecs) . but even if the matter 
were supposed to continue with undunmished density through mter- 
galactic space, the required correction would not alter the order of mag- 
‘rntude, of the distance of the nebula 

If dimming by electron -scattering is ot cosmic al importance at all. if 
must be in loe ( il regions of the sky, where the wierstollar matter is nunc 
condensed * 

When a gas is ionised the electron scattering (which does not redden) 
is very much larger than the Rayleigh scattering (which reddens), so that 
the combined result is absorption without appreciable reddening We 
have above us a column of air containing about 1000 gm per sq cm If 
this v,ere fully ionised the election scattering would reduce the light of 
a fjtar overhead by 1000 3=- 200 magnitudes if singly ionised, the re- 
duction would lie 28 magnitudes The Rayleigh scattering which is not 
appreciably different for ionised air and the* actual atmosphere is, of 
confse, trifling m comparison 

We might tentatively use obsei rations of reddening as a test whether 
nebulous material is ionised or not If there is absorption with reddening 
the number of free electrons must be small, if there is no detectable 
reddening the material must be considerably ionised The only difficulty 
is that we cannot be sure that the absorption is not produced m some 
quite different way, e g by mete-one mattei Measurements of reddening 
by obscuring patches and gaseous nebu’ae have been attempted, but it is 
too early yet to state any farm conclusions 
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262 Continuous absorption (as distinct from scattering) is produced 
by the two causes studied in connection with the interior of a star 

(a) Ionisation of atoms 

(b) Switches of electron orbits at encounter with atoms. 

To these we may possibly have to add a third cause not operative in the 
stellar interior 

(c) Dissociation of molecules into atoms 

(a) Absorption by ionisation affects onlj radiation of frequency above 
that corresponding to the ionisation potential For absorption of yellow 
light which contributes most to visual brightness the ionisation potential 
would have to he as low as 2 2 volte This is below any known ionisation 
potential An excited atom can bo ionised by light of lower frequency but 
the proportion of excited atoms must be extremely small 

(b) This must he extremely small owing to the rareness of encounters. 

(rt It is unlikely that combination of atoms into molecules occurs in 

interstellar space, because the atoms are ionised and their positive charges 
tend to keep them apart when they meet, their chemical attraction is 
given no chance We may, however, provisionally examine what happens 
if the combination is possible The energy-density in space (10 “) corre- 
sponds to about 1 visual quantum m 3 cu cm , or roughly 1 quantum 
per molecule (or potential molecule) for our estimate of maximum 
materia] density By a synchronised effort the molecules could justr 
extinguish all the starlight lying about , after tlus they could do nothing 
for 40 years — the time until the atoms suffered their next encounter and 
had a chance of recombining Extinction once in 40 years spread ovoc 
a light track means that a star distant 13 parsecs (40 light years) would 
be dimmed in the ratio 1/cor 1 magnitude This is a quite serious absorption 
But we have been dealing with extreme upper limits and cannot really 
expect anything like so high an efficiency It is fairly safe to com hide 
that molecular absorption, if it occurs, is not great enough <o produce 
appreciable effects 

As regards obstruction by meteoric matter we have no evidence to 
guide us The meteoric matter encountered by the earth is generally 
supposed (o have originated in the soiar system and there is no rcasob lo 
think that anything of the kind exists in interstellar space We have the 
impression (perhaps not too well founded) that the primordial state of 
matter is gaseous, and that meteors or meteor dust must be the debris 
of some former aggiegation of matter Obstruction by meteor dust is 
rather more economical of mass than other forms of absorption or scatter- 
ing — a consideration often of importance , and although we do not favour 
the hypothesis of absorption from this cause it is not to be set aside alto- 
gether 
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Returning to the question whether the usual assumption of pertcc t 
transparency of space (apart from specially obscured regions'] is justified 
We must answer that we think it is , the only serious risk in thin < oik lumon 
is that it neglects the possibility of absorption by nieteoi dust 


Dark Nebulae and Diffuse Nebular. 

263 . ’ We now consider diffuse nebulae such as the Orion Nebula whnh 
show bright line emission spectra, and dark nebulae which appear as 
obscuring patches in the sky hiding the light of the stars behind Whilst 
it may *not always be possible* to discriminate correctly between an 
obscuring patch and an actual lacuna m the distnbulion of the stars, 
there arc many cases where the existence of dark nebulosity is undoubted. 
Dark and diffuse nebulae are closely connected and grade into one another 
insensibly , sometimes a diffuse nebula is continued as an obscuring patch , 
sometimes part of a dark nebula is family luminous where the pioxnmty 
of bright stars gives the necessary stimulation 

It is now* generally agreed that the luminosity of a diffuse nebula is 
stimulated by the radiation of the stars contained m it , it is often described 
as a fluorescence The dependence of the nebular light on the slellar radia 
tion is well shown by Hubble’s Variable Nebula, where the stimulating 
star is a variable and acc-ordmgly the nebula itself is variable The idea is 
that thp atoms in the nebula are excited by absorbing the radiation coming 
from the stimulating star or stars, and emit their characteristic bright, line 
spectrum as they relapse 

Consider' for example the lines of the Babnei si ios (//„, ll n , etc ) 
which appear in the diffuse nebulae The wave length of the radiation 
required to raise the normal liydiogen atom to the mquired state is 
102f, o A for 11 ranging up to Dll a A for the highest members of the 
series As this is far in the ultra-violet the hot stais w ill be muc h more ru h 
in the, returned radiation than cool stars Accordingly 1mm, .mis nebulae 
showing the hydrogen lines are gene, ally found su, round mg groups of 
B type stars The dark nebulae may be considered to be precisely snml r 
intrinsic ally, but lacking stars hot enough to stimuli Hun lt may be 
remarked, however, that it is possible foi opacity to be 
radiation -the radiation, for example Uberulmg more 

„f ,t ut" govoni«i b V , l from tkomodjn.m.c 

» » *■ — - 
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the absorption The energy of emission of the Balmer senes is in fact 
derived from absorption in the principal senes of hydrogen Dark lines 
of the latter senes will cross the spectrum of the stimulating stars but they! 
are in the far ultra \ inlet beyond the region which (an be observe*}* 
Probably the Orion Nebula is nearly transparent to Balmer radiation in 
spite ot the fait that it is emitting it, so that the brightness. is a direct 
measure of the gioss emission —a veiv unusual simplification (T^yts may 
bei i nit lasted vutli the c lironiosphcre, where the brightness is by no means 
a measure of the number of emitting atoms smee there is high internal 
absoiptioii ) Probably a great deal of interesting information as to the 
deieiti of tlu hydrogen distiibutioii and the probabilities of transition 
bet'.een tlu dilli lent (|iiantised states of the atom, ete could be obtained 
from absobite miasuris ot the emission of the Orion Nebula 

We n.ituru’ly assimu that the diffuse and dark nebulae are local 
condensations <» the gen. ral (loud of interstellar matter revealed by the 
fixed i at. mm lines It is, liowe\ er, bv no means easy to account q.' unlit a- 
tnel\ for the gie.it opacity’ of the dark nebulae Most theories lead to an 
extravagantly high mass, as has been pointed out by A Pannekoek Wc 
may take as typical the dark nebula m Taurus studied by Pannekoekf 
lie found an ohsi tiling patch of area 140 square parsecs, which m general 
redui ed the light of the stats behind it by 2 magnitudes Interpreting the 
(laikemng as Kavlcigh scattering he found a mass of at least 4 10® a Q 
Adopting electron scattering the required mass is less, but the difficulty 
is not wholly removed To reduce by 2 m we require lOgm per sq cm of 
fullv-jnnised material or say 200 gm per sq c m of smgly-io used matenkl 
The whole mass is then 140 200 , (3 lO 18 ) 8 = 2 5 I0 41 gm = 120 millioh 

suns It the depth is taken as 12 parsecs (corresponding to the transverse 
dimensions) the density is 5 10 18 gm per ru cm or 500 times our 
estimate of p 0 m § 200 A star approaching this nebula would, under its 
gray it at lonal attraction, acquire a velocity of 300 km per see at the 
boundary and 350 km per sec on reac lung the centre The mass is dearly 
too high To avoid abnormal stellar velocities the mass should be 
divided by 100 Ai cepting reduction by a factor ,i„, the density is 
about 1000 tunes our assumed density of ordinary interstellar matter, 
and the mass is 2 gm per sq cm Jt is doubtful if 2 gm per sq cm Van 
give the observed opacity m any other wav than by solid obstruction, 
e g by particles like sand The problem of the masses of the dark nebulae 
is fraught with diffic ultv, and we do not venture to suggest any conclusion 

* Our upper atmosphiri is practical] v opaque to radiation of wave length less 
than 2850 A. and even the solar speitrum cannot be observed beyond this limit 

t /’roc Akad ran Welcnschappen, Amsterdam, 23, p 720 (1920) 
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Planetary Nebulae. 

. 264 Planetary nebulae are similar to diffuse nebulae in many respects, 

but they are of more regular shape, they surround a smgle star, and they 
are of much smaller absolute dimensions They give bright line spectra 
accompanied by a certain amount of continuous spectrum There is not 
muclmhfference between the spectra of diffuse and planetary nebulae, 
the latter differing among themselves quite as much as they differ from 
the diffuse nebulae 

The central star is always faint, a great deal of its light being doubtless 
lost UiTOugh the continuous absorption of the nebula The spectrum is 
very rich m ultra-violet light, and the stars capable of supportmg this 
nebulous appendage are probably limited to type 0 

The annular nebulae are a characteristic and interesting type of 
planetary nebulae 

Spectroscopic measurements of radial velocity have demonstrated the 
rotation of several planetary nebulae including the Ring Nebula m Lyra 
It is not a ngid body rotation, but dimmishes outwards as orbital revolu- 
tion would do It may be assumed that rotation plays an essential part 
in the phenomenon It looks as though the nebulous matter cannot have 
been expelled from the central star (by radiation pressure or otherwise) 
smee this would not possess enough angular momentum But on the other 
hand, in the Novae we observe matter, which certainly seems to be ex- 
pelled from a star, acquiring rotation or at any rate large transverse 
velocity The fact, is that rotation of celestial objects is altogether mys- 
terious, and we really know no adequate cause for the almost universal 
prevalence of rapid rotation* 

The observed spectrum points to a high degree of ionisation The 
elements detected are H, He, He 4 and probably C t+ , in addition, there 
are numerous unidentified lines including the prominent doublet of 
nebulium Oa , is not shown so that presumably calcium is triply ionised 
On the other hand, the occurrence of the He spectrum show's that helium 
is not doubly ionised As the second ionisation potential of helium is 

* [The view that the nebula consists of mutter left belund in the course of stellar 
condensation seems to bo inadmissible, because a tenuous structure of this kind 
could not be propelled through the interstellar cloud at 100 km per sec without 
, suffering rapid change and dissipation We feel bound therefore to admit replenish- 
ment both of the material and of the angular momentum b\ emission from the 
central star Failing any other explanation we may pet haps invoke the magnetic 
field of the Rtar If ionised material is sti earning out m the equatorial plane the ions 
wall acquire angular momentum of one sign and the electrons angular momentum 
of the opposite sign about the magnetic axis of the star A weak fiold of the same 
older as the sun’s general magnetic field is quite sufficient to produce the required 
transierse volocity Tins explanation might apply also to the transverse velocities 
observed m Novae It is difficult to develop a detailed explanation on those hnes 
and the idea is at present a vague conjecture J 
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54 volts, we consider that the elements in general are ionised down to a 
level of 40-50 volts Bearing in mind the high temperature of the central 
gtar, this is about the value predicted by the method of § 260 

The inferences in the last paragraph are based on the argument 258) 
that in highly diffuse material not only will the spectrum pf the ion 
ordinarily present appear but also that of the next lower ionisation For 
example the ion He., will after excitation emit its proper speetrurti But 
it is also able to capture an electron, the captured electron does not 
necessarily occupy the lowest orbit in the first instance but it will soon 
come down to the lowest orbit m one or more steps and emit the spectrum 
of neutral He in so doing 

The fact that so large a proportion of the nebular lines are unidentified 
is evidence that the conditions of ionisation are more extreme than those 
generally attained in <i \ .lennm tube 

It is c n.itwi il sugge-tion that the nebula should be regarded as an 
extended ehroniospheie There is however little real resemblance 
Whether radiation pressure is concerned in the phenomenon or not, it 
cun scarcely be t he main support of the nebula as it is of the chromosphere 
The hydrogen is mainly ionised in the nebula and the solitary hydrogen 
nuclei arc- unabsorbent so that they could not be supported It seems 
evident that the chief support of the nebula must be rotation 

f 

4 

265 Two possible lines of explanation of the annular form of many of 
these nebulae are open It may be that the limits of the annulus mark 
the places where the conditions for emission of the light concerned cease 
to exist or it may he that the annulus represents an actual condensation 
of the element concerned In either case an observational result of great ■ 
mtcTc st is the variation of si/e of the annulus as studied in different kinds 
of monochromatic light When viewed through a prism a number of 
monochromatic unages of the nebula are seen— one for each of the chief 
emission lines m the spectrum These images are rings of different' ’sizes, 
the ncbulmm rings being noticeably large and He-, noticeably small 

It may well happen that as wo go away from the star the ionisation 
rises to a maximum and then declines At small distances the density 
is too great, and at large distance’s the high frequency radiation is reduced 
by absorption in the nebula It is however difficult to explain the hydrogen 
annulus in this ivay since ionisation of the hydrogen would seem to be 
wholly disadvantageous 

With regard to the other explanation Milne’s investigation showed that 
a chromosphere must necessarily stand on a base and cannot float above 
the star detached from it (§ 254) But the nebula differs from the chromo- 
sphere’ in two essentia] respects firstly, it has the additional support of 
rotation, secondly, it is transparent to much of its own radiation 
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In the calcium chromosphere the back-thrust of the radiation from the 
higher part on the atoms of the lower part was of great importance , the 
net flow of radiation outwards was the same at all heights so that the force 
o f radiation pressure was practically constant in all parts In the nebula 
the radiation absorbed is re-emitted mostly in wave-lengths to which the 
nebula is -transparent and there is less baek-thrust Consequently the 
force 'of radiation pressure decreases along the radius according to the 
ordinary absorption law This seems to permit a stable annular distribution , 
a particle falling from the midst of the nebula would be sent bark agam 
by the increased radiation pressure, a particle moving towards the out- 
side wbuld fall back under the reduced radiation pressure 

1 doubt, however, whether these considerations as to the behaviour 
of radiation pressure are of much importance because, as already stated, 
the hydrogen which is conspicuous m planetary nebulae is not likely to be 
much influenced by it 


Accretion of Stellar Mass 

266 A star travelling through the diffuse matter in interstellar space 
must sweep up the atoms in and near its track and thereby gam mass 
If wc neglect the encounters of the atoms with one another the problem 
is very similar to that of the c apture of an electron by hitting the nucleus 
Let V be’ the relative velocity of the star and the cloud and R the radius 
of the star, we have first to find the radius cr of the apparent target corre- 
sponding to a true target R Conservation of angular momentum and of 
energy gives „ r = Ttv 


V’* - V 1 = 2GM/R, 

V being the velocity of the atom as it grazes the star 

0 s 2 GM 

R>~ 1 + RV 2 


Eliminating V', 
(266 1). 


In practical case-- 2 GM /BY* is large so that with sufficient accuracy 

o 2 /R 2 - 2(771/77? F 2 

Hence the amount of matter swept up per second is 

dM/dt — tt<j 2 Yp - 2nGMRp/V . . (266 2), 

p being the density of the diffuse cloud 

As in § 257 we adopt a density of 1 66 10 -23 corresponding to 1 atom 
per cu cm of atomic weight 10 For the sun 7^2 10 6 , so that 

dMjdt = 4-8 10 s gm per sec 
The loss of mass by radiation is 

L/c 2 — 4 2 10 12 gm per sec 
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Wo add for comparison the corresponding results for V Puppis and 
Krueger 60 adopting F - 8 and V — 50 km per sec respectively, which 
are about the average velocities for stars of their c ass 


St it 

d Mi'll 

L/r‘ 

Ratio 

V iMipjij- 

1 

1 8 10" 

2 0 lO 1 " 

165000* ’ , 

, 4 8 10 s 

4 2 Id 1 - 

8800 / 

Krn< BO 

l 0 10- 

4 7 10'° 

2500 


Probably R ought to have been taken greater than the pliotqsphenc 
, JS of the star I suppose that if an atom fiom space encountered the 
S olai oron.i it would be tangled up with it sufficiently to be captured by 
the sun Hut allowing tor all uncertainties it seems clear that the Iors of 
mass by rad at ion cannot be compensated by accretion in any ordmaiy 
type of star 


267 Loss ol mass by escape of atoms lias been considered by a number 
of writers According to E A Milne* the loss from a star by reason of 
thermal velocities is quite negligible for all elements Thcie seems to be 
some possibility of escape of the chromospheric atoms acted upon by 
intense radiation pressure but calculations arc- not as yet very definite^ 
Hut in any case it is difficult to behev e that the loss by esc aping atoms « 
can be at all comparable with the loss of mass bv radiation The radiation 
of the sun c amos away amass of b 10 _u gm persq cm per see We have 
found (§ 2r»4) that the average density of the 1 calcium c lironio^plicre is of 
order 10~” gill per ou cm , so that the whole chromosphere would have 
to move steadily outwards at fiOhm per sec in order to carry away as 
much mass us the radiation does 1 

The radiation of mass of the sun is equivalent to the esc ape of a billion 
calcium atoms per second from each square centimetre of its surface 

It seems then that change of mass of a star by radiation far outweighs 
an v material ac c rot ion or loss If that is ho, the' calculation of the duration 
of stage's of evolution in Table 41 must be accepted as definitive As 
already explained grave difficulties then arise as to the coexistence} of 
giants and dwarfs m the same cluster , it seems almost necessary to throw 
over the* idea of unv important advance in evolution in the life -time of the • 
clusters, and it then becomes a quc&tion whether there is any point in 
retaining (lie idea for stars in general Somewhere m the present tangle 
of evolution and sources of energy I have been misled, and my guidance 
of the reader must terminate with the admission that I have lost my way 

* Trans Camb Phil Foe 26, p 483 (1923) 

•f The problem is discussed by M 0 Johnson, Monthly Notices, 85, p. 813 (1925) 
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To recall Kelvin’s classic phrase, there are two clouds obscuring the 
theory of the structure and mechanism of the stars One is the persistent 
•discrepancy in absolute amount between the astronomical opacity and 
the results of calculations based either on theoretical or experimental 
physics The other is the failure of our efforts to reduce the behaviour of 
subatomic, energy to anything approaching a consistent scheme. Whether 
these •clouds will be dissipated without a fundamental revision of some 
of the Deliefs and conclusions which we have here regarded as securely 
established, cannot be foreseen The history of scientific progress teaches 
us to keep an open mind I do not think we need feel greatly concerned 
as to whether these rude attempts to explore the interior of a star have 
brought us to anything like the final truth We have learned something 
of the varied interests involved Wo have seen how closely the manifesta- 
tions of the greatest bodies in the universe are linked to those of the smallest 
The partial results already obtained encourage us to think that we are 
not far from the right track Especially do we realise that the transcend- 
ently high temperature m the interior of a star is not an obstacle to 
investigation but rather tends to smooth away difficulties At terrestrial 
temperatures matter has complex properties which are likely to prove most 
difficult to unravel , but it is reasonable to hope that in a not too distant 
future we shall be competent to understand so simple a thing as a star. 
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Physical Constants. 


h Mass of hydrogen atom 
m ^Mass of electron = ///1845 
e Charge of electron in electrostatic units 
b ^ x radius of electron = e 2 jmc 2 
n 0 Arithmetic mean speed of electron at 1° abs 
c Velocity of light 
R Boltzmann's constant = \vmv a 2 
91 Gas'constant — Rjn 
a Coefficient of Stefan’s law = ~-n i R t jc s li a 
h Planck's constant 
Q Constant of gravitation 
. Losehmidt’s number (molecules per cu cm 

at 273° 1 and 10® dynes) 

Rydberg’s constant = 2ir 2 e*mu/ch a (u | m) 

Astronomical Constants 

% 

The Sun Mass (gm ) 

Radius (cm ) 

Mean density (gm /cm 3 ) 

Gravity at surface (cm /sec *) 

Total radiation (ergs/seo ) 

II /c at surface (ergs/cm 3 ) 

’ Effective temperature (deg abs ) 
Absolute bolometnc magnitude 
Astronomical unit (cm ) 

Parsec (cm ) 

S dereal year (sec ) 

Light ratio for 1 magnitude 


Miscellaneous Factors. 



Number 

hc/e 2 

861 

hc/R 

1-431 

incG 

26100 

I 77 

4 189 

Napienan base 

2-7183 


Number 

Logarithm 

1 662 10 24 

24 2206 

9 01 10- 28 

28 9546 

4 77 10- 10 

10 6789 

2 81 10- 13 

13 4494 

6 23 10 5 

5 7944 

3 00 10 ln 

10 4769 

1 372 10- 18 

161374 

8 26.10 7 

7 9168 

7 64 10 1S 

15 8832 

6 55 10 27 

27 8161 

6 66 10 8 

8 8235 

2 67 10 1B 

19 4263 

109678 3 

5 0401 

Number 

Logarithm 

1 985 10 33 

33 2978 

6 951 10“ 

10 8421 

14109 

01495 

2 736.10* 

4 4371 

3 780 10 33 

33 5775 

2 08 

0 3171 

5741 

3 7590 

4 83 

— 

1 494 10 13 

13 1744 

3 08 10 18 

18 4888 

3 156 10 7 

7 4991 

2 512 

0 4000 

Logarithm 


2 9352 


0-1556 


4 3996 


0 6221 


0 4343 
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If electric potential (X), wave-length (A), temperature (T) and electron 
velocity ( V ) and energy (If) are connected by 

eX - hr'X - \RT = \mV* = W, 

we have the relations 

5 volts — 2408 Angstioms -= 38,650 degrees = 1 329 10 s cm p,er see*. 

= 7 95 10 12 ergs 

1293 volts — 9 51 Angstroms - 10,000,000 degrees = 2 138 10® cm. peft sec 
- 2 058 10-" ergs 
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REFERENCES 

The titcvhnes of investigation which are brought together m the present theory 
of the equilibrium of a star originate in two classical papers — 

1 J Homkr Lane On the Theoretical Temperature of the Sun Amer Joum of 
Scl and Arts, Scries 2. Vol 4 , j> 57 (1870) 

2 K St’uw AU7.M h i Li) Leber das Gleichgewicht der Sonnenatmosphare Gottingen 
NaJirnhten, 1900, p 41 

The latter paper develops the theory of radiative equilibrium m a form appro- 
priate to the outer layers of a star 

Investigations up to the jear 1907 are brought together m 
11 K Emdj n Gaskugeln Anwendungrii der Mcehamschen Warmetheone 
(B G Teubner, Leipzig and Berlin, 1907 ) 

which contains important developments by Emden himself The most relevant 
portions are here summarised in §§ 54-63 Sekwarzsehild’s work, which hod 
newly appeared is described Ijy Emden, p 330, but the book is in the mam a 
studj' of convective equilibrium 

Two further references of histone interest may be added — 

4 B A Sampson On tlie Potation and Mechnnical State of the Sun. Memoirs 
HAS, 51, p 123 (1804) 

5 I Hiai.obji sicv Sin 1’lSquilibre Thermodynamiqiie d’uno Sphere Gazeuae 
Li. in Hull .4 < ail Sa ('racone, Mav, 191 1 

The first definitely postulates radiative equilibrium rather than convective 
equilibrium m the sun s interior The second takes account of radiation pressure 
and demonstrates its importance m investigations of the internal equihbnum 
of a star 

For other early papers the references in Emdeu's Gaskugeln should be con- 
sulted 

Jly own investigations originated in an attempt to discuss a problem of 
Cepheid variation The line of thought is indicated in an article (pubhshed a 
year later) 

C' A S Eddington The Pulsation Theor\ of Ceplieid Variables Observatory, 40 , 
p 290 (1917) 

The problem was to find if possible some cause maintaining the mechanical 
energy of pulsation against loss by dissipative forces — some method by which 
mechanical energy could be automatically extracted from the abundant supplies 
of heat at different temperatures in the star without violating the second law 
of thermodynamics This might happen if the material of the star acted as the 
working substance of a simple thermodynamic engine (§ 137), or if the radiation 
pressure varied in the manner necessary to perform mechanical work 

The equations developed for this study naturally laid stress on the opacity 
(which must serve as the valves of the engine), the transport of heat by radiation, 
and on radiation pressure None of these were treated in the investigations of 
the stellar interior then customary , so that before discussing the small oscillations 
the conditions of the steady state had to be investigated anew The Cepheid 



308 


APPENDIX II 


problem was laid aside for a time, and attention paid to the equilibrium problem 
The sequence of papeis which have followed is 

7 On the Radiative Equilibrium of the Stars Monthly Notices, T1 , p 10(1916) t 

8 Further Notes on the Radiative Equilibrium of the Stars Monthly Notices, 77, 


]i 500(1917) 

On the Radium i Eqiulibrium of tho Stars 


A Correction. Monthly Notices, 


79, p 22(1910) ■ 

10 On the Conditions in the Inteiior of a Star Astrophysical Joum 4$ jp 


205 


^ 1710 / - 

] 1 On the Pulsations of a Gaseous Star and the Problem of the Ceplieid Variables, 
Parts 1 and 11 Monthly Nollies, 79, pp 2, 177 (1918-19) 

12 l)..s Strahlungsglinchgcwicht dir Sterne Zeitschnft fur Physik,7, p ,151(1921) 

13 On tlie Absorption of Radiation inside a Star Monthly A dices, 83, p 32(1922). 

14 Applications of the Thtorv of the Stellar Absorption Coellieient 'Monthly 

, Hues, 83, p 98 (1922) 

15 r Ph Pi obit in of Elettron Capture in the Stare Monthly Notices, 83, p 431 
(1923) 

10 Tin Absorption of Radiation inside a Star Second Paper Monthly Notices, 
84, p l'U ( I9_i! 

17 On the Relation between the Masses and Luminosities of the Stars _ Monthly 
Nollies, 84, p 308(1924) 

18 A Limiting C u- in the Theory of Radiative Equilibrium Monthly Notices, 85, 
p 408 (1925) 

1° Eli t tros|at.i 1' ore es m a Star and tho Deviations from a Perfect Gas Monthly 
Notues, 80 p 2 (1925) 

AnHWere to can ous criticisms be J IT Jeans are given in Monthly Notices, 78, 
p 11.1 85, p 403 Minoi lofen noesiire- Suentia, 23, p 9(1918), Red Assoc Report, 
1920, ji 34, 1‘rot Royal Institution, Fob 23, 1923, Festsihrijl fur 11 vbn Reelujer , . 
p 25 ( 1 924 ) The* follow ing relate to side-problems — , 

20 Cepheid Variables and the Ago of the Stais Observatory, 41, p 379 (1918) 

21 The Sources of Stellar Energy Ubscnntor ?/, 42, p. 371 (1919) , 

22 Circ uluting Ciuients m Rotating Stars Observatory, 48, p 73 (1925) < 

As a guide to papc-re 7-1!) it is to he- noted that the* absorption coelheicnt , 

was supposed to be independent of density up (o 1921, the modem view of the ” 
absorption piocess being adumbrated (but not generally employed) m No 12 
This is the most important modibe.it ion that the theory has uiideigone since 
ionisation was introduced in No 8 Nos 10 and 12 were intended to summarise 
results up to date 1 , the former m elementary foim and the latter fairly exhaus- 
tively No 0 gives a rather important munoiK.nl correction to the formulae of 
Nos 7 and 8, and the error is set right in all succeeding papers Nos 13-15 
adopt the theory of nuclear capture of electrons, but much of the work is applic- 
able also to Krameis tlieoiy of capture adopted afterwards Rosseland’s eor- 
loction to the opacity (§77) appeared subsequently to No 17, so that'the 
pi emit book is my first opportunity of presenting the theory with attention to 
this important point The conclusion that dwarf stars are m the state of a perfect * 
gas appears lust m No 17 The theory^ of fVpheids in Chapter vm is mainly 
contained m No I J , but all numerical results have been revised in accordance 
with the later theory ol tho absorption coefficient The chief additions arc in 
§§131,1.15-138 

Investigations hithcito unpublished are contained in §§(14—66,90, 122 157, 
160, 192, 193, 196, 229, 2.10, 231, 234—238, together with most of Chapters xi 
and xuj 
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Molecular Weight 

The numerical results are very sensitive to changes in the adopted molecular 
height In No 7 this was taken to be 54 In consequence of arguments for 
strong ionisation urged convincingly by Jeans, it was reduoed to 2 (or, having 
regard to correction No 9, to 2 8) in No 8 At first it was only intended that 
Nos 1 and 8 should indicate the two limits between which the results must he, 
but gradually the latter came to be regarded as approximately correct The 
first thermodynamical study of ionisation in the stellar mtonor is 

23 John Eugeht Uebor den Dissoziationszustand der Fixstorngase Pkysikahache 
Zettschrifi, 20, p 570(1919) 

This appeared to indicate a molecular weight 3 3, or perhaps higher, and m some 
of the author’s subsequent papers values of 3 5, 4, 4 5 have been UBed tentatively 
It was shown by 

24 E A Milne Statistical Equilibrium in relation to the Photoelectric Effect 
and its Application to the Determination of Absorption Coefficients Phil Mag 
47 , p 209 (1924) 

that more refined calculation indicated much stronger ionisation, the same con- 
clusioir being reached by the author a few weeks later (No 1 6) There has con- 
sequently been a reaction to low values p 2 1 or 2 2 The latest calculations 
are given m 

25 K H Fowler and E A Guggenheim Applications of Statistical Mechanics 
to determine the Properties of Matter m Stellar Interiors Monthly Notices, 85 , 
p 939 (1925) 

but I understand that Mr Fow ler is not yet satisfied and believes that m the 
smaller stars p. is to be increased appreciably 

Absorption Coefficients 

The following additional references are of fundamental importance — 

26 H A Kramers On the Theory of X Ray Absorption and on the Continuous 
X Ruv Spectrum Phil Mag 46, p 836 (1923) 

27 S KossiiLAND Note on the Absorption of Radiation within ft Star Monthly 
Notices, 84 , p 525 (1924) 

The first contains the physical theory of absorption here accepted as most 
n»itisf tetory , the second points out the distinction between absorption and 
oiiauty wlmh we have called “RosseJand’s correction ” Other papers are 

28 S Rossei.and The Theory of the Stellar Absorption Coefficient Astrophys 
Joorn 61, p 424 (1926) 

29 J Woltjer, Junior Line Absorption and Absorption Coefficients inside a 
Star Bull Astr lm>t Netherlands, No 82 (1925). 

30 E A, Milne The Stellar Absorption Coefficient. Monthly Notices, 85 , p 750 
(1925) 

“Connected with the same subject is 

31. R H Fowler On Statistical Equilibrium and the Mochamsin of Ionisation 
by Electronic Impacts Phil Mag 47 . p 257 (1924) 

I may hero acknowledge indebtedness to Dr C D Ellis who guided me among 
the literature and helped me to a working knowledge of X-ray absorption, etc 
when the astronomical researches led in that direction. 
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Electrical Forces and Diffusion in the Interior 


The subject is treated by 

32 8 Chapman Convection and Diffusion within Giant Stars Monthly Notices, 


33 


34 

33 

3l> 


77, p 541 (1017) 

S Chapman Diffusion and Viscosity in Giant Stars 


Monthly Notices, 82 , 


p 202 (1922) 

S Rossti a- n Eleeti mil State of n Star Monthly Notices, 84 , p '720 (1924) 

K A M n.\ I Dissociative Kquilibrumi in an External Field of Force Proc 

Comb Phil hoc 22, p 401 (1925) 

s Rossi' lard On tin Distribution of Hydrogen m a Star Monthly Notices, 
85, p 541 (1925) 


The section of the book dealing with this subject (§§ 191-196) was written 
before the last three jiapers appeared, they were available for the final revision 
('ululating currents are suggested in No 22, and in 


37 II toil Zum StrulilimgsglejchgevvK lit der Sterne Astronmmmhe Nachrtchlcn, 
No .5.142 ( 1 925) 


The theorem a tiding to this inference is contained in 

38 11 von V\ ipf’L Zuin Sti aliluiigsgleichgewieht der Sterne Pcstsihrifi, fur H. 
von N Wluie , p 144 (1924) 

A < ntic non bv Joans is anawned by von Zeipel in Monthly Nvtues, 85, p 678 


Rotahntj Stars 

Detailed investigations are given by 

39 E A Milne The Equilibrium of h Rotating Star Monthly NotuS, 83 , p 118 
(1923) 

40 II von Zkipi.l The Radiative Equilibrium of a Rotutmg Svstom of Gaseous 
Masses Monthly Noli us, 84, pp 605, 684, 702 (1024) 

The Outside of a Star 

The classical papers are (in addition to reference No 2) 

41 A Schuster Radiation through a Foggy Atmosphere Astrophys Journ 21, 
p 1 (1005) 

42 M N Saha On a Physical Theory of Stcllur Spectra Proc Roy Soc 99 A, 
p 135(1921) 

Chapter xn is based m large measure oil E A Milne’s researches We divide 
our selected references under the headings (o) Photosphere, ( b ) Chromosphere, 
(c) Reversing Layer 

(a) Photosphere 

43 K. Schw ARAsi’HiLn Ueber Diffusion und Absorption in der Sonnenatmosphare 
Berlin Sitzungsbenchtc, 1914, p 1183 

44 J II Jeans The Equations of Radiative Transfer of Energy Monthly Notices, 
78 , p 28 (1917) 

45 E A Milne Radiative Equilibrium m the Outer Layers of a Star Monthly 
Notices, 81 , p 361 (1921) 

46 E A Milnf Radiative Equilibrium and Spectral Distribution Monthly 
Notices, 81 , p 375 (1921) 

47, E A Milne The Effect of a strong Absorption Line Monthly Notices, 81 , 
p. 510 (1921) 
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darkening at the limb, 324, 328, spectral 
energy curve, 328, photosphere, 336, 360, 
height of < hromosphere, 362, 367 
Superelastie collisions, 339, 373 
Superporfect gas, 267 

Surface-brightness and effective tempera- 
ture (table), 139 
Switches of orbits, 229, 375 

Target for electron capture, 221, 245 
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Thermodynamical equilibrium, 44, 47, ap- 
plua ion to outside of a star, 323, 338 


Thermometric temperature, 32 
Thomson, J J , 294 
Thunderstorms, stellar, 344 
Time, direction of progress, 44 
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